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HIS ROYAL HIGHNESS 


GEORGE AUGUSTUS, 


PRINCE of WALES... 
S. 


N every Inſtitution of Government, founded on juſt 
Principles, the Felicity of the Prince and the Peo- 
ple muſt neceſſarily be reciprocal, as it reſults equal- 
ly from a wiſe and benevolent Exerciſe of Dominion 
in the one, and good Senſe, and rational Subjection, in the 
other: This is a Truth verified by a Reflexion on the Fate of 
Nations in general, but more eſpecially confirmed by thar 
of our own, as well in the laſt as preſent Reign, in which the 
Bleſſings of Nature have been accumulated on the Britiſh Na- 
tion almoſt to Profuſion, and we may ſay, with more Juſtice 
than could be ſaid of them in former Times, that the People 
would, if poſſible, he too happy were they truly ſenſible of 
their preſent bliſsful Situation in its utmoſt Extent. But to do 
une 


7 .® 


iv DEDICATTION. 
ourſelves Juſtice, it muſt be allowed, we are not altogether in- 
ſenſible of our Happineſs ; for I, with the higheſt Pleaſure, aſ- 
ſure Your Royal Highneſs, that in more than half the great 
Towns in England, and among all Ranks of People, I have been 
a conſtant Eye and Ear-Witneſs of their univerſal Joy and Sa- 
tisfaction with their preſent Condition; of their extraordinary 
Eſteem and Regard for the Perſon, Title and Government of 
His preſent Moſt Gracious Majeſty, and their moſt exalted 
Hopes, and higheſt Confidence in their future Sovereign : 
This good Diſpoſition, permit me, Great Sir, to ſay, is the 
natural Conſequence of encouraging the Studies of uſeful Arts 
and Sciences, Learning and Humanity; for theſe furniſh the 
Prince with Notions and Principles of Wiſdom, Religion, 
/irrue, and Liberty, and ſecure the People from the Attacks 
of Ignorance, Barbarity, Superſtition and Impoſture ; and in 
every Perſon they produce a rational and noble Propenſity to- 
wards promoting the general Good of the Community, and 
the Promulgation of the Sciences among all Ranks and Orders 
of Men, and inculeate on their Minds Principles that will not 
fail to render them good Subjects: As this is the profeſſed 
Deſign of theſe Papers, I humby preſume they will be accept - 
able to Your Royal Highneſs, and ſhall for ever eſteem it the 
higheſt Honour that I am permitted to offer them to Your 
Highneſs's Inſpection. That Heaven may preſerve his pre- 
ſent Sacred Majeſty to the lateſt deſirable Period of Lite, 
and then Your Highneſs aſcend the Britih Throne and long 
reign the happieſt, as well as the greateſt, Monarch of the 
World, is the inceſſant Prayer of, ya 7 
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Dur Royal Highneſss ; 
Maſt dutiful, devoted, 


Aud obedient hum'iß Gurvani, 
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MATHEMATICAL LITERATURE : 
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Poſces ante diem librum cum lumine, fi non 
Intendes animum ſtudiis et rebus honeftis 3 
Invidia vel amore = torquebere, —— 


Hon. Epiſt. 2. Lib. I. 


A I L !: heav'nly Science, bright, ſeraphic Truth, 
My Soul's Delight, the Labour of my Youth ; 
O ! prove propitions to my artleſs Lays, 
Which I devote with Pleaſure to thy Praiſe. 
When dread Jehovah form'd the Worlds above, 
Aſfign'd their Poſts, and bid the Syſtem move ; 
The great, omnipotent, eternal Cauſe, 


Commanded thee to regulate their Laws: © * 


(Obedience waits the Mord) thy Pow'r-to prove, 
In perfett Muſic gt 1 Will they move. 
In Aftic's Plains where antient Nilus“ Flood, 
Draws up the Marks, and flains the Lands with Blood'; 
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To teach weak Mortals, Property to ſean, 
Down came Geometry and form'd a Plan. 
Mankind, poſſeſs'd of this celeſtial Art, 
To diſtant Climes its Influence impart ; | 
Conflrain the Moods oer Ocean's Face to rove, 
And mete the ſpangled Firmament abrye ; 
Succeeding Heads, the Properties deviſe © 
Of Lines on Lines, that meet our wond ring Eyes; 
All Nature ſeem'd ſubmiſſive to the Skill, 
And form'd obedient to the human Will. 

The Property laid down, the Proof was clear, 
But how to make new Properties appear 
Was known to few, —(the Jeys that Genius brings 
Are far ſuperior to all earthly Things ; 
But deep Invention ſeldom wills to ſtray 
Amongſt the Proud, the Buſy, or the Gay) 
An Art, by which deep Secrets are reveal'd, 
Some Antients knew, but carefully conceal d; 
How far by this they clear'd Invention's Way 
Hs hard for modern Geometers to ſay : 
Its Uſe in Lines in fome Degree they knew, 
As Theon's Reas'nings evidently ſhew. 
Indeed, what might not Greeks effect, in Days, 
When Monarchs crawn'd Philoſophers with Bays ; 
When ſolid Learning flouriſt) d thro' the State, 
And to be wiſe, was reckon'd truly great : 
No foreign Tongue perplex'd their happy Youth, 
They taught them Virtue, and her Siſter Truth; 
Soul-moving Eloquence, ſound moral Rules, 
And thou, O Science! grac'd their public Schools. 
But Sages hold, there's in all mundane Things, 
The Cauſe, from which their Diſſolution ſprings ; 
So Greece had kept her Learning, and her Fame; 
Had not falſe Sophiſtry aſſum'd thy Name : 
Oer ſolid Reaſon, rul'd without controul ; 
And groſs Stupidity hood-wink'd the Soul: 
Then, Truth's bright Eſſence fled the buman Race, 
And er eine Barbarity took Place. F 
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But to deſcond thro) dark, unwelcome Times, 
Jo happier Days, in theſe veſperian Climes; 
Where Truth's fair Goddeſs animated Man, 
For Science ſelf we in a Newton ſean ! | 
Amazing Genius . Whoſe prolific Thought, 
Nature unveil'd, and deep Fluxonia taught : 
An Art, that makes. the hardeſt, antique Rules, 
But boyiſh Problems, in our modern S. hools. 
Theſe neighb'ring Nations to thee, Science, owe, 
The new-found Regions, whence their Riches flow ; 
Ibo taught Columbus Ocean's Face to fiveep, 
Or kindred Cabots how to plow the Deep, 
But thou alone? — And from this Seurce there ſprings, 
The Pow'r, and Grandeur of European Kings. 
Maphina, by thee, to fartheſt India roam, 


IMpence orient Pearls, Gems, Silks, and Spices come 


Where would Britannia's Ships, her Commerce be; 

Her Porr, ber All. — 0 Science, but for thee ? 

The meaneft Ruſtic craves thy powerful Aid, 

To mete the Labour of his toilſome Spade : 

Thoſe grand Machines whence Manufactures flow, 

(Employ for Thouſands) their Invention owe 

To thee :———Theſe Engines Collieries demand, 

By Art obftetric form'd, fair Science plann'd : 

Warks to force Mater, *Gins to conquer Fire, 

Air-mills, and aqueous z all thy Aid require : 

Clocks, noting Time's unceſſant circling Courſe, 

Balliſtic Engines all-deftrazing Force, 

The Orrery Sublime, th” Armillary Sphere, | 

Glaſſes, that weigh the preſſing, ambient Air ir, 

Sun-dials, optic Inſtruments benign, 

Perſpeftive Drawings, and the Globes are thine, 
Except religious Comforts, Naught below 

Equals the Bliſs that Science Vat" ries know : 

Theſe happy Mortals, Pallas, by thy Pow'r, 

To diſtant Worlds in Contemplation tour; 

What mental Bliſs to view the Order giv'n, 

To thoſe bright Orbs; the Ornament of Heav'n ! 


Not 


(3 


Not fond Careſſes, nor each charming Grace. 


That plays on blooming Celia's matchleſt Faces —— 
Enamel'd Meadows,. nor luxuriant Feldt. _— 
Give half the "7 wag Truth's fair Goddeſs yields, E EN. | 
Winter, will grip the happieft ſylvan Shades ; N 
Old Age, or Sickneſs, ſpring · lile Beauty fades; N 


But thoſe refin'd Enjoyments Science brings, Lbs vhs 
Like liv ning Sol, are everlaſiing Things: _ A wil 
Compleat the reas ning Faculties, and ſave .. 
The Soul that Trouble, when beyond the Grave. = * 
Think! then, ye Mortals, of your murder'd Hours 

In burrying Cities, or in rural Bow'rs; 4 

Caſt off your Indolence, your Minds careen, 

And learn fair Science from ber MAGAZINE. 
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INSTITUTIONS 


ARITHMETIC. 


— * A * — ä — 


The Introduction. 


N ATHEsIS is the Science or Doctrine of Quan- 
2/3 tity, whoſe various Relations and Affections it 
2 M | $5 | 
Borg: contemplates, and gives Rules for making an 
5 Eflimate, or Computation thereof; which it ex- 


prefles in different Ways, and by various Kinds of Symbols or 


Characters, which is called Notation. 

2. Quantity is every Thing which we can conceive to have 
any Magnitude or Parts, or, properly ſpeaking, it is any Thing 
concerning which we can aſk the Queſtion, how much ? Or, how 
great? It is often diſtinguiſhed into continued and diſcrete. 

3. Continued Quantity is that whoſe Parts are all contiguous, 


or adhere together, and make but one Whole, as a Shilling, a 


Stone, a Sheep, &c. this is the Subject of that Part of Mathefis 
which is called Geometry. 

4. Diſcrete Quantity is that whoſe Parts are not continuous, 
but ſeparate from each other, and make what Logicians call a 
collective Idea, or Whole ; thus one Pound conſiſts of 20 Shillings; 
a Flock of many Sheep, &c. this is the Subject of the other Part 
of Matheſis called Arithmetic. 

5. Notation is of three Kinds, viz. Numerical, Specious, and 
Linear ; Numerical Notation is the Repreſentation of Quantity 
or Quantities by thoſe Characters we call Numbers or Digits, 
which are in all ten, viz. o, Cypher; 1, One; 2, Two; 3, 
Three; 4, Four; 5, Five; 6, Six; 7, Seven; 8, wo ; 95 Nike: 
Theſe are uſed in common Arithmetic, 

B 6. Spe- 
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2 INSTITUTIONS 


6. Specious Notation is that wherein Species, or Letters, are 
made uſe of to repreſent Quantities, as the Letters of the Al- 
pPhabet, a, b, c, or A, B, C, Cc. as in Algebra. Or the ſame 
Letters with Points over them; thus, z, 5, x, in that Part of 


the Science called Fluxions. 


7. Linear Notation, is the Repreſentation of Quantities by 
Lines, and Figures compoſed of Linas, as is done in all the Parts 


of common Geometry. 


8. The Quantities conſidered in Arithmetic are called Num- 
bers, of which there are two Sorts, whole and broken, which are 
otherwiſe-called Integers and Fraftions. The leaſt whole Num- 
ber is Un:ty, or 1, One; that is, any one Thing is called an Unite; 
and Nothing, or Nwlity, is repreſented by the Cypher o. 

9. A Number of Units under ten, is repreſented by a ſingle 
Digit, as 2, 5, 7, &c. but ten Units are deſigned by the firſt 
Digit 1, with a Cypher annexed to the Right Hand, thus, 10. 
And as an Unit is made Ten by one Cypher annexed, ſo it is made 
Ten Times Ten, or an Hundred, by two annexed Cyphers, viz. 
100; ſo another Cypher makes Ten Hundred, or One Thouſand, 
VIZ, 1000, and fo on, as in the following Table. 


I 
10 

100 

1ooo 

Ioooo 
I00000 
IoooOoOO 
Iooooooo 
IooooOOOO 
1000000000 


Unit 

Ten 

Hundred 
Thouſand 

Ten Thouſand 
Hundred Thouſand 
Million | 

Ten Millions 
Hundred Millions 
Thouſand Millions. 


10. If the Number conſiſts not of even Tens, then ſuch a 
Digit is annexed to the Unit as will expreſs the faid Number 
thus Seventeen is expreſſed by 17. Alſo twice Ten, or Twenty, 
is expreſſed by the Figure 2 and a Cypher, thus, 20; and Thirty 
by 30; Forty by 40; and fo on to an Hundred, The interme- 
diate Numbers are alſo expreſſed by annexing proper Digits in 


Ec. 


Place of the Cypher; thus 25 is Twenty-five; 37 Thirty- ſeven, 


I1. From 


ex 


of ARITHMETIC. 3 


11. From hence we obtain the Method of Enumeration, or 
expreſſing the Number of Quantities contained in any 9 88 1 
as ſhewn below. 


NUMERATION T ABLE. | 


EEE Ec 

2223 2832 

2 S172 2 2 2 O 

3. 88 8 8 8 8 | x One 

8 32 * 21 Twenty-one | 

P=| 2 321 Three Hundred, Twen r 

SH 2. > 4 3 2 1 4 Thouſand, 3 1 

5534321 54 Thouſand, 3 Hundred, 2 | 

8 6 5 4321 6Hundred, 54 Thoufand, 3Hundred, 21 
765432 1 Seven Millions, 654 Thouſand, 321 

| 8 765432 1 87 Million, 654 Thouſand, 321 05 

98765 432 1 987 Million, 654 Thouſand, 321. 


Here it is plain, that in order to numerate the Figures in any 


Sum, you have only need to mention firſt each Figure, and then 


the Place in which it ſtands, according to its Name of Valuation 


in the Table, in the ſame Manner as you ſee done for each Sum, 
or Line of Figures in the Table on the Right Hand Side. Thus 
for Inſtance, the Sum 8 50243 you read or value thus, 8 Hun- 
dred, 50 Thouſand, 9 Hundred, 43; or thus at twice, 850 
Thouſand 943; and ſo the Sum 406528035 is thus read, 496 
Million, 528 Thouſand, 35; and ſo of others. 

12. As an Unit may have its Value encreaſed ten Times, by 


annexing a Cypher to the Right Hand, ſo its Value is diminiſhed 


in a ten-fold Proportion by prefixing Cyphers thereto; thus 


o, 1 is one Tenth 


o, or is one Hundredth fo an Unit. "9 


o, oo is one Thouſandth 
0,7 is Seven Tenths. 


Thus a6 0,53 is Fifty-three Parts of an Hundred. 


0,375 is Three Hundred Seventy-five Parts of 4 


Thouſand. 
13. In this Caſe, the Cypher on the Left, cut off with a Com- 


ma (,) ſtands in the Unit's Place, and ſhews the Number does 
not amount to Unity, but is a certain Number of ſuch Parts as 
the Unit contains 10, or 100, or 1000, &c. and theſe Parts are 


B2 ex- 
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expreſſed by the Figures on the Right Hand of the Comma. 
This Kind of Notation of the Parts of a broken or divided Unit 
is called Decimal, (from Decem, Ten) and thoſe Parts of Unity 
are called Decimal Numbers, or Decimal Fractions. 

14. Sometimes a Number conſiſts of Integers and Decimals to- 
gether, and is then called a mixed Number ; thus 7,3 is Seven and 
three Tenths; 84,53 is eighty four and fifty-three Parts of an 
Hundred of another; and fo of others. That Part of the Sci- 
ence which treats of thoſe Numbers is called Decimal Arithmetic, 

15. If Unity be divided in any other than a ten-fold Propor- 
tion, then another Species of Computation will enſue; thus in 
Aſtronomy we divide a Degree into 60 equal Parts or Minutes ; 
theſe Minutes are each divided into 60 Seconds ; each Second in- 
to 60 Third, and ſo on to Fourths, Fifths, &c. And they are 
thus denoted; viz. 35 : 477: 31“): 23%; Thirty-frue Degrees, 
Forty-ſeven Minutes, Thirty-one Seconds, Twenty-three Thirds,— 
The Rules for managing theſe Numbers i is called Sexagenary, or 
Sexage/ſi mal Arithmetic. 

16. It frequently happens that we are obliged to divide 3 an 
nit indefinitely, or into any Number of Parts as Occaſion re- 
quires for comparing a Part with the whole Unit, in Parts of ſuch 
a Diviſion: In this Caſe, the Way to expreſs ſuch a Fraction, 
is to place the Unit divided into its whole Number of Parts be- 
low ea Line, and the Parts of the Unit which are given above it; 
thus + is three Parts of ſuch as the Unit contains four of; and 
1 is five Thirteenths of the whole Unit. Theſe are called 
Vulgar Fractions. 
17. A Vulgar Fraction is faid to be pure, when it conſiſts only 
of fractional Parts, as 2, 44, Fr, Cc. and mixed, when join- 
ed with Integers, as 57, 235, 17, Oc. | 

18. The Number placed below the Line, is called the Deno - 
minator of the Fraction, becauſe it denominates the Fraction, or 
Number of Parts into which Unity i is broken or divided; and 
the Number above the Line is called the Numerator, becauſe it 

enumerates or ſhews how many of thoſe Parts make the Fraction 
propoſed. 

19. The Fraction is ſaid to be proper, when the Numerator 
is leſs than the Denominator, as 2 ; but improper, when the con- 
—_ happens, as 75 Ez, Cc. 

20. When 
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20. When any two Quantities are compared together, to ob- 
ſerve the Relation of their Magnitude, ſuch Compariſon is called: 
a Ratio; and is thus expreſſed, a: b; of this Ratio, the firſt Term 
(a) is called the Antecedent, and latter (5) the Conſequent, 

21. When any two Quantities have the ſame Ratio with any. 
other two, it is denoted by this Character : : thus @:6 :: Cc: dz 
the Quantity (a) is to (Y) as (c) is to (4); which are therefore 
ſaid to be analogous or proportionate; and ſuch a Compariſon, or 
Expreſſion, is called Analogy, or Proportion. | 

22. When any Calculation is to be made, it is Pr either 
by Addition, & th Multiplication, or Diviſion of Quan- 
tities; which four fundamental Rules are called the Algorithm of 
Quantities, and which we now proceed to explain. 


Characters for Abbreviation explained, 
More; as 3 4, is 3 added to 4. 


Leſs; as 4 — 3, is 3 taken from 4. 


Multiplied by; as 3 & 4 is 3 multiplied by 4. 
Divided by; as 3 = 4, is 3 divided . or 2. 


Equal to; as a S 4, is à equal to 4. 


fienifies 
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CHAPTER I. 
ADDITION of INTEGERS, or WHOLE NUMBERS. 


23. F eee of Numbers conſiſts in adding together 
all the Units contained in ſeveral particular Numbers, 
properly diſpoſed, into one Sum, aggregate or total, expreſſing 
the Value of all together. And this is performed in the follow- 
ing Manner, viz. © 
24. Let the ſeveral particular Sums, or Numbers, be diſpoſed 
one under another in ſuch a Manner that the Place of Units, 
Tens, Hundreds, Cc. in each may conſtitute a perpendicular 
Column of Figures; thus let it be required to add together the 
Numbers 57, 762, 5389,'97615; in order to do way they mult 
firſt be diſpoſed thus, | 


— „ 


6 INSTITUTIONS 
25. The Numbers placed, as above, you proceed to add to- 
gether by the following | 
RUL E, 


Reckon up all the Digits in the firſt, or Right- Hand Column, and 
obſerve, for every Ten to carry one to the Place of Tens in the ſecond 
Column, ſetting down the remaining Digits under the firſt Column 
of Units : Thus 5+9+2+7 = 23, which is thus expreſſed, 
five more nine more two more ſeven is equal to twenty three, in 
which Sum there are two Tens and 3 over; you muſt then ſet 
down the 3, and carry two to the next Place of Tens, and pro- 
ceed as before; thus, 2+1+8+6+5 = 22; here again are 
two Tens, and two over to be ſet down under the ſecond Column; 
then carrying the Two to the third Column of Hundreds, you 
ſay again, 2+6+3+7=18; here is but one Ten, and 8 to 
be ſet down; then carrying one to the next Column, ſay 1-+ 7 
+5 = 133; here again is one Ten, and 3 to be ſet down; laſtly, 
carry one to the laſt Place, and fay 1 +9 = 10, which Number, 
be it what it will, is always ſet down, and the Sum total is com- 
plete in one Number, as in the Examples. 


57 6475 
762 9830 
5389 2764 
97615 „ 
103823 25006 


26 The Reaſon why you carry Ten from every Column to the 
next, is becauſe the Value of the Figures in each Column en- 
creaſes in a ten- fold Proportion, as is evident from Article 9; 
and the Digits ſet down under each Column are Units, Tens, 
Hundreds, Thouſands, &c. according to Inſt. 11. which will ex- 
preſs the Value of all the Columns ſeverally collected and added 
together. Thus in the firſt Example, the Sums of each Co- 
lumn will ſtand * via. 


23 Column of Units 


200 of Tens 
The Sum 1600 of Hundreds 
5 12000 of Thouſands 


90000 ——— of Tens of Thouſands, 


* 


103823 = Total Value. | 27. More 


+ 
Of ARITHMETIC. 


27. More Examples of Addition are the following : 


5729 5009 847503 
43605 120 215475 
9834 369 176843 
30540 1298 467890 
75102 57306 150362 
1648 16 64102 1858163 


— ͤẽ—Uä— 


28. In the Addition of the ſeveral Sums of Money, Meaſure, 
IWeight, &c. you obſerve one general Rule, viz. to collect all the 
Units of one Species together ; and then for every Number of thoſe 
Units, which make one of the next Species, you add one to the next 
Column, ſetting down the Remainder, as above. In Money the 
Species are thus denoted, 


7 Farthings 4 = I Penny. 
z. J. Ufo Pence of which 112 = 1 Shilling. 
— Shillings 20 = 1I Pound. 
L Pounds 


Thus in the following Example, for every 4 Farthings you 
carry one Penny to the Column of Pence; for every 12 Pence 
you carry one to the Column of Shillings, and from thence, for 
every twenty, you carry one to the Place of Pounds; which are 


added as the Integers in Inſt. 27. 
Example. 
3 
. 
128 7 10 2 
„„ 


Total 44691 
29. I ſhall here ſubjoin ſeyeral Sums to be added for the Learn- 


er's * 
J. 4. d. ＋. J. $ d. . 
80 1 & A 2925 17 $70 
386 18 10 3 279 16 10 3 
„ . 
4 0 N 


J. 


* 


* 
[ 


J. 3. d. /. 
10 16 10 2 
175 18 9g © 
l 2 
I 

3 


INSTITUTIONS 


4. 
16 
10 


4. f. 


10 
11 


3 
10 


O „ DW Þ 3? 


20. Of Weights we have feveral Sorts, viz. 


I, Troy WEICGEI. 
24 Grains (Grs. ) make 1 Penny Weight. 


In which 20 Penny Wts. ( Pwt.) 1 Ounce. 


12 Ounces (oz.) 


1 Pound. (16.) 


31. II. APOTHECARIES WEIGHT. 


20 Grains (Grs.) make 1 Scruple. 


| 8 Scruples Ya — I Dram. 
In which 3 Drams 75 — 7 Ounce. 
) 


12 Ounces ( 


; - III. AvzRDVrOoIs WEIOHr. 


16 Drams (Dr.) make 1 Ounce. 
16 Ounces (Oz.) —— 1 Pound. 


In which #28 Pounds (/b.) — 1 Quarter.of an Hundred, 


—— I Pound. (.) 


4 Quarters (Org.) — 1 Hundred Weight. 


20 Hundred (C.) — 1 Ton. 


33. In each of theſe Species the Learner ww exerciſe himſelf 
by the following Examples, viz. 
In Troy Weight. 


lb. Oz. Prot. Grs. 
1 17 27 


= 9-14 <7 
14 3 33 
ö 19 10 19 18 


I 


f ARITHMETIC. 8 


In Apethecaries Weight. Tn Avoirdupois Wright. . 
* 3. D. Grs. T. C. 9r.. Ib. z. Pre. 
18 10 7 2 16 175 17 3 25 14 13 
TEES oh, BP 90 10 : I7 10 12 
W Ms. a 9 4 
3 19 19 © 27 15 3 
25- $70” x.8 195 17 1 14 9 10 

— — 74 10 3 8 12 9 

In Long Meaſure. 


34. Our Mazacundh 


3 Barley Corns make 1 Inch. 
are of divers Sorts; 12 Inches — 1 Foot. 


— 
the Meaſures of 3 Feet — — 1 Yard. 
Length are of the A5 Yards — — 1 Rod. 


following Species. # 40 Rods — 1 Furlong. 
8 Furlongs — 1 Mile. 


Measures Y4 Pecks —— 1 Buſhel. 
are the fol Sr 
88292 5 Quarters — 1 Load. 


35. . ons make 1 Peck. 


8 Pints make 1 Gallon. 
36. or. Gallons — 1 Firkin of Beer. 
QU ; Gallons — Ditto of Ale. 


2 5 \ « Firkins — 1 2 
5 ilderkins 1 Barrel 
Species, ut 


2 Barrels — 1 Hogſhead. 


8 Pints make 1 Gallon. 
$7; ot ap 3 Gallons 1 Hogſhead. 


2 Hogſheads 1 — or Butt. 
follows, vix. 2 Butts — 1 Tun. 


38. The, true origingl Standard far Meaſures of Capacity ar 
volidieys is er Inca. 


1 Ale Gallon, 
Thug 5g 2.31 45 80 Inches 1 Wa 1 Wine Gallon. 
Corn Gallon. 


Alb 1728. 288. Inches make one Foot Solid. 


C 39. Our 


| T INSTITUTIONS 
39. Our Meafures of TIE are of the following Denomina- 
tions, VIZ, ; h 
60 Seconds make 1 Minute. 
60 Minutes — 1 Hour. 
24 Hours —— 1 Day. 
7 Days —— 1 Week. 
4 Weeks —— 1 Month, 
13 Months — 1 Year, 


40. A CircLE, and alſo the Mor rox performed in a Circle, 
(eſpecially i in reſpe& of the EcL1PTic in aſtronomical Affairs) 
is divided in the following Manner, vix. 

60 Seconds make 1 Minute. 


60 Minutes — 1 Degree. 
30 oy — 1 Sign. 


36 - _ " 5 — The Circle. 


egrees 


. 
— — — 
— 


1333 
— — 
— A — — 9 
— _ — — 3 —— 
— — 
wa = * 3 — 3 
as Iv — * # - oe” «2 1 =w — - 
——_—_ aw en nate ye — — . 
b — 9 — N — 1 2 EL — — — 
— Y * 
N 


—— — 
— 


* 


In very nice Matters we ſub- divide a Second into 60 Thirds; 
a Third into 60 F ourths, and ſo on; as mentioned, Inſt. 15. 


th 
* 
= 
nnr 
I 4 
"24 
[4 


41. I ſhall ſubjoin the following Example for Praftice, 
Long Meaſure. 


H. F. Rds. Tdi. F. M. F. Rds. Yds. F. In. 
375 $:,39. 3.2 3-2) g:'p 10 
£9. 3 AS r 
3 9 
121 0 20 2 1 eee 7 
„% 6 YH 2-0 18 0 x 6 
F 

ATE eee 
CCCCCCCCVCC is mon AS BGG a 26 F 
T0 132 I << 27 74 9 3 6 20 7 57 
1. 2. 0 r W230 
nn |; 10; 3.085551 4 

. 110 10 13 8 158 12 2 O 22 30 8 


42. The beſt way to data if the flow bs caſt up right, is to 
do it twice over, beginning at the Bottom, and reckoning up- 
wards the firſt Time; and then beginning at the Top, and rec- 
koning downwards the ſecond Time; and if the Sum Total in 
both Caſes be the 8 the Work i is right, otherwiſe not. 


IS — — 


CHAP. II. 


SUBTRACTION of IN TEOERS. 


43. Sosra derten is the ſecond Operation i in the Art of 
Computation; it conſiſts in finding the Difference be- 


tween two Numbers, by taking the Leſſer from the Greater; and 
as this is the Reverſe of Addition, ſo the Rule of performing it 
is the a of that, VIZ. 


r | 
44. From each Figure in the upper Line (beginning at the Right 
Hand) take the Figure in the under Line, if it be leſs, and ſet down 
the Difference, but if the Figure or Number in the lower Line exceeds 
that in the upper Ont which lands over it, encreaſe that upper Figure 
by adding 10, if it be in the Place of Integers ; but if it be in any 
Species of Money, Weight, Meaſure, &c. ycu add to it fuch a Num- 
ber as makes One of the next Denomination, and then ſubtract as be- 
fore, and ſet down the Difference, and remember, that every. Time 
you thus encreaſe the upper Figure, you carry one Unit to the next 
Figure in the lower Line, 


C2 45. This 


* INS TITTIo RS 
45. This Rule will be beſt illuſtrated by the following Ex- 


amples. 1 ; 
From 57238765 695278675 4 
Take mate 434905740 
| Remains 44138522 260412935 
572 4 4 109765432016 
5 26741320785 
— 2 — 
n 
e rob ht 5 7 
A 17643 5 
94 13 589 17 to 2 
81 O4 3 r70b "08 or x 
„% Js _ 1 1. 0 
9175 17 64 2 17 10 2 
1049 19 10 3 #7 11 | 
5 Ce EI 
| Tray Wight. * 
J. Ox. Pwt. Grs. 3 Ox. Pur. Grs. 
131 10 18 14 173 Og oOo OI | 
79 IT 19 20 9 10 oo 23 +=, 
I N nn 
| „ Weight: 
T. N a 7. C. Qrs. bb. Ox. Drs. 
35 18 2 24 o 13 do © or v0 16 
* 79 3 2 4 een 


* * — LA 1 7 . — — 8 
A "mT * p * b. ws 8 
a * þ 
a „ 


Log 


of ARITHMETIC. 13 


Long Meaſure. 
M. F. Rs. T. F. M. F. Ris. V. F. In. 
273 7 9: 0 517 6 oo 1 2 10 
9 7 0-3: ;# 9 0 00, 4 2 A1 
Mation. © 


Rev. Se. Dr. Ne. Sg. Dr. 
ne "0 0 10 9 29 59 do 
14 11 "0 2 8 10 29 ©0 59 


* - * 
— * Pp - " 
ww n — 5 — CCIEny 
* 


1 D. FE MFR 
397 1@ © 0 If 125 10 © © o0 oo or 
25 12 2 I 23 eee 


W» an. a. Al. * ah. that. th. tt... 


_ . — — 


— —— — ** 


46. Theſe Examples well underſtood, all others of every 
Sort will be eaſy; and the Reader needs not be told, that the 
Difference added to the lower Line, or leſſer Number, ought 
to make the Sum in the upper — and will, when che Work 
is right. 


CHAP. III. 


MULTSPIXCATION of INTEGERS, 


47. Morte is the third Operation in Arithmetic, 

and is nothing more than a compendious Way of ad- 
ding any Number or Sum, any Number of Times to its ſelf. 
Thus if the Number 135 be added 3 Times to its ſelf, the Sum 


will be the ſame as che Product of 135 2 by 3, as is 
evident below, Viz. 


Add 


214 INSTITUTIONS 


135 | Multiply 135 
40 135. on By.. 3 

135 r 

— 8 Product 405 
Sum 405 ' 2 


48. If the ſame Number 135 were to be made 13 Times a 48 
great, then you make it firſt, 3 Times as great, v:z. 4055 and 
after that, 10 Times as great (which 3 is done by annexing a Cy- 
pher to the right Hand, Inſt. 9.) viz. 1350, and then the Sum 
of both theſe is that required, ix. 


. „ —_ ˙—— - 


35 The Multiplicand. 
The Factors 7 1 : The 3 


ö iſt Sum 405 
2d Sum 1350 


—— 


Total 1755 Product. 


49- But that a Perſon may be ready at inveſtigating theſe par- 
ticular Sums, it is abſolutely 3 to learn the following 
Table by heart. 


The Multiplication Table. 


ry 9 7 
- 4 23: 5 20 
2 rr 24 
3 Times? 18 1 Tunes 7 28 
| 7 21 | 32 
| 24 - tg 36 
9 27 
5 is 25 CC is 36 
6 30 7 42 
5 Times C bay 6 Tuner. 48 
40 9 54 
1 | | 
9 ih Times $8564 
7 ef 8 Times 39 * 
9 63 9 Times 9 81 


* c 


co. By this Table we find the Sum which ariſes by adding 
any Digit any Number of Times (under 10) to its ſelf; thus 8 
added 7 Times to its ſelf makes 56, and therefore we ſay, 7 
Times 8 is 56; and fo of others. The Learner will take No- 
tice, that 5 Times 5 is the ſame as 5 Times 7, and dt 
it was not neceſſary to make the Table any larger. 

51. Having this Table perfectly in Mind, the Operation wil 
be eaſy by the following 

RUL-E. 

With the firſt Figure to the Right Hand, in the Multiplier, begin 
to multiply each Fi igure in the Multiplicand, proceeding from the 
Right to the Left; in the Product of each Figure, ſet down the Di- 
gits under 10, or between the Tens; and for every 10 contained in 
ſuch Product, carry One to the next Place. In like Manner proceed 
with every Figure of the Multiplier; and ſet down the ſeveral Pro- 
duct, one under another, in ſuch a Manner that they may fland one 
Figure backwards, or the firſt Figure of each Line under the ſecona 
Figure of that above; then add all into one Sum, which will be the 
Product, as in the following 


Examples. 

Mult. 1735 # 5738 4897 
** 3 384 
6940 34428 19588 

5738 39176 

| 14691 

91808 — 
1880448 


52. The Reaſon of the laſt Part of the Rule, viz. ſetting the 
ſeveral Products one Figure back will eaſily appear from Inſt. 48. 
becauſe the Cyphers annexed to each Product are here rejected as 
making no Alteration in the Value of the Product, when thus 
reckoned up. Thus, in the laſt Example, the Multiplicand 

| 4897, being multiplied by 4, 80, 300, ſucceſſively, makes the 
Products, 19588, 391760, 1469100, which, added together, 
make the ſame Number asbefore ; as is evident below 


, 8 43897 


3 


INSTITUTIONS 


Here the three Cyphers being rejected, as. ſuper- 
ble fluous, the Reſt ſtands as before. | 


53. If a Cypher be-found in the Multiplier, you place a Cy- 
Pher under it, or annex it to the firſt Figure of the next Product; 
or you ſet the next Figure two Places back inſtead of one. Thus 


1795 multiplied by 307 will ſtand 
thus; 2795 or thus; 1795 
307 307 
12565 12565 
OoooO 5385 
5385 
551065 
551065 


The laſt Way is moſt-eompendious, but the ad is eaſieſt for a 
Learner, and is generally uſed; the Reaſon of both appears from 
the firſt Poſition of the Product; for it is evident the 4 Figures 
1795 multiplied by o, gives 4 Places of Cyphers, which are of 
no Uſe to ſet. down. 

54. I ſhall here ſubjoin a Variety of Examples for the Learner's 


-Obſerration and Exerciſe, both wrought and unwrought, as 


Jallow: * 
1750 % 7590 . 80507 
n 3 oo 
; 10500 | 151600 e 4025350 | 
12250 37900 2415210 
133000 3941600 | 245546350 


756940 


a 
1 
8 
f 


756940 705059 
10090 . T1000 
68124600 705059000. 
75094000 — — 
7637524600 | 
579603 100I000 
10001 | 1010 
579603 10810000 
_ $79603000 I0010000 
| 5796609603 101 1010000 
9753850 900203005 
005730 90107004. 
57986000 I ToO0TOO0010 
18000500 0 10010010 


ꝗ—— 


55. The vulgar Method of proving the Truth of the Work, 
is by adding together the Digits in the Multiplicand and Multi- 
plier, and caſting out every Nine, as often as it occurs, noting 
the Remainders; then multiplying the Remainders, and caſt- 
ing the Nines out of the Product, you note the Remainder in 


that Caſe: Laſtly, the Nines are caſt out of the Sum of the Di- 


gits in the Product, and if the Remainder, in this Caſe, be the 
ſame with the laſt mentioned, it is a general Proof that the 
Work is true. Thus in the firſt Example of Inft. 54, the two 
firſt Remainders are 4 and 4; the Remainder in their Product is 
7, which is alſo the, Remainder in the whole Product of the Fac- 
tors, and ſhews the Work is right. But the genuine Proof of 
Multiplication is by Diviſion. 

56. Compound Multiplication is ſometimes of Uſe. This is 
when the Multiplicand conſiſts of different Parts or Species of 

D | 


2 
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40 


10 M TTG TUD U 


Meaſure, Weight, Time, Motion, &c. As i in the Examples 


following Tz 


I. i. d . oz. puts. gr. yds. f. in. 
Mult. 15 7 62 8 21 26 d 2-105 
By „ 8 12 
761785 | - 


— 


But when the Multiplier is large, theſe Operations are much 
eaſier by Decimal Arithmetic, as will be ſhewn farther on. 


. 0 * 


8 * P 
* 
— — 
—_ 
"1 


CHAP. IV. 
Divrs ron of INTEGERS. 


„B this Operation we find how often the ſmalleſt of any 
two given-Numbers is contained in the greater, which 


is therefore but the Reverſe of Multiplication ; as for Example, 
Leet it be required to find how often 3 is contained in 405. Then 

firſt, 3 is contained in 405, 100 Tirffes, with a Remainder of 10 53 
in this Remainder i it is contained 30 Times with another Re- 
mainder of 15, in which it is contained 5 Times; therefore in all 
the Parts of 405, the Number 3 is contained, 100 + 30 + 5 = 
135 Times, as in the Operation below. (See Inſt. 47.) 


Diuviſer. Dividend. Quotient. 


3) 405 (100 
300 


F ww 


3) 105 (30 


90 
3) 1 
> TY 
„ | 135 


38. Hence you ſee the Reaſon of the compendious Fe orm in 
+ the common Operation of this Part of Arithmetic ; ; which there- 
fore is performed by the following 


RULE. 


Nur 19 


| R.ULE. 


If the Dwviſer be a leſs Number than ſo many Rewer taken on the 
Left Hand in the Dividend make, ſee how often the Former 1s con- 
tained in the latter, and the Figure which expreſſes it, is the fir of 
the Quotient; then multiply the Diviſor by the Quotient Figure, and 
placing the Product under the ſaid Figure or Figures of the Dividend, 

: ſubtract it therefrom; and to the Remainder, annex the following 
Fygure of the Dividend, which divide as before; and thus proceed 


wy GY TY 


. fill the whole Dividend be exhauſted; as the Examples following. 
3) 405 ( 135 . 
3 | 
9 16 
15 16 
/ 15 16 1 
| 'S; 5 "ht ; 5 T 
, F a wy 
1 2 2 
; 1 ; 
12 ) 1728 ( 144 135 ) 1755 ( 13 
r 135 
32 | 405 
48 405 
48 


— 


59. If it happen that the Diviſor be a greater Number than ſo 
many of the firſt Figures of the Dividend make, then you take 
a Wola of Places in the Dividend greater by one, and pro- 
ceed as before, as in the following Examples. 


1 
D 2 5) 3790 (758 


20 INSTITUTIONS 


5) 3790 (758 25 ) 127900 ( 5116 

35 125 
2 -.- 29 
25 25 

40 40 

40 25 

3 150 

L280 --. * 


60. If in any Cafe, the Remainder be ſo ſmall, that when 
the Figure of the Dividend joined with it, make a Sum leſs than 
the Diviſor, than a Cypher is to be placed in the Quotient, and 
another Figure taken down; and then the Diviſion renewed, 
proceeds as above. Thus | 


9) 1863 ( 207 12) 250836 ( 20903 
18 24 | 
*6 105 
63 108 
22 2 36 
36 


561. If the Diviſor be not contained a whole Number of Times 
in the Dividend preciſely, there will be a Remainder, when the 
Diviſion is finiſhed, which is to be placed Fraction-wiſe in the 
Quotient, together with the Diviſor, as the Denominator, as in 
the following Caſes. 


7) 673 (9% 13) 12976( 998 
| 63 117 | 
43 7 127 
42 117 
1 106 
104 


2 71) 


of ARITHMETIC. 2t 
71 ) 29754 (4 41977 131 ) 135076 ( 1031 vs 


284 131 
135 407 f 
71 393 
644 146 
639 131 
9 15 


62. When the Diviſor has one or more Cyphers at the Begin- 
ning, they may be omitted in the Work, provided you ſtrike off 


n as many Figures in the Beginning of the Dividend, which are 
n to be annexed to the Remainder to compleat i it; as will appear 
d in the enſuing Operations. 
„ . Length. — 
70) 5689 ( 8133 710 ) 5089 ( 8173 
560 56 
; 70 — 
70 N 7 
19 19 
8300 ) $859716 ( 1186 831co e 1186 
8300 . 
15507 I 15 * 
8300 83 
72071 20 
66400 bes 
56716 557 
49800 | 498 
* 6916 16 


63. Theſe are all the Varieties the Learner will with in 
this Operation; and the following Examples will exerciſe him 
therein. | 


175) 


22 INSTITUFIONS. 


175 ) 894630 9850) 82768 ( 
5900) 300012 15700 ) 9875830 ( 
1000 ) 980005 ( 6o800 ) 908437 200 


64. To prove the Truth of the Work, multiply the Quotient 
by the Diviſor, and if the Product be the ſame with the Dividend, 
the Work is right, , otherwiſe not. Note, if there be any Re- 
mainder in the Diviſion, it muſt be added to the ſaid Product to 
make the Proof. Thus in the laſt Example of (61) we have 
1031 X 131=135061, and then the Remainder 15 being added, 
the Whole makes 135076, the ſame with the Dividend. 

65. And, vice verſa, the only true Proof of Multiplication is 
by Diviſion, as will eaſily appear to any one who underſtands the 
preceding Operations. Thus in the firſt Example of (54) if 
you divide the Product 133000 by the Multiplier 76, the Quo- 
tient will be the Multiplicand 1750, which proves the Work 
true. 48) 


CHAP, v. 
_ Of VuxrAR FRACTIONS. 


66. r O fit Vulgar Fractions for Operatiqn, they mould be 
firſt of all reduced to their loweſt Denomination, 


which is done by finding a common Diviſor by this 


RULE. 
Divide the Denominator by the Numerator, and the Numerator 


by the Remainder (if any) and that firfl Remainder by the Second, 


the ſecond by the Third, and fo wy till the Remainder be nothing; 
a5 in the Inſtances following, viz. 14, 447 


15 
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15 81 (5 31) 157 (8 
75 155 
6 15 (2 2) 31 (15 
I2 3” 
3)6(2 19262 
6 2 


67. The laſt Diviſor is the common D:viſor ſought, by which, 
if the Fraction be divided, it will be reduced to its loweſt Terms ; 
thus if the Fraction 4+ be divided in each Part by 3, it is reduced to 
33 which is equal in n Value to the former. And becauſe, i in the ſe- 
cond Example, the Remainder is Unity, it ſhews that Fraction 
is already in its loweſt Denomination. 

68. Mix'd Numbers muſt be reduced to a fractional Form, 
which is done * this 


RULE. 


Multiply the integral Part by the Denominator of the fractional 
Part, to which add the Numerator, and the Sum will be a new Nu- 
merator ; under which write the Denominator, and it makes an im- 
proper Fraction of the ſame Value. As in theſe Examples, 52, 13., 
28775. Thus 5 X 7 = 35, and 35 + 2= 37, then *7 = 55; alſo 
I X II = II, and 114 3 14, then 11 = 1573 laftly, 28 X13= 
364, and 364 + 1 = 365, then , = 28 r. The Reaſon of all 
ohich appears from common Diviſion 1 (6 I.) 

69. Two or more Fractions are reducible to one common De- 
mination, that is, ſhall have all the fame Denominator, retain- 


ing ſtill their firſt Values, by this general 


RULE. 


Multiply the Numerator of each Fractien into all the Denomina- 
tors, but its own, for a new Numerator, and multiplying all the De- 
minators together, the Product ſhall be a common Denominater to all 
the Numerators before found. 


'Fhus let it be required to reduce 2, r; 37, to one common 
Denomination, the Work will ſtand as below. 


24 INST4ATUTIONS 


2 4 17 73 
13 be 13 13 
26 35 51 219 
73 73 17 73 
78 105 22--: - - = ue 
182 245 -j 5 
1898 2555 1105 4745 


Then the Fractions become 4328, 3555, 7325, all of the 
ſame Value as before. 

70. This previous Reduction of Fractions to a common De- 
nominator, renders them eaſy to be added, or ſubtracted; *for this 
is done among the Numerators only of the Fractions thus redu- 
ced; for Example, to add the two Fractions ; and +4 together; 
theſe reduced (per 69) are 1523 and 25 25275 whence 1898 + 2555 
= 4453; os £453 = 2 + 7, the Sum required, Thus 
alſo, 1 + Er + 54 = £553 = 15543. So any other Fractions 
are added together. 

71. In like Manner you ſubtract one Fraction from another; 
thus 7, — 2 = $54, becauſe 2555 — 1898 = 657. Soalfo 
2— 2 577155 = 7523. And the like of others. When 
Fractions are thus added or 5 the fractional Sum or 
Difference is to be reduced to its loweſt Denominator by the Rule 
of (66.) 

72. To multiply Fractions together, is no more than to multi- 
ply the Numerators and the Denominators among themſelves, 
and the Product thence ariſing will be that which is required. 
Thus 4 x {4 = 3+$- Thus alſo Z X = 334; ſoz x 4 = 2x. 

3. To divide one Fraftion ou another, you multiply the De- 
nominator of the Diviſor by the Numerator of the Dividend, 
for the Numerator of the Quotient; then you multiply the Nu- 
merator of the Diviſor by the Denominator of the Dividend 
for the Denominator of the Quotient. Thus 34 divided by 2 
will ſtand thus, 3) 84 (= {53 = 4; and thus 7) 34 (1542 = 
27, by Reduction. Laſtly, 3) 2; ($34 = 4'= 14. Theſe Caſes of 

Diviſion being only the Reverſe of thoſe of Multiplication (72.) 


74. 
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47. Any whole Number is 2 Fraction-wiſe, by only 
writing Unity under it, thus 5 is 4, 17 is , Cc. And fo In- 
tegers and Fractions may be added, ſubtracted, multiplied or 
divided in the ſame Manner, as pure Fractions themſelves by the 
preceding Rules. Thus ,X5= AX4=453=43- On 
the contrary, '5)5(=+4)z3(=#5 


—_— EM WS 


— — 


C H A | of VI. 
The Reduction of Quantities of divers Denominations 
into One. 


75. * Rule for doing this is to multiply each ſuperior Spe- 

cies by the Number which it contains of the propoſed 
Species below it. Thus one Pound is reduced to Numbers ex- 
preſſing an equal Value in all the inferior Species; as alſo other 
Quantities, as in the Examples below. 


11. Sterling. 1 1b. Auoirdupois. 
20 16 
20 Shillings. 16 Ounces. 
12 16 
240 Pence. 256 Drams. 
4 
9 2 Tun. 
960 Farthings. - 0 
1 15. Troy. 20 Hundreds. 
12 "> 
12 Ounces. 80 Quarters. 
8 28 
96 Dram. 2240 Pounds. 
3 16 
288 Scrugles. 35840 Ounces. 
20 


5760 Grains. 


1 U. 


„ ns TIT UTIONS 


T4. E I Mile 
8 Fo, 10 72 15 8 8 
12 Ouncen. e er = 2 8 Furlongs. 
20 | 40 | 
240 Penny We. 320. Rods. *1 
24 102 
5760 Grains. 5280 Feet, 
> Ia, 7 
| , £ bs / 1 
x Day. 6 3 360 "Re 
_ 1 Circle. 
; __ 12 
4 24 Hours. 5 0 
60 pes. bak 12 Signs. 
e 2 30 
1440 Minutes. 3 a 
. ws 360 Degrees. 


86400 Seconds. 


21600 Minutes. 
60 


1296000 Seconds. 


76. If the Quantity, to be reduced, conſiſts of different Spe- 
cies, the Number of each ſeveral Species is to be taken in, or 
added to the Product which is of the ſame Kind or Denomina- 
tion, as you proceed in the * 3 according to what you 


ſee here exemplified. 
oor th of | hb. oz. pts. gre. 
15 17 4 3 9 7 15 21 
20 | 12 | 
317 5, 115 
12 5 20 
3808 p. ; 2315 
4 ; 24 
5 1 # e 
| 4632 


555888 Hence 
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Henes feveral Queſtions may be. pr forthe Learner's 


2 as follow. 


Ib, oz. drs. 

In 35 13 15 Avoirdupdiſe Weight, how many Drams ? 
„ 

In 17 13 3 25, how many Pounds? 


X F. 
In 57 7 37 15, how many Feet? 
DAS 7 


In 275 17 39 48, how many Seconds? 
3 
In 15 10 27 49 53, how many Seconds ? 
Lds. Ort. B. G. | 
In 35 4 7 5, how many Gallons? 


Ag. Gal. Pts. 
In 13 51 7, how many Pints? 


** 


77. When we have any large Number exprefling any Quan- 

tity in its lower Species, the ſame may be reduced to any or all 

the higher Species by Diviſion, being only the Reverſe of the 
other Proceſs by Multiplication { (). 

Thus ſuppoſe it were required to know ber many Pounds, 
Shillings, Pence and Farthings were contained in 15235 Far- 
things ? *Tis evident, if we divide firſt by 4, the Quotient will 
be Pence; this divided by 12, will quote Shillings; and theſe agam 
divided by 20, will ſhew the Number of Pounds ; the Remainders in 
each Diviſion being the odd Shillings, Pence, and Farthings. The 
Work placed after the uſual Manner will ſtand as below. 


I2 20 
4) 15235 ( 4 ( 37 (15 


32 20 - 2 

32 I2 100 

35 88 17 
32 84 Anſwer 151. 175. 4d. If. 
yg"; 1 
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Again, In 55581 Grains, 6 Ounces, Pen- 
nyweights, and Grains ? 


20 
24) $5501 (23150 m (9 

7 31 ũ1 O 

72 20 
38 118 
24 100 | 
C J 7 15 27 
120 
21 

| After the fame Manner the Learner may operate the follow- 
ing Queſtions. 


In 59786 Grains, how many Pounds, n Drams, Scru- 
ö ples, and Grains? Troy. 

In 197568 Ounces, Avoirdupois, how many Tuns? 

In Toooooo Feet, how many Miles, &c. 

In 2974600”, how many Days? 

In 597 3864 Pints, how many Load? 


* 9 7 _ 2 


* * + 820 „ 
* * 


CH AP. VII. 


Of Decimar ARITHMETIC. 


78. HE Nature and Notation of Decimal Numbers having 

. been already declared (12, 13, 14, I ſhall proceed 
immedixely to give the Rules for their Operation. The firſt of 
which is 


_ ADDITION. | 

The Addition of Decimal Numbers does no way differ from 
that of Integers, due Care being taken to place all the particular 
Sums, ſo that the firſt Places of the integral or decimal Parts be 
exactly under each other, as is ſeen in the following Examples. 


(See 25, 27. 
$1] 
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5% 64,75 5 35729 
76,2 98, 30 43.505 
3 —— 2704 - 94834 
9761,5 59937 355546 
10382, 250,06 — 
3 164,816 


79. If any Number be purely decimal, or has no integral Part, 
tis uſual to put a Cypher in Units Place of Integers, as thus, 


0,057 0,5729 
0,702 43005 
55389 0, 9834 
97,615 3,0546 
7,5102 

103, 823 
16,4816 


$0. Cyphers on the Right Hand of a decimal Number avail 
nothing, and are therefore more elegantly omitted. 


0,0100 O,01 
33,9270 53927 
| 4410090 41009 
Thus inſtead of 4 975, 2300 we write 975,23 
1120, 3879 1120,3879 


SUBTRACTION. 


81. The ſame Precautions being obſerved, Subtractiom of De- 
cimalsis performed in all Reſpects like that of Integers, as in the 
Examples following. See (44:) 


5723, 8765 690527, 867 
1 13.243 43480, 574 | 
441 2522 2604142935 


* 


$72,0987 


INIST. ITUT ION 8 


I 379-8256 
005553744 
2.876902 
E, 293 ; 0,010860x o, 123098 
E e SIP 
10,005 5 I00000, 
0,0098753 Ines 
959951247 99999,9999999 
MULTIPLIC ATION. 


82. In Multiplication of Decimals, having placed the Factors 
(as in common Multiplication, 51.) you obſerve this general 
Rule, viz. Cut off ſo many Places of Figures for Decimals in the 

Product as there contain'd Decimal Places in both the Factors. 


Thus Mult. 17,35 5 7,3 8 48,97 
e 4 1,6 384 
69,40 34 428 19588 
ary 57 38 39176 
— ä — 14691 
91,808 W 
188, 0448 
3 1750 0,758 0,80507 
"RIO | 05,52 0,305 
os af „ 
10500 I516 402535 
12250 3790 „ 
1330. 0.39416 0524554635 


83. But if ;ethappecs that when the Operation is finiſhed, 
there are not ſo many Figures in the Product, as there are Places 
of Decimals in the Factors, then — are to be prefix'd to 

| the 


"a 


f ARITHMETIC! 3x 
the Product wo make the Number of Places equal. Pa 


FT 01 I! 
23 09 200175 ws „001 | 
* c FEY 
06 50072 T050 ,0000T1 
0 5 1225 700 
5000013300 * 
59. ,IOOOIOT T000000. 
,000006 © WE ,0000000Fx 
5000354 »0IQOOIOL pager * . 


DIVISION. | 
84. Diviſion of Decimals is alſo perform'd by one 2 
Rule, viz. Divide the Numbers as if they were all Integers, and then 
cut off ſo many Figures for Decimals in the Quotient as when added 
to thoſe of the Diviſar, do make the ſame Number of Decimals as 


are contain d in the Dividend. Examples follow. (See 51, 54.) 


1,6) 91,808 (57,38 48,97) 188,0448 (3354. 
0 8 146.90. rr 
41 134 . 
39 176 
1 3 
I 9588 


———— 


» „ „ 9 


= 
. } . 


1750) 1330,00 (% 52) 39476 (788 
1225 © 364 
105 oo 301 
105 00 260 
—— +0 2 416 
416 


* 
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- 85. If, when the Diviſion is finiſhed, there are not ſo many 
Places in the Quotient as with thoſe Decimals in the Diviſor 
will equal the Number of Decimals in the Dividend, , then Cy- 
phers muſt be 8 to > equal that Number. As in theſe Ex- 


amples. 


,09),0072(,08 59), 00354 ( ,000006 
OE 354 


86. When the Dividend is an integral Number, ſo many Cy- 
phers are to be annexed thereto as there are decimal Places in the 
Diviſor ; and the Quotient is in this Caſe integral. 


Thus 2,5 ) 425-0 ( 170. »39 ) 741.00 ( 1900. 
27 32 
29 * 351 
175 351 
2+ +0 - ++ 00 
5,116) 1279.000 ( 250. ,001 ) 597,000 ( 597000. 
10232 ä 
255 80 | | „ 
255 80 ä N 
00 


$9. But if, when the Diviſion is thus far finiſhed, there hap- 
pens to be any Remainder ; then more Cyphers are to be an- 
nexed to the former in the Dividend, and ſo many Places are 


Decimal in the Quotient, as is evident in the N Exam- 
ples. (See 61. ) * 


emf 7) 
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27 ) 678.0 { 963,42 1,3) 12976. 0000 (996 1,538 


63 117 
43 „ 1 
42 117 
10 | 106 
7 | roa 
30 20 
28 13 
20 70 
14 65 
6 50 
39 
71) 29754-00100 (490%, 42 — 
284 110 
— 104 
1 35 — 
75 6 
644 , 5015 ) I,000|00 ( 66,66 
639 | 90 
500 100 
497 = 
300 100 
284 90 
160 100 
142 go : 
18 10 


88. N. B. In Caſe any large decimal Numbers are to be mul - 
tiplied by each other, and it be required to retain only a certain 
Number of decimal Places in the Product, you may contract the 
Work and ſhorten the Labour by proceeding as follows, viz. 
Write down the Multiplicand as uſual, and then write under it the 
Multiplier inverted, with the Unit's Place thercef under that Place 
of the Multiplicand, whoſe Place you intend the Product ſhall extend 
to ; then multiply, as uſual, d Figure of the h 

F 


ginning 
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ginning at thoſe of the Multiplicand which ſtand over it, negleffing 
thoſe to the Left, unleſs ſo far as to obſerve what fvould ariſe from 
multiplying the Figure immediately foregoing, which muſt be taken in 
at the Beginning of each Line, the firſt Figure of all which muſt ſtand 
under one another on the Rioht-hand. 

89. Thus let it be required to multiply 3, 141592 by 52, 7438 


to have four Places of Decimals in the Product. And alſo 
104226,8672 by ,261799388; the Work for cach will ſtand as 


. 
: 
* 
| 

1 


90. The Reaſon of this Contraction will eaſily occur to any 
one who conſiders the Work at large, as it ſtands below for the 


OW. 

= Multiplicand 3,1415 92 104226,867 2 f 
jþ| Multiplier inverted 8347,25 883997 162,0 
4 1 5703 96 20845 373 4 ' 
4 628 32 6253 612 © 

| 21991 104 226 8 
12 57 72 958 7 
# 94 9 300 3 

"4 25 937 9 
ol N f WM 3 312 

ll Product = 165,69 95 8 3 

K | | Product = 27286,529 4 


N. B. What relates to the Doctrine of Repetends or circula- 
ting Decimals, we ſhall refer to Logarithms; as this intricate Af- 
fair is moſt eaſily manageable by thoſe artificial Numbers. | 

| CHAP. 


* 3 


firſt of theſe Examples. | 

* 3,1 4 1592 The perpendicular Line here 
Wb 5 2,7438 drawn among the Figures cuts 
1 — — off all the ſuperfluous Part of 
1 2 501 32736 the Work to the Right, and 
9 402 4776 leaves the ſignificant Part on 
11 125 66 368 the Left, which is the ſame as 

1 2 199 1/1 44 the contracted Part, but in an 
41 6 283 118 4 inverted Order, which is the 
Wd 157 079 600 Reaſon why the Multiplier is 

1 — inverted in that Caſe to pro- 
165,699 50 01296 duce it. 


\ _ * — — - * . - 
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C HAP. VIII. 


The Reduction of Vulgar Fractions, and Quantities 
of divers Species to Decimal Numbers. 


91. A Common Fraction is reduced into a decimal Expreſſion 

of the ſame Value by dividing the Numerator by the 
Denominator by the Rules in the preceding Chapter. As in 
the Examples below. | 


— O * 


5 = 5) 2, (o, 128) 3, ooo (= ,375 


2 0 24 
2 ö | 60 
56 
326) 1,000 ( = 0,16 = 
6 40 
— | 40 
40 — 
36 9's | 
*4 
53=4F =8) 43,000 ( 5,375 
40 
30 
24 
60 
56 
40 
40 


92. By this Means you find the decimal Value of any 
Species of Money, Weight, Meaſure, Time, Motion, &c. in any 
Denomination aboye it. viz. By dividing Unity by the Number 
expreſſing how many of that Species make One in the ſuperior 

F 2 De- 


$75 416-2 42-8 


* — W 4 
- r $"< 
- * of = ® 
nn 6 
1 
* 5 % 
. 
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Denomination propoſed. Thus becauſe four Farthings make 
one Penny; therefore 4 = 0,25 is the Decimal of a Penny for 
one Farthing, In like Manner, r = 0,083 = the decimal 
Part gf, one Shilling for a Penny; and 7, = 0,05 = the Deci- 
mal ora Pound for one Shilling, 

93. Again, if it be required to know what decimal Part of a 
Pound one Farthing is, becauſe 950 Fathings make a Pound, 
therefore 41; = 0,0010416 is the Decimal of a Pound for 
one Farthing. After this Manner the following Tables are 
made, ſhewing the decimal Value foreach Species of the integral 
Quantity or higheſt Denomination, which is always Unity, or 
I, in the ſeveral Sorts of Money, Weight, Meaſure, &c. 


One Pound 1. Troy Pound 1. 
Shilling 0305 Ounce 0,083 
Penny o, oo416 Dram ©,010416 
Farthing o, oo 10416 Scruple o, oo 3472 
Grain o, ooo 1736 
One Tun . One Mile 1. 
Hundred 0,05 Furlong o, 125 
Quarter o, o125 Rod 0,003125 
Pound 0,000446 Foot o, ooo18 
Ounce ©,000028 Inch o©,00001 
One Day 3 5 A Circle 1. 
Hour o, o416 Sign o, o83 
Minute 0,000694 Degree 0,0027 
Second O,0000011 Minute 0,00004. 
Second 0,0000006 
One Load 1. One Tun? 
Quarter 0,2 > Wine S 
Buſbe! 0,025 0 
Gallon o, oo3125 Flog ſhead 0,25 
Pint 0,00039 Trerce 516 


Gallon o, oo3967. 


94. Having any Quantity expreſſed in divers Species, as I 5/. 
175. 44. 3f. tis eaſy, by the Tables, to turn it into Decimals, 
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i 1 avs 4- 
| 0,05 X 17 = 0,85 
Thus 2 X 4= , 016 
0,001 X Z= 0,003 


"Therefore 15“. 17s. 4d. 3f. = |, 15,869 = 


05. Hence, by this Method, it will be eaſy to perf ſame 
Operations in Arithmetic, which would otherwiſe prove very 
irkſome and difficult. Thus, ſuppoſe it was required to 


Feet Inches 
Multiply 12: 94 = 12,812 
By 7: 5x = 45th : 


Now this would greatly puzzle a Learner to perform in the com. 
mon Way, but when reduced to Decimals, is only a Caſe of 
common Multiplication. And it ſhould be a Maxim with School- 
maſters never to torture the Genius of a Scholar with things ex- 
tremely difficult, and at the ſame Time unneceſſary, or per- 
formable by eaſier Methods; which is but too commonly the 
Cafe. | 


8 


_- > A 


CHAP. IX. 


Of the Ratios of Numbers, and the Rules of Propor- 
tion, or Rule of Three Direct and Inverſe. 


96. A® the Ratio of Numbers conſiſts of a Compariſon or 
Relation in reſpect of Magnitude; and as one Num- 
ber may exceed another both by Addition and Multiplication, there- 
fore two Sorts of Ratios will ariſe in the Compariſon of Num- 
bers, viz. one, which will be expreſſed by their Difference when 
the leſſer is taken from the greater; and another, which will be 
expreſſed by the Quotient, in dividing the greater by the leſſer. 
97. Hence, in this Series of Numbers 1, 2, 3, 4, 5, 6, 7, 8, 
Oc. where each is greater or leſs than the other by Addition or 
Subtraction of 1, the common Difference will be 1 between any 
two contiguous Terms, which 1s therefore called the common 


Ratis 


4 
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Ratio of the Series; thus the Ratio of 2 to 1, is 2 — 1 = 1; 
of 5 to 4, is 5 — 4 2 1; and ſo of the Reſt. But the Ratio 
of 3 to 1, is 3 — 1 g 2, and 5; to 3 r 5 — 3= 2, which is 


double the former. And the Ratio of 4 to 1 = 4 — 1g 3, 
and 5; to 2 = 5 — 2 = 3, &c. which are triple the Firſt. In 
the following Series 1, 3, 5, 7, 9, 11, 13, 15, Ec. the Ratio or 
common Difference is 2. In this Series 5, 9, 13, 17, 21, 25, 
Sc. the Ratio is 4; and ſo it may be any given Number, by 
which any Series of Numbers encreaſe or decreaſe. And hence 
ſuch a Series 1 Numbers are ſaid to be in arithmetical Progreſ- 
fron. 

98. The ON. Sort of Ratio is that between Numbers which 


differ by a common Multiplication or Diviſion ; Thus, if 1 and 


each ſubſequent Product be conſtantly multiplied by 2 this Series 
will ariſe, viz. 1, 2, 4, 8, 16, 32, 64, &c. and this con- 
ſtant Multiplier is the common Ratio of the Series ; for the Ratio 
of any two proximate Numbers is the ſame ; thus the Ratio of 
2: 1 is 4 2; and the Ratio of 16: 8 = } = 2. Again, 
in this Series 1. 3. 9. 27, 81, 243, &c. the Ratio is 3; thus 
n= 3, ae bers. 
99. In theſe Series, the Ratio of the third Term to the firſt 


is not double that of the Second to the Firſt, (as in arithmetical 
Series) but is ſaid to be duplicate of it; thus 4: I 2 X 2=4, 


whereas 2: I = 2, in the firſt Series; and in the ſecond Series, 
9: S 3X3 , whereas 3:1= 3. Again, the Ratio of 
the fourth Term to the Firſt is not triple (as in 91) but triplicate 
of the Ratio of the ſecond to the firſt. Thus, 8:1 =2X 2X2 

= 8, which is triplicate of 2: 1 = 2; or this latter Ratio is 
three Times involved in the former. Thus alſo 27: 1 = 3 x 3X 
3=27, which therefore is triplicate the Ratio of 3: 1 = 3, 
Whence a Series of Numbers having ſuch a Ratio is ſaid to be 
in geometrical Progreſſion, 


100. Hence it is evident, that in order to make any Ratio 


twice as great as before, jt myſt be multiplied by itſelf, Thus 


2: I added to 2: Iz SF & 4 ; or = 5 is 3: IT added 
to it ſelf, or made twice as great. Conſequently, the Addition 
of geometrical Ratios is performed by multiplying thoſe Ratios by 
each other. Thus the Sum of the Ratios 5: 3 and 8: 7 is 5X4 


— 
a a 


© we 
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= 12 = 40:21. Again, I : 3 added to 5: 9 makes the Sum 


equal to the Ratio 5 : 27, becauſe 5 c 3 = &,. 


101. On the other Hand, the Subtraction of the geometrical 
Ratios is performed by dividing the greater by the leſſer. Thus, if 
from 4: 1 I take 2 : 1, there will remain 2: 1, becauſe 2) 4 (2. 
In like Manner, if from the Ratio 40: 21 I ſubdu@ the 
Ratio of 8: 7, there will remain the Ratio of 5: 3 for 3) 
42 (S3. And from the Ratio 5: 27 if we take 5:9, there 
will remain 1: 3; becauſe 3) + ( = 5. 

102. From a Compariſon of geometrical Ratios reſults the 
Doctrine of Proportion or Analogy ( 21 ) for if there be three Num- 
bers, ſuch that the Ratio between the firſt and ſecond be the ſame 
with the Ratio between the ſecond and third, then are thoſe Num- 
bers ſaid to be Proportionals, as 1, 2, 4; for 1: 2 2 2: 4, or 
1: 2:: 2: 4. Alſo 1, 3, 9, are proportional, becauſe 1: 3 = 
3:9 (by 98.) Thus alſo four Numbers are proportional, when 
the Ratio is the ſame between the firſt and ſecond, as it is between 
the third and fourth; as 1, 2, 4, 8, or 1, 3, 9, 273 becauſe 
1: 2 24:83 and 1: 3 2 9: 27. 

103. Theſe proportional Numbers are ſuch as either ſucceed 
each other immediately in the Series, as 1: 2:: 4: 8, or 4:8 
::16: 32; and the Proportion is ſaid to be continued, and ſuch 
Terms are called continual Proportionals. But if the Ratios are 
taken between ſuch Pairs of Numbers as do not ſtand together, or 
immediately follow each other in the Series, then is the Propor- 
tion ſaid to be diſcontinued or digunf?. As in theſe 1:2: :8 : 16, 
or4:8:: 32:64; or1:3::81: 243. And this makes what 
is vulgarly called the Golden Rule (becauſe of its Uſefulneſs) or 
Rule of Three. 

104. For by this Rule, if any three Numbers are given as 3, 
9, 81, a Fourth may be found which ſhall be in Proportion, 
that is, ſhall have the ſame Ratio to the third Term 81, as there 
is between the two firſt 3 and 9. And becauſe this fourth Term 
is as the unknown or ſought, let us call itx. Then by Suppoſi- 


tion, 3:9:: 81: x; therefore n = 87 (by the Nature of the 
Series 98.) 


10g. 
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105. Nov it is an Axiom, that if equal Things are multiplied by 
5 ww the Produtts will be equal; therefore if the two equal 


Ratios - „ T. — be each multiplied by the ſame Number 81, we 


ſhall have 2 x81 === = 


81 
x, AS is evident becauſe — =1, 


3 81 


and ſo makes no Alteration in the Value of x; therefore the Rule 
is, multiply the ſecond and third Numbers together, and divide the 
Product by the Firſt, the Quotient will be the fourth Number ſought. 


Thus gr 
3 


= 243, ſo that 3:9: : 81: 243, according to 


8. 
a 95 Hence this Rule comes to be of very great and frequent 
Uſe in the various practical Affairs of Life, which I ſhall exem- 
plify by a few Queſtions, as follows. | 

If 3 Yards coft 9 Shillings, what will 81 Yards coſt ? See the 
Operation. 


Yds. S. Tas. L. S. 
535 


9 
— 20 


3) 729 (243 (121 
6 20 | 


Anſwer I 21. 31. 


If Tool. gain 510. Intereſt, what will 750/. gain in the ſame 
Time? 


8 . 
7% 10 


5 
100 ) 37 50, o (37,5 = 370. 107. 
3750 0 
77 . 5 6 * FM If 
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If the Moon deſcribes the whole Ecliptic, or 360 in 274 
Days, how many Degrees does ſhe paſs thro' in one Day? 
ee if mM” D. 
\ . , Analogy, 27,5: 360* :: 1 13% _ 


2735 ) 360 ( 13,09, Anſwer. 
275 


850 
825 


2500 
2475 


© 2 M's 
According to the accurate Meaſures of the French, there are 
57060 Toiſes in a Degree, or 242360 Paris Feet; the Circum- 
ference therefore of a great Circle is 123249600 Feet; and the 
Paris Foot is to the Engliſh, as 1068 to 1000: Quere, how 
many Engliſh Feet 122 Miles are in the Earth's Circumference ? 


Paris Feet. Eng. Feet. 
Analogy ro: 1068 : : 123249600 : 131630573 
Then becauſe 5280 Feet = 1 Mile, ſay: 
F. NM. F. M. Tua. F. 


1 rats I ;: 131630573: 24930 57 2. 


1070 Whetl the Runte of the Series is carried on by Diviſion 
below the firſt Term, as it is above it by Multiplication, as 
thus, 16: $:412:1:t4Þ:4: 2 8, Cc. then are the Ratios 
of theſe fractional Numbers to Unity, ſaid to be irverſh, or re- 
ciprocally as the Ratios of the integral Numbers to Unity; that 
is, the Ratis of 1 to 1 is the Reciprocal of 8 to 1; - * as - 
much leſs as 8 is greater than Unity, or T7. 

108, When, therefore, any Queſtion in the Rule of Three 
is propoſed, and is of ſuch a Nature, that the fourth Number x, 
or Conſequent of the ſecond Ratio of the Analogy is reciprocally 
to its Antecedent of what the Conſequent in the firſt Ratio is to 
its Antecedent, then the Rule of Three is ſaid to be Inverſe. 
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And the Terms muſt be ſtated in a contrary or inverſe Order, 
as in the following Queſtion. 

If 12 Men do a Piece of Work in 15 Days, in 10 _ Days 
will 20 Men do the ſame © 

Here it is evident, the 4th Number x cannot Rand i in the 4th 
Place, as before, (104 viz. 12: 15 :: 20: x; for then x would 
be directly to 20, as 15 to 12; but x muſt be leſs than 20, and 


therefore reciprocally as 15 to 12. Again, it is plain, that 
=—_— if. | 5 
20 : 12 :: 15: x Days; and becauſe the Proportion is here 


direct, therefore — — = & (105. ) Conſequently, if we 


take the Terms as they ſtand in Queſtions of this Sort, the Rule 
for operating them in this, Multiply the fit and ſecond Numbers 
together, and divide by the Third, and the Quotient will be the 


fourth Number (x) ſought. So in the preſent Caſe — = 


x = 9 Days, the Anſwer. 

109. I ſhall here ſubjoin a Queſtion or two of this Sort, as 
follows. 

A Friend lends me 3721. for 7 Years and 8 Months, how long 
muſt I lend him 4961. for an Equivalent? 


496 


= 5,75 Years, Anſwer, 


496 x 7,6 
hen per Rule 
Done Toe oe 
If 3 Men, and 4 Women, can do a Piece of mor in 56 Days, 


how long will one Man and one Woman be doing the fame ? 

Becauſe of 3 Men and 4 Women, ſome Number muſt be 
found that may be divided by 3 and 4 without a Remainder, as 
the Number 12; then make the 3 Men or 4 Women equal to 
12 Boys; and 3 Men and 4 Women will be equal to 24 Boys; 


and 1 Man will be equal to 4 Boys, and 1 Woman to 3 Boys, 


and 1 Man and 1 Woman to 7 Boys; then the Queſtion is 


reduced to this, F 24 Boys do a Piece of . in 56 A in 


how many Days will 7 Bays do the ſame? 6 


Anſwer —.— = 192 Days. 
110. I ſhall here ſay nothing of the compound Rule of Nopor- 


tion, or, as it is uſually called, the Double Rule of Three, wherein 
five Numbers are given to find a ſixth, by means of two Analo- 


r 
C 
| 
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gies, becauſe this will be beſt explained, and the Reaſon of O- 
peration will be more evidently ſeen, in the Method of treating 
this Subject in Algebra. 

111. From what has been ſaid of Ratios, it is eaſy to make 
a Compariſon of their Magnitude, having firſt premiſed this De- 
finition, viz. That Ratio is ſaid to be greater, equal to, or leſs 
than another, whoſe Antecedent hath a greater, or an equal, or a 
leſs Proportion to its Conſequent, than the other's Antecedent hath to 
its Conſequent, Thus the Ratio of 6 to 3 is ſaid to be greater, 
and the Ratio of 4 to 3 leſs than the Ratio of 5 to 3. Thus a- 
gain, the Ratio 6 : 3 is greater, and the Ratio 6 : 5 leſs than the 
Ratio 6 : 4. 

112. Hence, when two Ratios are to be compared whoſe An- 
tecedent and Conſequent are both different, it will be proper to 
reduce them to the ſame Antecedent, or the ſame Conſequent, before the 
Compariſon be made; as for Inſtance, ſuppoſe I would know 
which of the two Ratios 7 : 5 or 4: 3be the greater; to know 
this, I ſay, as 4: 3:: 7: 553 then it B evident, 7: 5 is a greater 
Ratio than 7: 54. (by 111,) and conſequently greater than 4: 3. 
Again, ſuppoſe I would compare the Ratios 3: 4 and 5:7; 
Gel LY: as 3:4:: 5: * 7 — 5; but the Ratio of 5:7 

— is greater than the Ratio: of 5:7, and therefore the Ratio 
3:4 is greater than the Ratio of 5 :'7. . 

113. In any Series of Numbers, 48, 40, 30, 15, PE Ratio 
of the Extremes is ſaid to be compounded of all the intermediate Ra- 
1106; viz. 48: 15 = 48:40 +40: 30 + 30: 153 which will 
eaſily appear by placing all F — willy thus; $5 = 25 it 
2 48 X 40 d 39 
„FF 
in the Numerator and Denominator both, it makes no Alte- 
ration in the Value of the Fraction, which therefore is equal 


48 
11 


2, for it is plain, ſince 40 X 30 is 


Hence, on the contrary, any Ratio 48: 15 may be 
4 into any Number of other leſſer Ratios of which it ny 
conſiſt, as ſo many Parts of the Whole. Thus #3 = 45 x 4: 

X {#23 or $3 = $3 x $244 Thus alſo the Ratio of 4 
to 5 may *y . or reſolved into any other Number 
of Ratios, as $5 X r X 45 X 47 N, and fo in any other 
Caſe, , 

G 2 115. 
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115. In any two Quantities or Numbers, whoſe Difference 
is very ſmall in reſpect of the Quantities themſelves, if ſo much 
be added to one, and ſubtrafted from the other, as ſhall make 
their Difference double or triple, or half, or a third Part of what it 
was before, then thoſe Quantities or Numbers ſhall be in a Du- 
plicate or a Triplicate, or a Subduplicate, or a Subtriplicate Ratio 
of that they were in before any ſuch Change was made, nearly. 

116. Thus let there be two Numbers 10 and 11, whoſe Dif- 
ference is 1, then if ; be added to 11, and taken from 10 we 
have 11% and 9;, whole Difference is 2, double of the former 
Difference. Now I ſay, the Ratio of 10Z to 94 is duplicate of that 
of I1 to 10 nearly; for the Ratio of 114 to gZ is reſolvable into 
the Ratios 114: 104, and 10; : 9% (by 114.) Now the Ratio 
of 11: 10g is greater than the Ratio 11 to 10, and the Ratio 
of 10; : 9; is nearly as much leſs (as will appear from 112.) 
therefore the Sum of both thoſe Ratios will be — equal to 


: l 5 103 11 11 
twice the Ratio of 11 to 10, that is,. x = = — x — 
102 92 10 10 
121 5 
nearly; for the firſt i Me chat — 22 A, and the latter is — ; which 
99775 100 


are very nearly equal. 

117. Again, if we add 1 to 11 and take it from 10, we ſhall 
have 12 and , whoſe Difference is 3; then will the Ratio 12: 9 
be triplicate, or three Times as Ru as the Ratio 11:10. For 


132 320 . 
DX Ks (9 119) = 2580 * 10 * 10 
== which two Fractions are very nearly equal. 


118. Thirdly, if the Difference between 11 and 10 be re- 
duced to half, or a third Part, the Ratio will be reduced ſubdu- 
plicately or ſubtriplicately ; thus add to 10, and take it from 11, 
and we have 104 and 1025 whoſe Difference is half of the for- 
mer. Now 10g: 104 is ſubduplicate of the Ratio 10: 17, or 


as Vio: VII. Allo, if + be added to 10 and taken from 11, 
you have 104 and 105, which are nearly i in a 8 Ratio 
of 10 to 11, or o to VII. 

We ſee in theſe Examples how near theſe Ratios come to the 
Truth, where the Difference is no leſs than a 10th or 11th Part 
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of the Whole; but if we ſuppoſe the Difference to be a much 
leſs Part of the Whole, as an 1Tooth, a Ioooth, &c. they wil 
be much more accurate; ſo that to multiply or divide the Ratio 
it will be ſufficient to encreaſe or diminiſh one of the Numbers 
only. Thus 100 : 102 is duplicate of the Ratio 100: 101 ; and 
100: 103 is triplicate of the Ratio of 100: 101. Alſo, 100: 
1004 is ſubduplicate, and 100 : 1007 is ſubtriplicate of the Ratio 
of 100 : 101, nearly. 

119. Hence we obſerve, that the Ratio 100: 101 is to the 
Ratio 100: 102 as 1: 2; and the Ratio 100 : 101 is to the 


Ratio 100 : 103, as 1: 3; the Ratio 100: 101: 100: 104:: 1 
: 4; and fo on univerſally, which Theorem is of very great 
Uſe, and ought to be well remembered by the mathematical Rea- 
der. What further relates to the Doctrine of Ratios and Pro- 
portion, will be delivered in Species (in the algebraic Part) which 
will afford a more abſolute and univerſal Speculation of the Na- 
ture and Properties thereof than can be obtained from Num- 
bers, 


— — — 0 — — — 


S A. 


Of the Powers of Numbers, and the Extraction of 
| Roots. 


120. WIN any Number is multiplied by itſelf, it is ſaid to 

be ſquared, and the Product is called the Square or 
ſecond Power of that Number; thus 2 X 2 = 4, ſo 4 is the 
Square of 2; and 2 is ſaid to be the Square Root of 4; and is 


thus expreſſed, T = 2. 80 / * 7 = 49, and the Square 


Root of 49 is / 49 = , and fo of any other Numbers. 
121. As a Number multiplied by itſelf produces the Square, 

ſo that Square being multiplied by the ſaid Number, or Root, 

produces the Cube, or third Power. Thus 4 x2 = 2 x 2 X 


2 = 8, the Cube of 2; and 49 */ = 7X7 X 7 = 343, the 


Cube of 7. So the Cube Root of 8 is / N 2; and the Cube 


Root of 343 is 3 = 7 and ſo of others, 


122. 


46 
122. Thus you proceed by a conſtant Multiplication of every 
ſubſequent Product by the ſame Number to raiſe any Power of 
that Number you think fit, as you ſee done for the 9 Digits i in 
the following Table to the ſixth Power. 


INSTITUTIONS 


2 


— or 


Power. |* 2 3 1 * Boks 
_ 11449 1625 | 36 5 64 | 8: | 

1 812764125276 343 512720 
eee ee eee 
e x 132/343/1024/312517776|1680732768|59049] 


123. When the Square Root of any Number is propoſed to 


de found or extracted, it is done by the following 


Divifar, which will be then compleated. 


RULE. 


Fi. let the Figures of the Number be diſtinguiſbed into Pairs, 
by fixing a Point over every other one, beginning at Unit's Place: 
Then write ſuch a Figure for the firſt Place in the Root, whoſe 
Square ſhall be equal to, or next leſs than the Figure or Figures from 
the Iaft Point on the Left Hand; then ſubtracting that Square, the 
ether Figures of the Root will be found by taking down each Pair of 
Figures ſucceſſively to the Remainders, for new Dividends, and dou- 
bling the Root ſo far as extracted for the firſt Part of the Diviſor, 
enquire how often it is contained in the new Dividend, and place the 
Duotient for another Figure in the Root, and alſo annex it to the 


124. This will be illuſtrated by the following Examples, 
Query, the d Root of 144 


22) 44 
44 


1 


. 


144 ( 12, the Square Root required. 


The 
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The Reaſon of pointing the Number in this Manner is, be- 
cauſe there are always as many Places of Figures in the Root as 
there are Points over the given Number. But, till we come to 
Algebra, the Reaſon of the whole Operation will not fo well 


appear as by working it at large (for the common Way is but 
a Sort of Contraction) in the Manner following, 


144 (10 
100 
20 ) 465 then 10 + 2 = 12, the Root. 


Extract the Root of 219024. 


219024 ( 400 + bo + 8 54, the Root. 
I60000 


| ——_——_ — — 


=) 59024 { 60 
351 51600 


460 X 2 = 920 ) 7424 (8 
vir 7424 


But this Example contracted in the common Way ſtands 
thus. | | ? 


219024 ( 468, the Root. 
"5 . 
86) 590 
516 
928) 7424 
7424 


Another 
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Another Example here follows. To extract the Square Root 
of the Number 29506624. * 


% 


" 29566624 ( $432 = the Root required. 


1040450 
416 


1083). 3466 
855 32 


10864) 217 21724 
21724 


© 4s os a * 


12 5. It is eta that Number muſt be a Square, whoſe Root 
may be extracted without a Remainder ; and fuch Numbers may 
be as well Decimal as Integral; as in the following Example, 
What is the Square Root of 1 56, 287 


156,25 ( 12,5, the Root required. 
I - 


22) 56 
"a 
245) 1225 
1225 


— — 


= What is the Square Root of 50, 26817 
1 5 — | | 


50,2681 ( 7,09 = Root required. 
49 | 


1 A662 
499) 1268x 


5 7 3238 
6 6 „ „ 0 


Re 


** 
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Required the Square Root of o, 366025. 


0366025 ( 0,605 = the Root. 
o 


35 | 
36 
1205 ) * *6025 
6025 


What is the Square Root of 0,00015625?_ 


I h 


22) 9 
44 . 
245 ) 1225 
12 


— — 


126. The Number that is not a Square, or whoſe Root can- 
not be extfacted, is ſaid to be ſurd, or irrational; but the Roots 
of ſuch ſurd Numbers may be approximated in Decimals as near 
the Truth as required. For Inſtance, let it be required to ex- 
tract the Square Root of 2. Annex to the given Surd, as many 


Pairs of Cyphers as you would have decimal Places in the Root, 
Thus 


MEG. "Y hy hs 8 
"a 
„ . 
” * 
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2,0000000000 (1, 41421 


24) 1 oo 


* 
— » 
281) 400 
| 281 
2824 ) 11900 
11296 


28282) +60400 
56564 


282841 ) · 383600 
282841 


« 100759 


Thus it appears the Square Root of 2 is 1,41421 true to five 
Places of Decimals ; if a greater Degree of Accuracy be requir- 
ed, more Places may be obtained by dividing the Remainder 
100759 in the common Way by the Diviſor 28284 (omitting 
the firſt Figure 1) as you ſee below. 


28284) 100759 (3502 

; 84852 
159070 
141420 


176500 
169704 


67960 
56568 


„ 11392 
Therefore the Square Root of 2 is ſtill more truely 1 4142 13562. 
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127. The Square Root of any Vulgar Fraction is extracted 
by extracting the Root of the Numerator and Denominator for 
the fractional Root. Thus the Square Root of 33 is 5; for 5 
is the Root for 25, and 6 the Root of 36, and Xx 3 433 
and fo the Square Root of 34+ is V 344 = 73; and ſo you pro- 
ceed for any other. But in ſome Caſes, the beſt Way will be to 
convert the Vulgar into a Decimal Fraction (by 91.) and fo ex- 
tract the Root in Decimals, as above taught (in 125, 126.) 

128. The Extraction of the Cube Root will prove too difficult 
a Taſk in common Numbers; and as Nothing can be eaſter by 
Logarithms, I ſhall there ſhew the Method of doing it. Be- 
ſides, the Reaſon of the Thing cannot be ſhewn till the Reader 
comes to the Algebraic Part, where it will be evident enough. 

129. The Biquadrate Root of any Number is eaſily had by 
extracting the Square Root of the given Number firſt, and then 
the Square Root of that Root: Thus, let it be requited to extract 
the Biquadrate Root of 4857 532410. 


4857532416, ( 69690, Were. 
3 


129) 1257 
bene 


86 | | 
19%) 2 = 


13929 ) 133724 


125361 , 
139386) 836316 
836316 , '*- 
| 1 
' * 


130. JF a Series of Numbers in Arithmetical Progreſſun, be- 


| Geom. 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, Ce. 


expound the Ratio of the correſponding Terms in the Geometrical 


firſt Ratio 2 : 1; and fo of the Reſt. 4 
132. Secondly; That to the Addition of any two or more 
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Then 69696, ( 264, = the Biquadrate Root. — 

46) 320 Ar 

— be 

524) 2096 A 

er G 

For 264 X 264 X 264 X 264 = == 48 57 5 32416. And 1 Sc 
you proceed in any other Caſe where the Biquadrate Root is re- Vi 
quired, _ | tc 
E i: A 

yu —— 1 — : WY "IS + ( 
* C | H | A * XI. 1 
Of the Nature and Uſe of LoGARITHMs, t 

0 


ginning from o, and whoſe common Ratio is Unity, be 
appoſitely placed over another Series of Numbers in Geometrical 
Progreſſion, in the following Manner, viz. 


Arith. o, 1, 2, 3, 4, 5, 6, Ty 8, 9, Ec. 


Then we may obſerve the following Things. 
131. Fir; The ſeveral Terms in the Arithmetical Series 


Series to the firſt Term; thus, 2 in the upper Seties ſnews the 
Ratio of the Geometrical Series is twice repeated between 4 and 
1; 5 ſhews the Ratio 5 Times repeated between 32 and 1; or 
that the Ratio 32: 1 is 5 Times as great as the Ratio 2: 

and ꝗ denotes the Ratio 512 : 1 to be 9 Times as great as 45 


Terms in the Arithmetical Series, correſponds a Multiplication of 
the Numbers under them in the Geometrical Series; as in the 
following Examples. 1 


3 


4$ 


74 
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e 4= 9;1+3+ 5= 95 Ce. 
G.2X4=8;4x8 MX 16 2 12; 2 X BX 32=512;&c. 
133: Thirdly ; That for every Subtraction of Terms in the 


Arithmetical Series, there correſponds a Diviſion of the Num- 
bers under them in the Geometrical Series; as in theſe Inſtances. 


A. 2 121; 7— 32 4 9— 42 5B ] &c. 
G. 4 2 23 —BWA 3 00206 LY 


134. Fourthly; That when any Term in the Arithmetical 
Series is doubled, tripled, quadrupled, &c. there anſwers an In- 
volytion of the correſponding Term in the Geometrical Series 
to the ſecond, third, fourth, &c. Power, Thus 


A.3+3=6 ; 3+3+3= 9; 2+2+2+2="8 

G.8x8=64; Bx8Bx8=512; 4X4X4X4=256- 
135- Fi ifthly ; ; That if any Term in the Arithmetical Levies 

be divided by 25 35 4» Sc. there anſwers an Evolution or Ex- 


traction of the Square, Cubic, Biquadratic, c. Root in the 
correſponding Term of the Geometrical Series. Thus 


A. 4 2 = 2; 6-3 2 2; 8-487 
G. 16 S243 * 64 243 V256 241 Se. 
136. S:xthly ; That in the Arithmetical Series, if any three 


proximate Numbers be taken, the Sum of the two Extreams is e- 
gual to double the middle Number; thus, 3, 4, 5, give 3+5 = 


4X2=8; and 7, 8, 9 give 7 ＋ =S X 2= 16. Whence 
40 dg. or „ Sum of the Ex- 


tremes is equal to the Mean. And the Caſe is the ſame if any 


two Numbers of the Series be taken, their Sum will be always 


double of the Mean or middle Term between them. Thus, 1, 
3, 5 give I+5=2X3=6; and 2, 5, 8 give 24 8 
2 X 5 = 10. Alſo if 4 Terms be taken any how, the Sum of the 
two Extremes will always be equal to the Sum: of the two. Means ; 
thus, 1, 2, 3, 4, give 1 ＋4 = 24325; and 3, 52 75 9 
de n. Sc. 

137. 


F . 
* * 
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137. Seventhly ; That as every Addition of Terms in the A. 


rithmetical Series has a correſponding Multiplication of Terms 
in the Geometrical Series (by 132,) therefore the Product of the two 
Extremes, in any three Proportionals, is equal to the Square of the 
Mean; thus, in 8, 16, 32 we have 32 X 8 = 16 x 16 = 256; 


and therefore alſo 32 x 8 = 16, viz. the Square Root of the 
Product of any two Numbers is always a Mean Proportional between 
them. 
138. Ezrghthly; That of any Terms in the Geometrical Se 
ries, the Product of the two Extremes is ever equal to the Product 
J the two Means. Thus, 2, 4, 8, 16, give 16X 2=8 x 
4= 32. And 2, 8, 32, 128, give 128 X 2 = 32 X 6 = 
256. 

139. Ninthly; Hence, of four Terms in the Arithmetical Se- 
ries, the laſt is equal to the Difference between the Sum of the two 
Means and the firſt Term. Thus, of 3, 5, 7, 9, we have 5 + 7 
—3=9; or7 +5 —9g= 3. And in the Geometrical Se- 
ries, the laſt of the four Proportionals is equal to the Product of the 
two Means divided by the firſt Term. Thus, of 8 : 32 : 128 : 512, 

32 X 128 128 X 32 


we have — 8 = 5123 or = 8. As we have 


512 
elſewhere ſhewn (in 105.) 

140. From what has been hitherto premiſed, it appears, that 
the Series of Numbers in Arithmetical Progreſſion, are the Lo- 
GARITHMS of the Numbers in the other Series of Geometrical 
Proportionals; for all that we mean by Logarithms, is no more 
than ſuch a Sort of Numbers as are artfully contrived to expreſs or 
expo und the Ratios of common natural Numbers, conſidered as Terms 
in à Scale of Geometrical Proportion. Now theſe Numbers in 
Arithmetical Progreſſion, anſwer every Part of this Defini- 
tion of Logarithms with reſpect to the Series below them (by 
what was obſerved in 131.) and therefore are their Legari thms, 


i. e. Exponents of their Ratios, as the Word en in its Greek 


Etymology. 
141. From hence it appears, that if we conſider our natural 
Numbers as Terms in a Scale of Geometrical Progreſſion, then 
if ſuch other Numbers were invented and adapted thereto in a 
Series of Arithmetical Progreſſion, theſe would be Logarithms 
of 


t 
} 
I 
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of the other; to their Addition and Subtraction would anſwer a 
Multiplication and Diviſion of the reſpective common Numbers 
(by 132, 133.) Alſo by doubling or tripling them, we Square 
or Cube their Numbers ; (by 134) or by dividing by 2, 3, &c. 
you extract the Square, Cubic, &c. Root of their Numbers, 
(by 135.) | = * 
142. Now ſuch a Table or Canon of Logarithmic Numbers 
has been contrived and compoſed by our late Mathematicians, 
and are in every one's Hands for Uſe. I ſuppoſe I ſcarce need 
tell the Reader that Lord Naprer (a Scotch Nobleman) invented, 
and together with the Aſſiſtance of our Countryman Mr. Henry 
Brigs, calculated and compleated the Canon in preſent Uſe. 
The Labour of doing this was prodigious in the Way they took 
for it, but of late, eaſter and more conciſe Methods have been 
invented, of which more hereafter.* 
143. That the Reader may have ſome Idea of the Method 
they took for this Purpoſe, he muſt conſider that 1, 10, 100, 
1000, I0000, I00000, Cc. are a Series of Numbers in Geo- 
metrical Progreffion, whoſe common Ratio is 10; and a Series 
of Numbers in Arithmetical Progreſſion adapted to them as Lo- 
garithms will ſtand as below. 


„ N 4. 5. &c, 
G. 1. 10. 100. I000. I0000. 100000. c. 


144. If now we ſuppoſe the common Ratio 10 to be divided 
into 10000000 equal Parts, or Ratiunculæ, then ſince the Lo- 
garithm of 1 to 10 is 1, this Logarithm or Unity 1, will alſo 
be divided into 10000000 equal Parts, or Decimals; of which 


half the Number, viz. 0,5000000 will be the Logarithm of the 
Mean Proportional between 1 and 10, which let us call a. 


Numb. Logarithms. 

. I 2: 0,0000000 

Then will the Logarithms be for Ja : 0,5000000 
10 : T,0000000 


o 


145. 


Several other Methods of conſtructing a Canon of Tg 
will be delivered when we come to treat of Algebra and Fluxions ; 
this we have here given, ſtands firſt in Order, and riſes immediately 
from the Principles of common Arithmetic. 
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145. In like Manner, a Mean Proportional between A and 


10, call B, and its Logarithm will be half the Sum of the Lo- 
garithms of A and 10; and fo 


A: 045000000 
The Logarithms will be for Zu 0, 7500000 


IO : 1, 000000 


146. Alſo between 1 and A, and A and B, you find Mean 


Proportionals and their Logarithms, and thus you may conceive 

the Proceſs for every one of the 10000000 Means; among which 

you'll find eight Means which will be ſo near the ſame with our 

eight Digits 2, 3, 4, 5, 6, 7, 8, 9, that the Difference will 

be wholly inconſiderable, and alſo their Logarithms, which will 
be as below, v:z. 


Numb. Logarithms. Numb. Logarithms. 

I : '0,0000000 % 

2 : 0, 3010300 7 : 0, 8450980 

Thus, 3: o, 4771273 8 : 0,9030900 
4 : 0,6020600 9 : 0,9542425 

5 : 0, 6989700 10: 1,00092000 


147. That is, ſince there are 120000000 Mean Proportionals 
between 1 and 10, the Number 2 will be the 3010300th of 
theſe; ſo the Number 3 will be the 4771213th; the Number 5 
will be the 6989700th, and ſo of the Reſt. Alſo the Ratio or 
Diſtance of 4 from Unity being twice as great as the Diſtance of 
2, its Logarithm is twice as big, and for the ſame Reaſon the 
- Logarithm of 9 is twice as big as the Logarithm of 3; and 
the Logarithm of 8, three Times as great as the Logarithm of 
2; and fo on. | 

148. In like Manner, the Logarithm for all the Numbers 
between 10 and 100, 100 and 1000, and ſo on to 100000, de- 
note the Places or Diſtances of thoſe Numbers in a Scale of Ge- 
ometrical Proportionals, conſiſting of ro000000, 20000000, 
30000000, Sc. Terms. Thus 73 is the 18633229th Term; 
743 is the 28709888th Term; and 9745 is the 39887818th 
Term in the Scale or Series of 40000000. 

149. But ſince we make the Exponent or Logarithm of 1 to 
Io, to be 1; that of 1 to 100, 2; Sc. (by 143) therefore 

the 
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theſe Logarithms muſt be looked upon as Decimal Numbers, and 
only the firſt Figure Integral; which is called the Index; aud 


hey are thus expreſſed. 


W :: 44 13 * 
EY 73 : 1,8633229 
* 5 743 : 2,8709886 

9745 : 3,9887818 


150. And here you obſerve the Index of the Coast is ft 
by Unity than the Number of Fi igures in that Number of which 
it is the Logarithm, the Reaſon of which is very plain from (143) 
and what has been ſince delivered. N. B. In reading, this "oe 
of Logarithms ſhould lie before the Eye for Inſpection. 

151. If a Number conſiſt of the ſame Figures, whether it be 
integral, mixed, or pure Decimals, the Logarithm will {till be 
the ſame, except the Index, which will be always leſs by 1, than 
the Number of Places in the Integral Part (149). And when 
the Number is purely Decimal, the Indexes will alſo be expreſ- 
ſed Decimally, all which will be Clear Aa the Examples in the 
following Table. | 


Numbers Logarithms, 
© 9541 : 3,9798939 


N. B. As many 2 as the Decimal 954.1 : 239795939 
Index is leſs than 9, ſo many Cy- 9594t : 159795939 
phers are prefixed to the Decimal 9,54T : 029795939 


0,9541: ,9,97959 
Numbers, as is here evident. — f 1b of 


Lo, 9541: 7,9795939 


152. It remains now that we ſhew how commodiouſly the 


Operations of common Arithmetic are e by Logarithms, 
and firſt, 


＋ 
Of MULTIPLICATION by Loc AkITRHus. 


The Rule for the Operation is this, add together the Logarithms 
of the Factors, the Sum is the Legarithm of the Product. (By 132) 
But the Difficulty conſiſts in finding the proper Indices to the 
Sums; for [Which obſerve the following Particulars. (I.) If 
the Indices are both integral, the Sum is ſo too. (2.) If one 


be Integral, and the other Decimal, the Sum, if under 10, will 
1 de 
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be Decimal; if juſt 10, or more than 10, caſt away 10, and 
the Remainder is Integral. (3.) If the Indices are both Deci- 
mal, and the Sum above 10, caſt away 10, and the Remainder 
will be Decimal ; and then the Cyphers to be prefixed to the De- 
cimal Product, will be as many as ſuch an Index is leſs than 9. 
See the Os Examples. | 


153. Examples of InTEGERs. 
ExampleI: Multiply 12 = 1,079P8: 
By | * = ©0,903090 . 
T he Product 96 = == 1 1,982271 
Example II. Multiply 3 2, 720986 
| | By * = 23000000 | 


| The product — 2 4720986 


Example III. Multiply 987600 = 5,994581 
By 587 = 24713490 


The Product 510589200 = 8,70807x 


- — — 


154. Examples of mixed Numbers. 
Example I; Multiply 4 = = 1,0934217 


By 361= 058563025 


The prodult 8 = 1,6497 242 


Example II. Multiply 36,5 = 1,5622929 
by By 0,00019 = ,6,2787536 


The Product 0,006935 = 5,8410465 


Example III. Multiply , 762 = 0,8819550 
e 570 = 2,7558748 


The Produẽt 434,34 = 296378298 


Example IV. Multiply o, oo * 7,0867717 
. By o, ooo = 6,3222193 | 


The Product 0,900002037 = = »,3089910 
153. 
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155. Division of Integers and Decimals by eu | 


From the Logarithm of the Dividend, 
The Rule. «I Subtract the Lo garithm of the Diviſor; 
̃ The Remainder i is the Logarithm of the Quotient. 


Example I. Divide 44,64 = 1, 6497242 
By 12,4 = 1, 0934217 
Quotient 3,6 = 0,5 563025 
Example II. Divide 310 = 2,4913617 
| * 4,275 , 6309361 
Quotient 72,51457 = I 1,8604256 
Example III. Divide $3434 = = 2.63 18298 
By 2 = : 998 19550 
Quotient 570 = 237558748 
Example IV, Divide ,006935 = er giedes 
By 36,5 = 1,5022929 
Quotient ,00019 = — = 36,2787 536 
Example V, Divide ,00000207 3 = 44, 3089910 
By 200021 = 6, 3222193 


Quotient 2s 30097 = 27:9867717 


156. As the Operation af ſuch Decimal Numbers as contain 
ſingle or compound Repetends is moſt eaſily performed by Loga- 
rithms, (ſee Inſt. 90) ſo we ſhall here proceed to that Buſineſs, 
having firſt premiſed, that if one Number A, be to be divided by 
another B, the Quotient will be the ſame as when Unity is divided 
by the Number B, and the Quotient multiplied by the other 4; 
thus 4) 12 ( 3 = 2 X 12; now if from the Logarithm of U- 
nity or o, you ſubtract the Logazitha of any Number, the Re- 
mainder is called the Arithmetical Cempliment of that Number. 
Thus from the Logarithm of Unity = = 0,0090000 


take the Logarithm of 12,4 = 1,0934217 
remains the Arithmetical Compliment = ,8,9065783 


which is plainly nothing more than the W of the Fraction 


== if therefore 


I 2 | To 
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To the Logarithm'sf 447564 = 1,6497242 
You add the Arithmetical Compliment of 12,4 = 3, 9065783 
The Sum is the Logarithm of 356 = 0,5563025 


The fame as in Example I. of Diviſion (155). 
157. Any Digit multiplied by 10 and divided by 9, becomes 
a Repetend; thus 6 X 10 =-bo, and g) 60 ( = 6, 6668, Oc. = 
6,6; and the ſame in Decimals o, ( 10= 6, and 9) 6 ( = og. 
Alſo any Number multiplied by Unit with as many Cyphers an- 
nexed as it contains Places, and then divided by as-many Nines, or 
becomes a compound Repetend. Thus 23 X 100.= 2300, and th 
99) 2300, (S 23,73, and 527, * 1000, = 527000, and 999,) ad 


527000, ( 727; and fo of others. Pl 
158. Hence fince the Logarithms of 42, 192, 2209, Q. ga 
are o, 457575, O, 043648, 0,0004345, "&c. therefore we 

eaſily obtain the Logarithms « any pure, ſingle, or compound F. 

Repetend. Q 

Example. Required the Logarithm of 6? | 

To the Logarithm in the Table for 6 = 0,7781512 1 

Add the Logarithm of ? = 0,0457575 A 

= The Sum is the Loguithm of 6 = , 8239087 1 
91 75 = , 457575 
f. | ke 7 = 0, 3467 97 

11 And becauſe it may be of Uſe ſome- | 5, © 0452287 1 

| times, I have here ſubjoined a Table $5 A 5727557 8 

L -of the Logarithms of all the Nine 2 See 275 " : 

Di = un circulating. 178 = 0,8008555 


$ = 0,9488475 
US 1,0600000 


150. In the Hite Manner we proceed for the Logarithms of 
pure compound Repetends. 


” — — 
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[ "Example 1. Required the Logarithm of the Repetend 45 
if To the Tabular Logarithm of 24, 1,3802112 
4 Add the Logarithm of 199. — 0,0043648 

1 The dum is the Logarithm of 11 = 1, 3845760 


Example 2. Required the Logarithm of 36, 
To the Tabular Logarithm of 36, = 1, 5622929 
Add the Logarithm of "295 — 0,0004345 


Dx 


x he dum is the Logarithm of 36, 5 = 1, 527274. 
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42 160. Now with Reſpect to mixed Repetends, as 2, f, 2,793, 
83 1150, &c. it is evident (by 157) that 2,6 = 2, , and that 


25 2,73. = 25788, and 745,þ = 7A and ſoon; * 2,5 = 5, 
and this multiplied by 9, becomes barely 24; but any Number 


* multiplied by , is the ſame as when multiplied by 10, and once 


= ſubtracted ; whence 2, f Xx 10, — 2,6 = 24. Hence this gene- 
6. ral Rule is deduced. 
n- From the mixed Repetend mkiplied by 10, ſubtract itſelf ; 


85 or (which is the. ſame Thing) from any mixed Repetend ſubtract 
nd the terminate Part, and to the Logarithm of the Remainder, 
„ add the Arithmetical Complement of as many Nines as there are 

Places of Figures in the Repetend, and the Sum will be the Lo- 
A garithm of the faid mixed Repetend. | 


5 Example 1. Required the Logarithm of 2,6 ? 
; From the given Repetend 2,6 
Subtract the terminate Part if 


To the Logarithm of the Remainder 2,4 = 0,3802112 
Add the Arithmetical Compliment of | 9 = 050457575 


The Sum is the Logarithm of 


2:0 = = 0,42 259687. 


Example 2. Required the Logarithm of 2,753 ? 
From the givenRepetend ——— 257533 
Subtract the terminate Part —— 27 


Then to the Logarithm of the Remainder 2,726 = 0,4355258 
Add the Arithmetical Complement of the ? 99 = 0,004.3648 


Logarithm of 

Lo ithm of the R 3 

: n is the Logarithm of the Repe- 92,713 = 0,4308906 
Example 3. Required the Logarithm of 775,6 

From the Repetend — —— 725,8 

Subduct the conſtant Part 


To the Logarithm of the Remainder 724,9 = 2,8602781 
Add the Arithmetical Compliment of — 999 = 0,0004345 


The Sum is the Logarithm of — 715, = 2,8507126. 


161. The Learner is now prepared to work any of the com- 


mon Rules of Arithmetic, where the Operations are tedious or 
dif- 
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difficult, in a very eaſy and conciſe Manner, by Legarithms, of Fl 
which take the following Examples. third 
Example I. In Duodecimal men reg 
| W g. I.” F. In. 
Retire the Area of 9: 10 by 8: 82 
l . | 
$49 J Tote Legend er 8: 8 = hb = 2225 


F. In. 
8 the Logarith fth 
Nook cop oo 88:24 = 854.= 1,9395529- 


As Divifs on is only the Reverſe, it needs no Example. 
162. Example 2. In the Rule of Three Dire. - 


If 2 C. 3 rs. 211. of Sugar — 2,9375 = 0,4679778 


Coſt 61. 15. 8d, —— —— 6,083 = 7841316 
What will 12 C. 2 Q.. coſt? | 12,5 = 1,0969100 


1,88 810416 


Anſwer, 25l. 178. 8dz. — 2578864 = =2 1413063. 


Note, here the Logarithm of the firſt Number is ſubtracted = 
from the Sum of both the others ; but a more conciſe Way is te 
take the Arithmetical Complement of the firſt (which we denote by 
A. C.] and then the Whole is performed by one Addition. 


S 


| | Example 3- At one Operation. 

If: - 20. of Tobacco (A. C. ) 0,5 = o, 3010300 
Coſt 4 176. ck. — 4.63 = 6, 6658935 
What vil 7¹⁰. colt ? N ee o, 625 — 8, 7958800 


Anſwer, 11s. 7d. oe 557916 = = ,9,7 628035. 


163. Example * Inverſe Proper, 3 at one 9 
If Wheat be 6s. 44. per Buſhel 
And the Penny White Loaf weigh'72 oz. 7,75 = = 0,8893017 


Wh he Weight, at 3s. 10d. p. B | 
77H eight, at 35. 1 p 5830 83 = 954164234 


| Anſwer, 12 Oz. 16 Prot. 2075 -- 12,8043, = = 141073576: 
Hexe 


am = 3 SS , w tt mp — — 


ot 
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Here we take the Arithmetical Complement (A. C.) of the 
third Term, the Reaſon of which is evident from (156). 


164. EXTRACTION of Roots by Logarithms. 


Example 1. Required the Square Root of 2830, 4 
The Logarithm thereof is 2451 8234 


One Half is the Logarithm of the Root 53,2 = 1 1972: 59 [ 16 


Example 2: What is the Square Root of 14,6? 
The Logarithm of that Number is 


171 6633 14 
Half of which is the Logarithm of the Root 3,8297 = 035831657 


165. Example 3. Required the Cube Root of 1,728 ? 
The Logarithm of — — 1.728 = 0,237 75437. 


A third of which isthe 9 of the Root 1,2 = 0,0791 1842 2. 


. 


Example 4. What is the Cube Root of o, 27 58g? 
The Logarithm thereof is — | 2924407132. | 


Part thereof is the Logarithm of o, 6509 = 9-813 35710. 


N. B. In Decimal Numbers, where the Indices are Decimal, 
in extracting the Square Root you add 10 to the Index; for the 
Cube Root 20; for the Biguadrute Root 30 and fo on. 


Example 5. Required the ſeveral Roots of the laſt Number; | 
for Inſtance: 
The Logarithm of the Number 0,27 5389 2, 94407132 
* e ery 3 of 5 „52523 259.70 3566 
A third Part, of the Cube Root — o, 6509 & iN, 9.81357 10 
A Fourth, the Biguadrate . — 0, 7247 & 9. 8601783 
A Fifth, the Surſolid Root — — o, 7729 & 9.888 1426 


Thus you ſee how extremely eaſy it is to extract any Root out of 
any Number by Logarithms, and eſpecially i in ſuch Caſes where 
by the common Rules the Operation is very laborious ang 9. 
cult, and ſometimes quite impractcable. 

The Reaſon of extracting Roots by Logarithms, is evidence 
from what we have obſerved of theſe Numbers in (13 5): Since 
to 5 or Cube any Number, is -only to multiply it by it's ſelf 

once: 


* 


* 

* Os 
A 
* 
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once, or twice, we thought it needleſs to give any Examples i in but 
Logarithms of that Affair; eſpecially, ſince they are only the 


Reverſe of the foregoing, and evident from (134. mY 
166. To find a Mean Proportional between any two Num- rit. 
bers, as 3, and 243. lar 
8 3. 0.477 1212 we 
Laer beef N = Mn 
The Sum is — — — * 2:8627275 5 : 
th 
Half of which is the Logarithm of = 
the Mean required, viz. > 1,4373637 ye 
For 3: 27::27: 243 pr 
167. To find two Mean Proportionals between ing two of 
Numbers, as 27, and 729. Pl 
To double the Logarithm of the firſt > 27,= 1,4313638 | 
+. Number — — — — 1, 4313638 — 
Add the Logarithm of the laſt — 729, — 5 
The Sum is — — — 5,7254551 8 
A Third of which is the Er 22 
of the fir/# Mean, viz. 5 1 19084850 
To this add the Logarithmof nw laſt 
Number again, bs, 5 729 2,8627275 
The Sum is _— _ — 5 21 I 25 
Half that is the Logarithm of the ſe- I 
cond Mean required. — 243, 2,3856062 
For 27 : 81 :: 243 : 729. Or thus, having found the fir/? F 
Mean, as here 81, you know then the Ratio of the Series 4 
27) 81 (= 3 the Ratio, therefore from the Logarithm of the ft I 
Mean, fubtraf the Logarithm of the firſt giuen Number, the Re- < 
mainder is the Logarithm of the Ratio ; which add to the Lagarithm 
of the firſt Mean, the Sum it the Logarithm of the ſecond Mean; ; 
and again, added to the Logarithm of the Second, it gives the Loga- ; 
rithm of the third Mean, and fo on, All which is evident from 
what we firſt premiſed concerning the Nature of a Geometrical | 
Series, and Logarithms adapted thereto. See (130, 131, Ce.) 
4 We might now have proceeded to the Computations of Inte- 


reſt, Annuities, &c. which are beſt performed by Logarithms, 
but 
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but as the Theorems or Canons for this Purpoſe muſt be raiſed by 
an algebraic Proceſs, we muſt defer this Buſineſs till we treat of 
that Science in the next enſuing Part. Alſo the Uſe of Loga- 
rithms in Navigation, and other mathematical Arts, will be 
largely ſhewn when we come to treat of thoſe Subjects. What 
we have done at preſent being ſufficient for all the common Parts 
of Arithmetic, where numerical Calculations only are concern'd. 

And as to the natural or hyperbolical Logarithms we ſhall refer 
them to the Doctrine of Fluxions, where we ſhall ſhew how 
they are made, and how theſe we here treat of are derived from 
them: Alſo logiſtical Logarithms will be fully treated of in the 
practical Part of Aſtronomy, where they are uſed; and Tables 
of every Sort of Logarithms will be 23 in * proper 
Places. 
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168. A LGEBRA is a Kind of 8 N uwe here 

make uſe of Species, i. e. Symbols or Letters to re- 
preſent Quantities of every Kind, as well known as unknown. 
And it is cuſtomary to repreſent knqwn Quantities by the firſt 
Letters of the Alphabet, a, b, c, d, &c. and unknown ones by 
the laſt Letters, x, y 2. 

169. The Terms of an al gebraic Expreſſion are conan un- 
der all their various Relatiqns by proper Symbols or Characters, 
as mentioned in (22. ) but we are here to conſider the two ptin- 
cipal Symbols, + and —, in a more extenſive View than we did 
there, for they are deſigned to repreſent any two contrary, Modes, 
Qualities, or Actions, &c. In ſhort, what ever is repreſented by 
the affirmative Sign +, as + a; the Contrary i is repreſented by 
the negative Sign —, as — a. 


K . 
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ſignifies any 


to the Right, 
"A 


to the Left, 
forwards, 


backwards, 


Thus if + a (added above, ( ſubtracted below, 
0 5 a berge | 


= Increaſe, | Decreaſe, 
If +a fig- — — &@ ſigni- JLevity, 
nifies any Money due, fies any ) Money owing, 
5 Motion upward 1 Motion downward 
And ſo on in every Kind of Contrariety. And two ſuch Quan- 


tities connected together in any Caſe deſtroy each other's Effect, 
or are equal to nothing, as + a —@a= . Thus, if a Man 


has but 100. and at the ſame Time owes 101. he is worth nothing. 


170. If the firſt Quantity or Term be affirmative we neglect 
the Sign +, as@ + 4, inſtead of J- 4 + b. If an algebraical 
Quantity conſiſt of two Terms, it is called a Binomial, as a + b; 


if of three Terms, a Trinomial, as a + b + c. If there be more 


Terms, it is called a MHultinomial. All which are compound 
Quantities. Simple Quantities conſiſting of one Fora — 
as +a, + ab, Faber. © 

171. When ſimple Quantities are to be multipled together 
we do not, generally, uſe the Symbol x, but place them toge- 
ther without; as ab inſtead of ax b, and abc for ax Ne; 


when compound Quantities are to be repreſented as multipled, 


then a Line is drawn over the the Factors connected with the proper 
Sign X3; 254 T Nc, I TT. 

172. When any Number of Figures are prefixed to the Terms 
of am algebraic Quantity, they are called Coefficients, and ſhew 


how often the Quantity is to be taken; as 3 4, 5 bc, 24 55, 


Er; and when no Number is prefixed; Unity'is always under- 
ſtood; 'tho' not expreſſed; for the Coeffitient 3 thus a is the ſame 
as 1 a, andbc as 1 Bs: ſince wy Thing muiplied by Unity is 
1 the fame: © ; 

x3, "Quantities are ald t to be lile, or Ke, that are repre- 
ſented by the ſame Letter or Letters equally repeated; thus + 
3 a and 2 5 4 are lite; but à and b, or @ and aa are wnlike: 


W hat other Definitions and Symbols are uſed in Algebra will be 
0 ran” 3 nl * a | 


1 


* 
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YN | 3s OO boon 
ADDITION. 


174. IN the ADDITION of algebraic Quantities there are ann 
CAsEs, as follow. 


Cast I. To add Quantities that are like, and have like Low 


E. 


Add together the Coefficients, to their Sum ſubjoin the common 
Quantity, or Letters, and prefix the Sign where neceſſary, 


EXAMPLES, | 
SR 3a—5b 2 ＋ 25 — 3e 
Add 32 4 26 34 + b—4c 


Sum Ba by 4a—7b 4a + 3b—7e 


To ai 3z—21y +152 + 7 
Add 4ab— b+ — 9 +10 


Sum 5ab—bb+ 0x —259 +245 + 17 


— — 


175. CAsE II. To add Quantities that are It but have un- 


like Signs. 
X 


Subtra® the I Her Coefficient from the greater, to the Remainder 
Prefix the Sign of the greater, and ſubjoin the common Letter or 
Quantities. 


EXAMPLES. 
"'To—46a — 2 
Ad 1 7 - 4 gb+8c+58 
Sum + 34 —2þ + — 
To a+ bx—5gy+8 4 ves 13 
Add —5$a—4x+4y5—3 — 24 ＋4 27 — 10 
Sum — 4% + 2x— y+ 5 539 0 4. 8 


We proceed here according to Cuſtom, but it is with ſome 


8 that we talk of adding Quangities with unlike Signs, 
K 2 ſince 


N 


& 
* *% 
* 
* 
N 
o 


; - 


| negative 3. been ſubducted. Therefore we have a 


» # ;us 
. 
* 
7 8 


63 INS TI TUTIONS 


ſince the Operation does wholly conſiſt in Subtraction, as it mull 


from the Nature of the We (169, 173.) 
156. CasE III. To add Quantities that are unlike, 


R UL E. 
Set them all down one after _— with their Signs and C N 


cients prefixed. 
+ Exaurtzs. 
e 47 | 34 24 — 5e 


— — 


Sum 27 | 3 —4 5 25 — 556 T 2++7 


To FP r 36—9 
Add — 4K — 45132 


Sum 44+ 45 - + —.—.— — 


CHAP. III. 
SUBTRACTION, 


177. em the Sign — is juſt opnolits to the Sign +, and 


Sultraftion juſt contrary to Addition, therefore to ſub- 


tract Quantity is the very ſame Thing as to add the * 


Quantity with the contrary Sign. Or thus, 


* 


If I am to receive 31. 1 51 + 32 


or to pay .. ws _- — — - = — 32 


The Odds or Difference to me ie = + 6a 


Or, if this Day I have JJC 
And Veſterday I owed 3/. more than I had to hay - —, 32 


The Odds in my Fortune i 18 I N Toda 
chan 3 - K M 4 13 4 
— 


eit would have been but 100. WE had nat the 
Ge- ' 


& + 


» 
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add tl 


ter; 
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178. Change the Signs of the Quantity to be fabrracdsd, and FOE 


add them both together, by the Rules of the preceding Chap- 
ter; the Sum ariſing by ſuch Addition is the true Remainder, 


EXAMPLES. 
From + 8a. 44 —75 
Take + 34 | | 34 — 53 
Remains 8 4 — 342 54 "S=mad 
From 3a f —2 +2c—4s 
Take — 4 a | . 
Remains | PCT. + 35 895 + 5# > 
From 3 2a—3Zx+5y— 6 
Take 2a—2b+ 13 6a+4x+5y+ 4 


Remains — 24 + 2 b—10 —44a—7*x 0 —10 


_— — — n 


—— 
1 


— 


C HAP. IV. 


MULTIPLICATION. 


179. JN Multiplication there is one general Rule for the Signs, 

viz, When the Signs of the Factors are like, (that is, both - 
+, or both —) the Sign of the Product is + ; but when the Signs 
of the Factors are unlike, the Sign of the Product is — This 
general Rule will reſolve itfelf into four particular Caſes, which 
we ſhall illuſtrate ſeparately in ſimple Quantities. 


180. Cat I. When any poſitive Quantity, as I a, is mul- 
tiphed by a poſitive Number + , the Meaning is, that + a is 
to be taken ſo many Times as there are Units in a; and the Pro- 
duct is evidently » Times a, or n 4. ET. 1 


20 | EXAMPLES. | 

Multiply. + a 2 a zhx 94 
WS: _ "BY * 47 

Product »n a W WEX 36 de 
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181. Cat II. When — eis multiplied by 2, then — a i; 
to be taken as often as there are Units in ny and the Produd 


muſt be » Times — 4, or — u 4. 5 By 
5 ExAMPLES. Prod. 
Multiply — 4 — 22 —53LU — 9 d 
By + 36 2 47 
— — — — Mu 
Product — n 4 — 646 — 35 1 3 
182, CAsE III. As Multiplication by a poſitive Number im- 
plies a repeated Addition, ſo Multiplication by a Negative implies 
a repeated Sub traction; and cheretore when + aà is to be multi- p 
plied by — u, it means only that + a is to be ſubtracted as often g 
as there are Units in x; and therefore the Product y nega- 
tive mult alſo be — n 4. Mou 
Exaurlzs. | N 
Multiply + @ 2 4 5b x 9 dc | 
By — 2 | 36 me * 7 bats an" 
Produt —n»a — 645 m—35bx — 36 40). 


183. CAsE IV. When — a is to be nultiplied by — n, then 
—a @ 1s to be ſubtracted as often as there are Units in a; but to 
ſubtract — aq is equivalent to adding ＋ a, (177. ) therefore this 
Caſe is the ſame in Effect with the e and is evidently 


Tua. 


EXAMPLES. 
0 Multiply — a — 24 — 5x — ode 
TTC 
Product + na + 6ab + 35bs + 36 dey: 


— — EEEIEEEY 


184. When the Factors are one or both compound Quantities, 
or conſiſt of ſeveral Parts; you muſt multiply every Part of the 
Multiplicand by each Part of the Multiplier ; and then add all the 
ms, into one Sum ; and that Sum ſhall be the Product required. 


- ExAM- 


( 


„ 
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EXAMPLES, ; 
Mult. 2145 a—b+c G=—=2y+ 5z— 6 
By a — 6 7 SM 8 


Prod. aa + ab —ab + bb—be 2 — + 402—48 


— 


9 


Multiply 4 a + 6 24 ——4b 
By 4— 25 24 +46 
eee, ke” 4a BL: 
— 8325 —233 8ab—1665 
Product 44 —74b— 233 44 4 5 — 8 
Mult. xx—ax . aa+ab+bb 
By x—+@ a— b 
— Pr 5 
+ axx—8&4ax —aab—abb—bbb 
2 2 5 es 2 2 


— — 
_ 


n 
— — CI 


—_— 


185. I ſhall here inſert one Example more, to ſhew the Rea- 
ſon of the common Method of proving the Work of Multipli- 
cation in Numbers, by caſting out the Nines in the Factors, and 
Product of their Remainders, and alſo out of the general Product, 
to obſerve the Equality of the Remainders. (See Inft, 55.) We 
ſhall take the firſt Example in (I/. 54,) where 1750 K 768 = 
133000. Therefore 


Milt, . SAU - Cn 
By 2 d = 76=9x 8 2555 + 
81 . 105 = 


d= 4 
+9ad+cd 12250 


Prod, 8106+ gbc+ gad+cd=133000 


4 a. 


Is 


5 
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Now here we are to obſerve, that any Number divided by q 
leaves the ſame Remainder as when the Figures of that Num- 
ber are added together, and the Nines caſt out as often as they 
occur; thus 76 , leaves 4; and 7 46 =9 +4. Alſo 
1550 = 9 leaves 4, and I 7＋TS $0 =9 +4: Laftly, 
133000'= 9 leaves 7, and 1 + 3+ 3 5. And thus it will 
be for every other Number. 


Again, *tis evident, that the Sum of the three firſt Terms of 
the algebraier Prodner divided by 9 leaves no Remainder, what 
Remainder therefore is, muſt be from the fourth Term c d di- 


_ vided by g; but this Term is always the Product of the two 


Remainders of the Factors, c and d; conſequently, if the Pro. 
dul of theſe Remainders, divided by Nine, leave the ſame Remain- 
der as the Figures of the Product of the two Factors when added to- 
gether, and the Nines caſi out, the Work will be right; provided 


no Error be committed that amounts to Nine, or any Multiple 


of Nine. N. B. Thave inſerted this Demonſtration of the Pro- 
ceſs here, as it is an alęrbraic dne, and what has been deſired by 
many Perſons, who have ſought for it in vain in Books of 
Arithmetic hitherto Fel 8 


n "ey - — — —— 


" ——— — 


» i * 2 


MA + CHAP. v. 
_— DIVISION. 


768. IN Divi dtex of ebe Duantities the Rule for:the Signs 


is the ſame as in Multiplication, viz. If the Signs of the 


Diviſor and Dividend are like, the Sign of the Quotient muſt be +; 


bat if they are unlike, the Sign of the Quotient muſt be =, This is 


Ny Evidently -deduced from the Rule in Multiplication'(179.) if it be 


nſideretl, that the Ruotient muſt be ſuch a —_ as multiplied 
the Buyer, ſhall give the Dividend. 


9 

And this is a General Rule for all Operations in Diviſſon, 
which are only the Reverſe of Multiplication, and will be eaſy to 
unde rſtand when illuſtrated by Examples, as follow. 


| a 8) 


a)n 


of ALGEBRA. 


73 


a)na(n; — 4) —na\ +n; e 


24) 649 (353; a)aa+ab(a+b 
: 6 ab aa 
pat 

ab 


4a +b)4aa—7Jab—2bb(a—zb 
— $44 + "8 


— 845 — 265 
—8 35 — 2353 


2a—4b)4aa—16bb(2a+46 
| 4aa— 845 


— 


+ 8 ab — 16 bb 
+ 8ab— 1625 


— 


a—b)aaa—bbb(as + 6b + bb 


aaa — aab 


— — 


' + aab — bbb 
+ aab — abb 


TORT ny 7 v 
+ abb — bbb 


.* » 


*Y 


3a 
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3a—6) 6 4444 — 96 ( 2 aaa + 4 aa + 8 4 + 16 


6 aa — 12 aaa 


1 r 
* 


— 


12 aaa — 96 
12 aaa — 24 4G 


* „ 


— 


24 aa — gb 
24 aa — 48 a 


48 a— 96 
48 a — 96 


* 9 + . © 


187. In dividing, when you come to a Remainder of one 
Term, it is commonly ſet down with the Diviſor under it, after 
the other Terms, which together make the whole Quotient. 
Thus 


2 x X 


DEE r - 


aa + ax 


— 0x + XX 
— 4 — XX 


2 xx 


188. It ſometimes happens, that the ſame Letter or Quantity 


is found in all the Terms of the Diviſor and Dividend, and that 


there is obviouſly ſome common Meaſure to the Coefficients of 
the Terms; when this ische Cafe, you expunge the common 

Quantity, divide by the common Meaſure, and place the Diviſor 
ſo reduced, under the new Dividend in the Quotient. Thus 


2b) ab + bb (< - c here Unity, or 1 is the common Mea- 


ſure. Again, 


20 ad) 10 ab ＋ 15 ac (== 2 


44 


Thus 2% > <4 07 (= = 


And 4 44) 8 46 + bac (322 


2 4 
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Car. VI. 
Of FRACTIONS. 


189. 1 Fractions are of the ſame Nature, and re- 
| quire the fame Management as thoſe of Numbers, for 


f 
ſuppoſe a = 2, and h = 3; _ = =, a proper Fraction; 


or 2 = 25 an improper Frattion : and 2 - = 4 7 


mixed fractional Quantity. 
190. A mixed Quantity | is reduced to an improper Fraction by 


the Rule in (Inſt. 68.) viz. Multiply the integral Part by the De- 
nominator of the fractional Part, to which Produtt add the Numera- 
tor ; and the Sum will be a new Numerator, under which write the 
Denominater, and it is the improper Fradtion required. Thus 


ab 
«+> = becomes ; 2+b+—is — . and 


aa — & 6 aa — XX 


1 — — 2 — ; ſo 
T x * 55 


„ 

191. Fractions of different Denominations are reduced to the 
ſame Denomination thus; Multiply all the Denominators together 
for a common Denominator, and each Numerator by every Deno- 
minator but its own, for a new Numerator. (See Inſt. 569.) 80 


5 acd bbd ccb a c pe 
| hh MEN n 7 7 
—wdf , bf , edb el 
baf © baf © = 547 


192. A Fraction is reduced to its loweſt Terms by the Rule 
(in Inſt. 66.) for finding a common Diviſor ; thus the Fraction 
15 ab 
81 bx 
other Part; and ſo the Whole is 3 b, by which dividing the Frac- 
tion, it is reduced to its loweſt Terms of the ſame Value, wiz. 

. 82 
27 * 


IT has its common Meaſure, 3 for the Coeſſicient, and i for the 


_ thatis, - 


„% INSTITUTIONS 

* 

„15 24 „ bbc + bbd 2 a +bbb _ 
_— * d + dd © E 
aa 


a—b _ 
of the Numerator and Denominator. N. B. It often happens 
that the ſame Letter or Letters are contained in every Part or 
Term of the Fraction, which in ſuch a Caſe are to be expunged, 
and the Fraction is thereby reduced to a more ſimple Form of the 


ſame Value. Tha EE LL9 222 4 E. and 25 2&4 
7 10 5 * + 15 az 


. 2, being divided by a + 5 the common Meaſure 


3 


= by expunging z, and dividing by 5. 


21732 
193. When Fractions are to be added, ſubtracted, multiplied, 
or divided, they ſhould be firſt reduced to one Denomination, 
and in their loweſt Terms, and then the Rules for the n. 


are the ſame as for numeral Fraftions, Thus to add — _— TRA =» you 


ln them to a common Denomination 77 ad? 77 then their 


ad + be 2 Sz 4 ade + bee + ddb 
Sum is 77 W 7 = IF + 
194. To ſubtract one Fraction from another, you reduce them 
to a common Denominator, and then take the Difference of the 
Numerators, and under- write the common Denominator. Thus 
a 3 6 0 c 24 — 6. 
if from J you take 7 the Difference r "> ah 


from the Integer a take the F ration 2 the Difference is a— 5 


from = anke 1 there remains ES 2 . 
b c be 
ac + cx —ab + be 

@ b c . 

195. To multiply one F ration by another, you multiply the 
Numerators one into the other for the Numerator of the Product, and 
the Denominators 1 8 one into another, give the Denominator of 

c ac a + I a—b _ 
the Produtt Thus — + X „ | c d 


aa — bb 
— 


cd 


a > 
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r Ex SR. 
cd e c * ce 


h h 5 | 
4 X—== Xx — = _ for any Integer, a, is reduced to the 


c 


Form of a Fraction by writing Unity under it, as = | 


196. To divide one Fraction by another, multiply the Nume- 
rator of the Dividend by the Denominator of the Diviſor, the Product 
— will be the Numerator of the Quotient. Then the Denominator of the 
Dividend, multiplied by the Numerator of the Diviſor, gives the 


| PRES, N - SS; 4 
Denominator of the Quotient. Thus =) 7 (= ; and 2 


ad 
a, 
acd +bd/ _ acde + bde 1 h a — b 
, "7 HE. 2s cde c = + — And 4 
1 (22 + „after Reduction; 1 ah fron 
u c a — 6 a 


„ 44 — 245 + bb 
(= aa + ab 

197. In order todemonſtrate the Truth, or * the Reaſon, 
of the foregoing Rules for the Addition, Subtraction, Multiplica- 
tion and Diviſion of Fractions, we muſt here premiſe the follow- 
ing Axioms, or Principles that are in themſelves evident Truths; 


theſe will be alſo neceſſary in moſt of our future Mathematical 
. 


198. Axiom I. Things that are equal to one and the ſame Thing. 


are equal to one another. 
Thus, if a = un, and b = m, 1 =-$. 


199. Ax1oM II. If to equal Things, you add equal Things, the 


Sums will be equal. 
Thus, if to the equal Quantities ....a=m 
You add the equal Quantities. . . . . . b = n 


The Sums will be equal . a> oe: SS mers 


200. Axio III. If from equal Things 5 . 4 = " 
You ſubdu#t equal Things . . .... b=n 


The Remainders will be equal, viz. a —b=m—n. 


201, 
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201. Axiom IV. If equal Things .. . a=m 
Be multiplied by equal Things , . b = n 


— 


Te Product will be equal . . . . ab = mn. 


202. Axiom V. If equal Things « © © „ 4 = M 
Be filled by equal Things . e 


— —ů— 


De Quotients will be equal, viz. I, 


| 203. Now from hence we prove that Fractions of any Kind 
reduced to the ſame Denomination are added, by adding their 
Numerators, and 1 the common Dam. Thus 


6 a + c 
: 7 ＋ „ 3 let T = MM, — - = un, and multiplying 
both Sides of each Equation by h, we have a = bm, and c = bn 


(by Inſt. 201) and mb + bn = @ + , (Inſt. 199); and 
m ＋ * 2 — (Inft. 202. ); that is, (by ſubſtituting the Va- 


lue of m and v) + + = ** And in the ſame Manner 


c 2 — Cc 

it is ſhewn, that . — FTA - 2 

| c a c * 
204. Again, 5 Xx 727i thus demonſtrated. Let 
= = then @ = wh; and c = nd; and bdmn = 
| 8 
ac 1 (Inſt. 201. ) therefore — _ =wX#=——X = , 

205. Laſtly, it is ſhewn that — divided by = give 2 ; for 
mb = a, and mbd = ad(Inft. 201); alſo nd = c, and ndb = 

mbd ad m a c 


eb; therefore —; = 7 +7 


% 


8 
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CHAP. VII. d 995) 
Of INFPINITE SERIES. 
206. W HEN it happens in Diviſion, that the Diviſor is not 
exactly contained in the Dividend, the Operation 
may be continued without End; and the Quotient will in that 
Caſe be an Infinite Series of Terms. This will be the Caſe, if 
you divide Unity by 1 — a ; as below. 


I—8a)1 (1+ 8 + 88+ ace, Kc. 
 I—4a 


+ 2 
+ @a— aa 


+ aa 


+ 24 — aaa 


+ aa 
+ aaa —-aaaada 


+ aaaa, &e. 
N. B. Here it is ſoon to be obſerved, in what Order or Man- 


ner the ſeveral Terms of the Series in the Quotient will ariſe, 
without farther Operation; this is called diſcovering the Law of the 
Series. 
207 Let it be required to divide as + xx by a + x; thus 


3 
a +x)aa+ xx(a—sx+ on 


Ts a. 
aa + ax | 
+ 2xx 
2 XXX 
+ 2 xx + 
a 
2 Xx K 
7 
24 * 2 XXxx 
a a* 
2 XXxxXx 
. &c. 


Here 
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Here the Law of the Series is diſcovered in a few Terms; and 
the Series may be continued at Pleaſure without farther Trouble ; 
alſo the Signs are here alternately + and —, 
208. Another Example take as follows. Divide ay by 1 + x. 


r+x)ay (ay —ayx + ayxx—ayxxx, &c. 
ay + ayx (ob 


— ay — a 


— 


+ ayxs 
＋ ayxx + ayxxx 


4 NX — ay x* 
—Aayxxx—ayx+ 


+ ayx*, &c. 


— — 


Therefore 2 = ay— ayx + ayxx— ayxXxx, &c. = ay X 


I +x 


1—x-+ xx —xxx, &c. but alſo : 


ay = ay X FRY 
+ x © FS I 


=1—x + xx — xxx, &c. as is evident by 


h I 
ence . - mp" 
dividing each Side of the Equation by ay. 
209. This Method of exprefling a FraQtion in an Infinite Series 
vill be often found very advantageous in approximating the Va- 
lues of Mathematical Quantities expreſſed in an Algebraic or 
Fluxionary Manner, as we ſhall find in many Inſtances as we 
proceed. And indeed this is the Foundation of the Arithmetic of 
Infimties; for theſe interminate Series may be added and ſubtrac- 
ted; multiplied and divided; ſquared and cubed; and the Square 
and Cube Roots extracted ; and fo that the Sum and Difference ; 
Product and Quotient; Power and Root, ſhall ſtill be an infinite 
Series, of which we ſhall treat more fully hereafter, when the 


Learner has ſeen more of the Nature and Uſe of this Sort of 
Arithmetic. 


CHAP. 
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Cuak AL : 
The RuLEs for ordering ſimple Eo 


210. N EqQuATION is the Expreſſion of Equality . 

Quantities; as Ix = b, or 3x 4 b, & 
Now hs Uſe of an Equation; is to give the Value of auf | 
Quantity on one Side, in others which are known onthe or 
Side; for though 3 x = b q, it will not ſo eaſily appear wh 
is, till you get it by it's ſelf on one Side of the Equation, by f 
ſoning thus; if x = 9, thenzx—=4 x 9 = 36 (b Axiom 4. ) 
and ſo x = TY = 12, (by Axiom 5.) and is therefor@known. 

211. And it is the whole Deſign of this Analytic Science to 
expreſs the Parts and Conditions of any Problem or Queſtion in 
Symbols, and to ſupply Rules for the due ordering and forming 
ſuch a Procefs as ſhall at laſt produce an Equation, with the un- 
known Quantity on one Side, and thoſe that are known on the 
other. The Rules for this Purpoſe are as follow. 


RULE I. 


212. Any Quantity may be tranſpoſed from one Side of an Equa- - 
tion to the other, by changing its Sign. For this is nothing more 
than to add the ſame Quantity on both Sides with a different Sign. 
(See Inſt. 199.) | 


Thus, ſuppoſe x + 8 = 53. 
Then by Tranſpoſition, x = 53 — 8 = 45. 
Again, let gx — 4b = 4x + 10 
By Tranſpoſition, 5 x —4x = x = 10 + 46. 
If 2x +$a=x+b | 
Then 2 «„ —x =x = b — a. 


RULE IL TD 


213. Any Quantity by which the unknown Quantity is multiplied 
may be taken away, by dividing ail the Quantities in the Equation by 
it. This is evident from Inft. 202. 


Thus, if ax = b, then dividing both Sides by a, we have 
18 
4 


M Again, 


82 INSTITUTIONS 


Again, ſuppoſe 3 x + 12 = 27 


Then, by Rule I. 3x = 27 — 12 = 15 


And, by Rule II. x = $ = 5. 
Alfo, if ax + 2 ba = 3c 
Then, Rule I. ax = 3c — 2 ba 


And by Rule II. x = 3= — 2. 


EKULE . 


214. If the unknown Quantity be divided by any Quantity, that 
Duantity may be taken away by multiplying all the other Parts of the 


Equation by it. (See Inſt. 201.) 


Thus, if —=b+5 
Then ſhall x = bb + 56. 
a If — +-4 = 10 


5 
Then x + 20 = 50 


Andſox = 50 — 20 = 30, by Rule 1. 


Ine + 24 = 2 * +6 
Then4x +72=6x + 18 


And (Rule 1.) 72 — 18 =6x—4x =2x= 54 


Therefore x = 5 = 25. 


RULE IV. 


215. If the unknown Quantity be concerned in Fractions, and there 
be more ſuch Fractions than one, they may be reduced to a common De- 
nominator, by which, if you multiply all the Terms, 4 unknown 


Quantity will be diſengaged as before. 


3 
Then 35 1 
5 15 


_ Conſequently, 8 x x =1 5 x — 106 


Whence, - * = 105, and x = 


105 


15. 


RULE 


216 
will be 
the Eq 
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RULES V. 


216. If the unknown Quantity be contained in a Surd Root, it 
will be equated with the kn9wn Quantities by involving both Sides of 
the Equation, to the proper Power. 


Fury: lpia... his” « v 4x + 16 = 12 
Then, by ſquaring each Side, 4 * + 16 = 144 


By Tranſpoſition . . . . 42 =144— 16 = 128 
at 128 
the %% 0000 (( —_— = 


Again, if ©. + # ax +6 —c=4d 
Then. 4. 

And, by ſquaring ax + b* = d* + 2 dc ＋ c 
4 +2dc + 4 — þ* 
= n 0 


—ĩ ͤ » 


Laſtly, if ... . nr 4 


Then, SS @ CES 8 a* x —b* x = a? 


And, . —— 
RULE VI. 


217. If that Side of the Equation which contains the unknown 
Quantity be a compleat Square, Cube, or other Power ; then will the 
unknxwn Quantity be equated with known Ones by Ex xtraction of the 

ö * Root. | 


For oy let * = 144 
A Hes” 12. 
Again, let K* + 6x + 9 = 

Then, . . x4 3= 4/20 

And, . x = 20 — 3 


If we have ** ＋ ax + 7 i 


* NN 


f 1 M2 «. 
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Then, x + = 
„ 
n . e 2 5 
POE 5, — aps aro 


218. If the unknown Quantity be contained in the Terms of an 
Analogy, it may bs bad by imrltip hing Extremes and is 8 


for an Equation. (See Init. 104, 105.) 


Thus, ſuppoſe 12 — 2 1 421 
3 _—_— =2x, and 12 3 x, and x,== 4. 


Or, if 20 — * ; . 5 
Then, bo 3, or 10 * S bo, and # 6. 


3 or VI. 


* 


219. If any Quantity be found an both Sides the Equation, or 
multiplied into all the Terms, or dvuding them dll; it may ” n 
out of the Equation. TR e 


If 32 15 2 +3; then 35 2 45 and . 


Again, if 32 ＋ 5 4 =8 ac; 1 $7 Sf a= 
8c — 5# 1 ; = 


— 


e eee 
2 x 8 16 > 
If — + — = ; then2 x 8 = 16 and x = 
1 0 e eee þ 


R UL BE. IX. 


220. In nftead of any Quantity in an * you may ſubſiitutt 
another of equal Value. 


Thus, if 3 Xx T 5 = 243 and y = 93 


* 


— „ 


Then, 3x +9 = 243 and x = I =5 


The 


The Reaſon why both the. Signs -[- and — are here placed be- 
Hes 6* will be ſhewn a little — hy k F 


ih 
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The Rules hitherto delivered relate to Equations which con- 


tain but one unknown Quantity; but when one or more are con- 
cerned in the Queſtion, you proceed by the following Rules. 


RULE K. 


221. F there be two unknown Juantitiet x and y, there muſt be 
two Equations ariſing from the Conditions of the Queſtion ; from 
which a Value of either x or y muſt be found in each Equation, and 
putting theſe Values equal to each other, a new Equation will ariſes 
involving only one unknown Quantity, which is then fond by the fore- 
going Rules. | 


EXAMPLE I. 
Suppoſe the Sum of) Py 
any two — = 
And their Difference x — y = 4 


Then we have 


Therefore. d + y=5 —y 
Conſequently. .. 2y =s — 4 


Renesse . 


And by adding the two Equations x = - 


EXAMPLE n. 


Suppoſe x ＋ 7 2 s 
And let 2 5:42 


Then . . . bx = ay 


_ 


Ss. 
And IEC r= 7 


But alſo . * 225 15 
Therefore — 22 
Hence. . . 5b — by = ay 
And.. „„ 5b = ay + by 
sb 


| a + 6 
And, 


Conſequently y = 


% 
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= ay 124 
| _ Cay 2 TGT, & 


ExameLe III. 
Let x+y =s 
—_= ne 21 


* 


Ko Then x =5s—y 
The Square of which, x* =$* — 2 Sy + y* 
Alſo K* = d + 5* | 
Therefore 4 + y* =5* —=25y + y* 
Hence d = 5* — 235 
And 25y=5* — 4 


RULE XL. 


222. When there are three unknown Duantities x, y, and 2, 
there muſt be three Equations given, by which they may be determined, 
by comparing and equating theſe, two Equations may be obtained involu- 
ing only two unknown n which are then known by the fore- 


going Rule. 
ExAu TIE. 
1 ＋ y+ 22 12 
x + 2y * 32 = 20 
-Suppoſe« 8 SD 
3 2 


Then we hoe x = 20 — 2y — 32. 
3. x = 18 — 25 — 32. 


From whence we have C12 —y— 2 = 20 — 2y — 32 
theſe two Equations £12 — y — 2 = 18 — iy — 32. 


2 


There- 


of ALGEBRA. 87 
Therefore we have (by Rule X.) y = 4, 2 = 2, and conſe- 
quently x = 6. | 8 

223. Sometimes the Equations are ſuch, that the ſame Quan- 
tities in different Equations may have contrary Signs, and de- 


ſtroy each other; or be otherwiſe affected, ſo as to ſhorter on 
common Proceſs very much, 


: x 15 T 2 2 26 
Thus, ſuppoſe JX — 524 
1 1 — 226 | 


— 


% 


Then by Addition only, 3x = 36 „ | 
Hencex = 12; y =x — 4 = 8; mdz xo dk 
RULE XII. , 


224. If, in a general Way, the unknown Quantities x and y 
have Coefficients, and the Value of the Equations are expreſſed in Sym- 


Bols, as thus, 7 1 2 ry it will akvays be y = R 
ai —— . ; which are general Theorems for the Values of 
x and y in all Caſes, 

For in the firſt Equation, ax = c — by, and x = — 


And in the Second, dx = f— ey, andx . 


Therefore —2 = , and cd — —dby =af —acy. 


4 
Whence ae —dby = af —cd. 
= = dc _ce—bf 
Conſequently y = _— 35 | and x = 8 
Example in Numbers. Suppoſe 24 : . = — 
Then y = 5 XD AX 100 _ 100 3 3 


* r 19 79 
8 | 3 


225. After the ſame Manner, you may raiſe general Theo- 
rems when there are three unknown Quantities, x, y, and 2, 
and 
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and three Equations given; but more of this in another Place, 
To conclude, we ſee by the above Rules, That when there are as 
many ſimple Equations given as Quantities required, the Dueſtion is 
limited, and the Quantities may be diſcovered and determined by thoſe 
226. But, if there are more Ouantities required, than Equations 
given, the Queſlion is not limited to determinate Quantities. And, 
f there are more Equations given, than Quantities required, it may 
be impalſible to find Quantities that may anſwer the Conditions of the 
* becauſe ſome of them may be inconſiſtent with others, 


a. — — — 1 * 


i C x AP. 1x | 
Collection of ſuch Queſtions as produce 


SIMPLE EQUATIONS. 


227. HE Order of our Inſtitutions now brings us to con- 

ſider thoſe Queſtions which produce Simple Equa- 

tions; and theſe will be found not only proper Exerciſes for the 

Learner, but the firſt Example of the Uſe of this excellent Art; 

and here we ſhall follow the Method invented by Mr. Yard, on 

Account of its Perſpicuity and Eaſe, viz. that of numbering and 

regiſtering each Step of the Proceſs, as in the following Solu- 

tions. 

QuesT1on ]. 

228. If the Sum of two Numbers be 20, and their Diffe- 
rence 12; what are thoſe Numbers ? 


Firſt let I | x = the Greater Number 
Z 2 | y = the Leſſer. 

A x + y 20 a 
5 . - 4 —y = 12 5 per Queſtion. 

Then n 5 I Z= 20 — , 

And . . 6 4 212 + y; 

Conſequently 7 | 20 —y = 12 + y. 

Then by . 8] 20— 12 = 25 = 8; hence) = 4, 
And per Queſtion 9 [5] +4 = 205 

Therefore. [10 [* = 20 — 4 = 16; See (Inſt. 221.) 


where you obſerve two general Theorems for any Queſtion of 
this Kind. 


229. 


* 


1 „ ane ® — 


8 2 
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QuvesT10N- II. 


229. Suppoſe there are two Numbers whoſe Sum is 3Þs and 
their Ratio as 5 to 3. Query thoſe Numbers? 82 


Let the Numbers bel 14 +y= 32 

A 2 2 55: A weben. 

Then (138) 3] 3*=57 | 

Divide by 3, 5 4 x = Fy N 

8 3 

Therefore . '> = 32 — 5 2 45 

Aang by 3, 36 95 — 37 2 85 

3 „ 8e 

Wherefore 91222. | 
But by jth . . [10|x= 32 —y= 32 — 12. 20. 


The two Numbers therefore are 20 and 125 for 20 Sy 12 323 
and 20: 12: : 5 : 3, as required. | 


QuEsTION III. 
230. A Perſon being aſked how old he was, replied, that 4 of 
his Age multiplied by r of his Age, ** OR | equaleo to 
his Age. Query what was his Age? 


Put YO WI HON Ro 1192 to his Age. 
Th Queſtio 2 * „ . 

Yu 1 V 

EE 

SMEW « =» 13 FF: = | 5 : 
Whence (by 1065 | 4 % -# = 48x 
That is, (ag); 5134 2 48 
6 y (by 21 3)[ 6[x=16= the Age — Y 


27 
4 


QuesT1ION TV. . 

231. A Perſon has fix Sons, each of which is 4. Years ** | 
than the next younger Brother; and the Eldeſt is 3 Times 3 as old 
as the Youngeſt, What are their ſeveral Age:? 
Let their ſeveral 5 11 | x+4x+8, x+12,x + 

Ages be 16, and x ＋ 20. 

But per Queſtion Y 3x = x + 20. 
Then, wren: 3K -* 20. | 
1 127 s 
Therefore x 10%“ 0 30 | 
So their Kees ite! a ths 18; 22, 26z7andizo,: argue. 
N Gr. 


2 OJ 


* 5g 8 


232. A Privateer running at the Rate of 10 Miles an Hour, 
diſcovers a Ship 18 Miles off making Way at the Rate of 8 Miles 


an Hour: Itis demanded how "ANY ves the Ship can run be- If B 


gs INST MITUTIONS 


rsriox V. 


fore ſhe be dvertakef?; The 
| | And 
—_ : x = Miles the Ship runs. e Con 
And 2] y = Miles the Pribateer runs. | And 
Then 1 Suppoſition 3jx;y:: 8:10; | 
herefore . . 4 10 * = — 85, and 12 25. 5 
But alſo = ad ko 18; Is. 2 
Therefore „ 2 = =y— < 16, | n 
My fron 
Whence . . . ? 7 47 57 — YO to E 
Conſequently . 81% S 90; and x = y — 18 = 72- 92. 
To find the Time; 3 you ſay, as 8 Miles: 1 Hour: 72 M iles 
9 Hours. Th 


* VI. 


233. Te is required to divide the Number 5; 50 into two ſuch Th 


Parts, that 4 z of one Part being added to 5 of the other, may | Bu 


make 40. Th 
Put x y for the two Parts. | uh He 
—— - 3% » + 22 * 40. 7 
Multiply by 4, 23 * + 225 — 160 
Multiply by 6, 3 18 x + 20 = 960 _.. 
Therefore 4 = 960 — 8x 
g 8 — 18 
Whence . . sb — = — 2 50 — 2 
Mence „ 61960 — 18 * = 1000\—20 x 
Then 7 1000 — 960 = 2.x = 40 
Conſequently > 6:4 16 = 203 and therefore y = 30. 


pats" 


M3 % 4b | QpeoT;oON VII. | | 
234. Two Petſons, A and B, were talking of their Maney : 
ſays 4 to B, lend me five Shillifgs of your Money, 
have juſt as much as you will Have! t: Says B to A, rather 
lend me five Shillings of yqun Money, and I ſhall then have juſt 
three Times as much 1 will have left; : How much Money 


ard I (hall 


Put 


1 biu 
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Put x = £s Money, and y = B's. 


1 hen, if 4 borrow, þ 1 


So that 

If B borrows, ten 
Therefore (4) 
„ 
Conſequently . . 

And 6 © © © 0" a 4'd 


x + 523 1—5 

ſy == 10 5 

14 S i 

44 * + 10 15 15 3 — 15 

5x ＋ 30 = 3K 

4 2.x. 2.30, and x = 158, 4's Money. 
x. + 10 2 22 258. B's Money. 


 QuesTion VIII. 


23 5. A Perſon has three Debtors, A, B and C, whoſe par- 
ticular Debts he has-forgot;. but thus much he could remember 


from his Accounts, 


to bo Pounds; 4's 


92 Pounds: I demand the Particulars ? 
The Debts let be repreſented by æ, 55 and z. 


that A's and B's Debts together amounted, 
and C's, to 89 Pounds; and B's and C's 8 


10 


Then lin + y = 60 | 
24 r +z = 6057 Queſtion. 
3] T2 = Y \ 
Then the er 282 2 — 80 = 12 | 
But 1t Step * + S = — % 
Therefore „ = 60 + 12 = 72; andy = "Þ 
Hence Hp ö * +y=x+ 36=60; Fr ry 
And laſtly. . ... 81 = 92— y 2 92— 36 56. 
So A's Debt i is 24/. B's 36l. and C's 560. 1 Te 


236. There is a 
Tail is as long as th 


 QuesrI10x: IX. 12 


certain Fiſh whoſe Head is 9 Inches; the 
e Head ang half the Back; and the Back is. 


as long as both the Head, and. Tail. together. I demand the 
Length of the Back, and of the Tail? 
n 11 = Lengtł of the Back; 

Then ſince . . 42 WY S Length of the Head, 

We have —9 2 e of the Tail. 

But, eee —9 * —+ 93 | 
Therefore 5 x Wk x"+ 18; 

And ſo 52 —x—18= 18. 

That is 1 —18=18, oræ 36 L. of the Back. 
A” >. 5 | — 9 af = Length of the Tail. 


— Length, .of the Fiſts, veas 9 + 36: = ia. 
ches, and 27 = 9 + 7 ＋— 27. 


Qux- 


wL 
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. QuesT1I0N ö The! 


237. One has a Leafe for 99 Years; and being aſked how 
much of it was already expired, anſwered, that two Thirds of The 


the Time paſt was equal to four Fifths of the Time to come: 5 
Quere the Times paſt, and to come ? | The 
Put. ie = Time paſt. Pei 
Then . 2099 — * Time to come. Cor 
N But 8 7 . == — of 99 — * 2 — 39 3 2, 
k 97 n | gol Ma 2 ; 
Therefore. . 402 K = 3185 - —— i N 
1 15 of 
Conſequently .. [Sto = 1188 — 12 x *Y. 
ence . 5 . 5 Tox + 12x = 22x = 1188. | 


Therefore 7 x = 215 = 54 Years, the Time paſt, _ 
1 84 — * = 453 the Years to come. 


Thus 4 of 54 is 3 * 2 of 45 is 36, as required. r pu 
| ' QuesTION IT. -: — 


238. A Gentleman diſtributing Money among ſome poor Peo- 


| ple, found he wanted 10s. to be able to give 5s. to each, there- " 

3 fore he gives each 4 5. only, and finds he has 58. left. Query the T 

Number of Shillings and poor People ? 

Let x = Number of People, and y = Number of Shillings. ba 

Then by Suppoſi- 2 [ 5 * =y + 10 H 

tion . A 
Ten. . . 43s 10 2 1 

TT. "> © 44 * 4 5 | | A 

Therefore . [55x —1l0=4x+5 0 

Conſequently , . . 65 K 4 x =x =15= the poor People. 1 

And therefore. . = 4 +5 = 65 = the * | Yy 

n Qyxsrion XII. Bs. 7 t 


239. — the Diſtance between London and Edinburgh to ] 
be 360 Miles, and that a Courier ſecs out from Edinburgh run- 
ning at the Rate of 19 Miles an Hour : Another ſets out at the 
ſame Time from London, and, runs the Rate of 8 Miles an Hour. 


It is required to know where they will meet? 
[Suppoſe the Courier from Oy runs x Miles and the } 
over 2 Miles before a | | 


2 Then 


mo E B R A. 


Tnen . 1 3602 by Buppoſition word 9: 


[2145 7: 5 24 


Therefore -. +» 34% 553 and x = IJ, $6 
WA 455 = 00 2 | a. . 5 
Hence. IG of 
Therefore 699 - <p ; 86 | 

1 7 3 1 71 — SE 76 4 A 
Conſequently 3 B[x = 360 = ab: 200. | | 


ls riox Xl." 1 5 


240. One ſets out from a certain Place and travels At the:Rate 
of 7 Miles in 5 Hours, and 8 Hours after another ſets out from 
the ſame Place and travels the ſame Road at the Rate of 5 Miles 
in 3 Hours. How long and how far muſt the Fi ſt trayel bęfure 
he is overtaken by the Seconct 1 | 

So '. - - DMA 
Put . . . [1] = Hours the 1ſt travelled. © | 
Then . . z.. — 8 = Hours the 2d travelled. Lie + +» bat 
Now fay, 305: 7 :: x : x = Whole Diſtance, - - - —_ 


Alſo . . 4/3: 5:: x —P ITS Whole Diſtance. 2 
ö NE Bred | 
Therefore A = UN 1790 
Whence fefa x = 200 = 21x. . 
Tuerefore p25 = 417 K 
Hence. 8 = 50; and 8 = 42 = % em 
And fo 492 * 70 n both travelled.” et: A bat 


241. Theſe Examples may ſuffice for a mixt or numerical 
Analyſis; but Queſtions ſolved in a general Way by Symbols 
only, are much more uſeful ſince they chen become general Ca- 
nons or Theorems, and are applicable to every particular Caſe; 
whereas'the other Way in Numbers is confined t6 one Cafe bly; ; 


therefore we ſhall proceed to five a few Examples of 3 
lutions. Thus, TEA 8 
os ho” »# ON 16 T TIS off 710 38? 1 

1) eben babes XIV: 5 Hd HN e ht 


242. Two Couriers, 4 an B, ſet out ® = two Places * 
ſtant from each other 4 Miles; of which the foremoſt 4 travels. 
p Miles in 7 Hours, and B travels r Miles in 3 Hours; he is ſup-, 
2 75 to walk faſteſt, and the ſame Way with 4. It is required 


70 
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to know how many my each muſt travel before B can overs 
take 4? 


Pur 4 * = Miles 4 EIT 
| 1 2 = Miles B ae ; 
Then alſo * 25 —4 


And we have 44%: P 1: 2 = Mijes pr Hou by 4 


„5 . = Miles B walks per Hour 


Then we havef 6[x : y 2 — 


x | «>. 2 7 
* | 
Hence y.- Þ _ E 


* 
Therefore Sr = p5y 
Whence . . 02 


5 .be 1 . 
And ſo ® © + © * 1 rend! ü | * 


—_— - -. —— 


Dog br 12 4 2 272 = . Miles Brad 


qgr—þs 


And laſtly IAI =y—d= Miles — by 4 


N. B. Ifp = 8, q=1; r= = 10,, 1213 e 
then y = 9o, 822 725 as in Queſtion, 11. Thus Fi the Ship, 
and B the Privateer that purſued her. But more generally yet; 


" QuesTION XV. 


: 243. Let 4 be a moveable Body, which. in. Time / can de- 
ſcribs the Space c; and let Ĩ be another moving Body, which in 
l can deſcribe the Space d; let the Diſtance from which. 
they begin to move, be called a and, & ares of the 


Time. 


In the Solution of this Problem, there will be — Caſes, the 
firſt is, when both the Bodies, A and B, tend towards the ſame 
Parts, or move the ſame Way. The ſecond Caſe is, when they 
tend towards contrary Parts, or meet each other. In both Caſcs 
we ſuppoſe the Body A to be fartheſt from the Place where they 
come * a | 


CASE 
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S 
244. Let that Diſtance of A be called x, from which take 
the Interval e, and there will remain x — # for the Diftance of 
B, from the ſaid Place where they come together. And fince 
A paſſeth over the Space c m the Time of f, it will paſs over the 


gpace x in the Time of E, for it is c :: x: iz 


Alſo fince B paſſeth over the Space din the Time g, it will 
n, Space x — ein the Time ; ſince 4: f:: 


d 
926 221. 
7 
N o. 9 the Difference of thoſe Times is ſuppoſed to be h, 
that they may become equal; we muſt add h̊ to the ſhorteſt Time, 
that i is, (ſince A is ſuppoſed to move firſt) to the ſhorteſt Time 


of B, vix. 0 and then we have the Time Wr 


i E,; and which reduced, gives * = 


—y But if the neareſt Body B begin to move firſt; þ 


SOR 5 Viz. {Z and we- have 


ret 


25 S 5 
| 152 7. "; which reduced gives — =": 


CASE II. 


245. If the Bodies, A and B meet; then if x = Diſtance of 
the remoteſt Body F from the Place where they meet, as before, 
we have e — * = Diſtance of B from the ſame Spot. And the 


Times in which they paſs over thoſe ** will be L, wid - 


2 found as before. ER 

4 45 + <d4h . | 
77 7. 

fly e ned of tar 145 dh be But 


\ 


r eee 
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1 if B move firſt, we have + h = == , 3 whence 


— 25 


£2 
bas , 


2 


reer I. 


5 The Sun teſcribes each Day a Degree in the Ecliptic, 
and the Moon Thirteen ; and at a certain Time, when the Sun is 
in the Beginning of Cancer, ſuppoſe the Moon, three Days after, 
ta be in the Beginning of Aries. It is required to know in what 
Part of the Ecliptic the next new Moon will happen ? 

In order to ſolve this Problem, we muſt conſider that 4 re- 
preſents the Moon, and B repreſents the Sun, and that they 
both tend towards the fame Part; and laſtly, that the Motion of 


4 18 ſhorter than that of B; therefore the Theorem 5 + 775 
= x muſt be uſed;, i in which the Values of the ſeveral Letters 
are known. Thus, 


-£ = 13 Degrees, the Moon's Marion per Day. 


= 1 Day. F 
 4= 1 Degree, the Sun 8 Motion per Day. 
g = 1 Day. 


S2 90 Degrees, the Diſtance of the Sun and Moon. 

5 = 3 Days, the Difference in Time. 

Hence the above Theorem is expreſſed in Numbers thus, 
ege +cdb _ 00+ IR IX4Y _ og 

. N12 8381 . 
100 J, that is, 10042 Degrees from the Beginning of Aries, ſo 
chat the Conjunction happens in 103 Degrees of Cancer. 

After the ſame Manner, A and B may repreſent the two Hands 
of a Clock, either ſetting out from the ſame Place at the ſame 
Time, or from different Places at different Times. 
ge 4 
: Don af 
ſent two 8 ſetting 4 from two different Places, in order 
to meet, either at the ſame, or different Times, as in the 
former Queſtion, for London and Edinburgh, and the Diſtance 
travelled by each will be found by the Theorem, the ſame as 
was there determined. But theſe Things we ſhall leave as a pro- 


Again, by Theorem = A and B may repre- 


per Exerciſe for the young Learner, CHAP, 
* 


va. 


F 


nce 
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Queſtions analyticall ly ſolved, 70 22 


| the Naruxz and REASON of the ſeveral 
Routes of ARITHMETIC, ia ulgar Com. 


247. WE ſhall here give the Solution of ſuch Queſtions, in 
an Algebraic Way, as will ſhew the Rationale of 


the Methods uſed in the ſeveral Operations of Vulgar Arithmetic 


ſuch as the DousBLE RuLE oF THREE, Rur Es or FELILOW- 
SHIP, ALLIGATION, SIMPLE INTEREST, FALSE PosITION, 
Sc. as our principal View in all theſe Things, is rather to make 


an intelligent than practical Artiſt, ſince many are ready enough 


at Practice, at the ſame Time they know little or nothing of the 
Reaſon * what they do. | 


I, DovsLt RuLt of THREE. 


248. In all Queſtions of this Kind, there are three IR 
Terms which contain the Suppoſition, and three others in which 
the Queſtion lies; the three firſt are as follows : 

A, the efficient Cauſe that produces an Effect; 

T, the Time in which that Effect is produced 

E, the Effect produced in the given Time. 
The other three Terms, which move the Queſtion; are of the 
ſame Kind, and therefore to be denoted by the ſame Letters az 
t, e, in ſmall Characters; hence, in order to raiſe L 
for ſtating Queſtions in this Rule, we muſt reaſon as follows: 

249. In equal Times, the Effects produced will always bs 
proportioned to the efficient Cauſes : This is a ſelf- evident Axi- 
om, or indiſputable Truth. Therefore, to expteſs this in Sym- 
_ we muſt put T = ?, and then we have this Analogy, E: e 

: A: a; therefore Ae EA. 

250. Another Axiom is, that when the efficient Cauſes are 
equal, the Effects which they produce will always be proportion- 
ed to the Times that are employed in producing them. That is 
in $ytabols, WA= a, then E: e: „Tut, and therefore Er 
= T. | | 
O 251. 
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But if B move firſt, we bare a h = _ ELSE : whence 


IP 
att, ; 
2 "og 
ons K 


EP The Sun Win each Day a Degree in the Ecliptic, 
and the Moon Thirteen ; and at a certain Time, when the Sun is 
in the Beginning of Cancer, ſuppoſe the Moon, three Days after, 
to be in the Beginning of Aries. It is required to know in what 
Part of the Ecliptic the next new Moon will happen ? 

In order to ſolve this Problem, we muſt conſider that A re- 
preſents the Moon, and B repreſents the Sun, and that they 
both tend towards the ſame Part; and laſtly, that the Motion of 
cge +cah 

og —df 
= x muſt be uſed;, in which the Values of the ſeveral Letters 
are known. Thus, 

-£ = 13 Degrees, the Moon's Marion per Day. 

7 = 1 Day. - 

: A 1 PEN the Sun? $ Motion per Day. 

g = 1 Day. 

„ == 90 Degrees, the Diftance of the Sun and Moon. 

h = 3 Days, the Difference in Time. 

Hence the above Theorem is expreſſed in Numbers thus, 
ege +cdb _ —zX 1K 90+ 13% 1X4 09. 

S ER 
100 2, that is, 10043 Degrees from the Beginning of Aries, ſo 
that the Conjunction happens in 104 Degrees of Cancer. 

Alter che ſame Manner, 4 and Bi may repreſent the two Hands 
of a Clock, either ſetting out from the ſame Place at the ſame 
Time, or from different Places at different Times. 

c 8 e ＋ 44 2 
ſent two Perſons. ſetting out from two — places, in order 
to meet, cither at the ſame, or different Times, as in the 
former Queſtion, for Londin and Edinburgh, and the Diſtance 
travelled by each will be found by the Theorem, the Tame as 
was there determined. But theſe Things we ſhall leave as a pro- 


41 is ſhorter than that of B; therefore the Theorem <= 


Again, by Theorem = x, A and B may repre- 


per Exereiſe for the young Learner, CHAP, 
* » 


ya. 


ff 01 GERT A. 
Cnap. X, 
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Queſtions ana lyti cally ſolved, to illu Arate 


| the NaTurE and REASON of the ſeveral 
Norxs of ARITHMETIC, in V uigar Com 


247. WE ſhall here give the Solution of ſuch Queſtions, in 
an Algebraic Way, as will ſhew the Rationale of 
the Methods uſed in the ſeveral Operations of Vulgar Arithmetic, 
ſuch as the DouBLE RuLE oF THREE, RuLEs of FELLOw- 
SHIP, ALLIGATION, SIMPLE INTEREST, FALSE PosSITION, 
Sc. as our principal View in all theſe Things, is rather to make 


an intelligent than practical Artiſt, ſince many are ready enough 


at Practice, at the ſame Time they know little or nothing of the 
AR of what they do. | 


I, DovsLEt RuLE of THREE. 


248. In all Queſtions of this Kind, there are three ** 
Terms which contain the Suppoſition, and three others in which 
the Queſtion lies; the three firſt are as follows: 

A, the efficient Cauſe that produces an Effect; 

T, the Time in which that Effect is produced; 

E, the Effect produced in the given Time. 
The other three Terms, which move the Queſtion; are of the 
ſame Kind, and therefore to-be denoted by the ſame Letters az 
t, e, in ſmall Characters; hence, in order to raiſe Theorems 
for ſtating Queſtions in this Rule, we muſt reaſon as follows: 

249. In equal Times, the Effects produced will always be 
proportioned to the efficient Cauſes : This is a ſelf- evident Axi- 
om, or indiſputable Truth. Therefore, to expteſs this in Sym- 
wit we muſt put T = ?, and then we have this Analogy, E: : 

A: a; therefore Ae — Ea. 

250. Another Axiom is, that when the efficient Cauſes are 
equal, the Effects which they produce will always be proportion- 
ed to the Times that are employed in producing them. That is 
in Symbols, if A a, then E: e: T7, and therefore Et 
=eT. | 

O 251. 
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251. But when neither the Times nor the efficient Cauſes are 
equal, the Effects produced will be greater in Proportion to them 


boch conjointly, that is, E: e:: AT: at, and therefore at R 


A Te, from which general Theorem, if any five of thoſe, Quan- 


tities are given, the Sixth may be found without any regard ts 


the Proportions being Direct or Inverſe. And the three Terms 
of the Queſtion may be expreſſed 1 the three following Theo- 
ATe atE 


rems, viz. Theo. I. a = Fr inn Theo. 
| EAT 
HI. : = Ik 
EXAMPLE I. 


252. Suppoſe 100. in 12 Months, gain 4/. a what 
Principal or Sum muſt be put out to gain 1321. in 66 Months? 
Ts anſwer this Queſtion, we have in Theorem J. the Value of 
the Symbols as follows : 

AD 100, T = 12, E = 4, t 66, e 132, to ſind a, 


and the Theorem will ſtand in Numbers thus, 2 X 12 X 132 


4 x 66 
= a = col. the Anſwer. | 
ExAMPLE II. 
If 2 Men in 3 Days will earn 4 Shillings, how much will 5 


Men earn in 6 Days? 
In this Caſe, A= 2, E == 4, T = 3, and a = 5, 16. 
To find e, for which Purpoſe we muſt make uſe of Theorem II. 


A= Se, that is in Numbers > 2 — 2 > = 20-phillings, the 
ExAmPeLE III. 


1 for the Carriage of 300 Weight 40 Miles, I muſt pay 7 
Shillings and 6 Pence, how far may I _ 500 GN for 18 
Shillings and 9 Pence ? 

In this Queſtion we have given A = 300, E = go Pence. 
and T = 40, 4 = 500, e = 225 Pence, to find :? 

VN. B. In Queftions of this Sort, the Letter T, or t, may = 
note, not only Time, but alſo Diſtance, or any other Mode, o 
Way by which any Cauſe can produce its Effect, the Solution 

there · 
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therefore of this Queſtion, is by Theorem III. viz. = 


AT _ . 
KS. 
which in Numbers, ſtands thus, _ ＋ 98 60 Miles. 


The RuLE of FELLOWSHIP, 


| A, B, C, D, Se. Merchants tradinginCompariy 
ö. 253. Suppoſe cha, 8g 4. Kc. Each Man's Money in Stock. 
10, &, yy E, &c. The Time it is employed by each. 


Now ſince eacn Perſon's Share, of the Loſs or Gain, 4 | 
proportioned to the Money he advances, and alſo to the Time it is 
employed in Trade, therefore his Share will be as the Product of 
both multiplied together; that is to ſay, aw = A's Share, bx 
= B's Share, and do on. 
| Uebe Kc. = 8, the Sum of 

Therefore let the Products of the Times and Stocks. | 

| G = the whole Gain, Loſs, &c. by Trading. 
Then it is evident as S: G : : each of the above Products 
: Merchant's Share of Loſs or Gain reſpectively: That is, in 

Symbols as follows : 


Theorem I. S: G:: 1 = A's Gain. 
Theorem II. S: G: SN bx = Bs Gain. || 

Fe. 
eee eee 2 


Theorem IV. 8: G : : ds: SN dz = D's Gain, 


EXAMPLE, © 


254. Three Merchants 4, B, and C, enter W 
thus ; 

A puts in 60). for 8 Months, B puts in 751. for 12 Months, and 
C puts in gol. for 9 Months, with this joint Stock they Traffic 
and Gain a 150. it is required to find each Man's Share propor- 
tioned to his Stock and Time. | 


s Stock bot. x 8 = 480. 
Firſt 5 Stock 75. X 12 = 900. (Then iy, 
((C 's Stock Bol. Xx 9 = 720. 


The Sum of the Products 2100, | As 
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J. 4. d. | * 

| 480: 34, 2857 34 5 82 4's Gain. 
As 2100: . 900: 64, 2857 = 64 5 gi B's Gain. 
720: 51, 42857 = 51 8 62 3 C's Gain. 


N. B. When all the Stocks are employed an equal Time, 
the Theorems above will become more Simple, for then we neg- 
lect the Characters, w, x, y, 2, as being each equal to Unity, 
in which Caſe thoſe Theorems give the Rules of what is uſually 
called SINGLE FELLOWSHIP, which, as it is ſo eaſy, we need 
not here farther inſiſt on. | 


The RuLE of ALLIGATION. 


255. Alligation i is a Rule for compounding or mixing ſeveral 
"Ingredients of different Sorts together, in any Manner or Pro- 
portion. | 

Let the Quantities to be compounded be a, b. 

Their Prices 

The Compound which they make ——a c 

And its Price — 2 

Then we haye — — a+b=c 

And alſo — ae 

Whence this Analogy, as c: xa + yb: . 


e e IOW ufo 


That is in Words, as the Sum of the laue 7 is tothe Sum of 


the Produtts of each by its Price, ſo is any one Part of the Compound 
or Mixture to the Price of that Part. 


EXA l. | 

Suppoſe 20 Pounds of Tobacco at 9 Pence per Pound, were 
to be mixed with 12 Pound of Ditto at 14 Pence per Pound, what 
will a Pound of that Mixture be worth? Here a = 20, b = 12; 
x=9, y=14; and a +b = c == 32; then ax = _ 
by = 168; andax + yb = 348. Therefore 32 ; 348: : 1: 
10d, 3, en the Anſwer. This is called Alligation Medial 

250. When the Prices or particular Rates of the ſeveral Ingre- 
dients, and the Mixture and its Price are given, to find the par- 
ticular Quantities of the Ingredients, it is called Alligation At 
ternate, as being the Reverſe of the foregoing. 


— ** 
* 
: 
By 7 If 


If t 
be (as 


at 
17 
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If two Quantities only are concerned, then will the Equation 
be (as before) x a + yb Spez. 
Then oF” N _ 0 . 0 73 = pc — xa 
And”. ©. RE 


| SF . 
„c x SY 


pc — Xx 
* | 
Conſequently . . . 6% — 9 =P -* 
TH. - — 8 
And: '.'' of of” © {of KO) x8 JED Druugs: 


And therefore - . . . bot as 


| Therefore . . . * o o 382 — ce — 


ä EXAMPLE, - 5 

257. How much Wine at 16 Pence a Pint, and of * Sort 
at 10 Pence a Pint, will compoſe a Mixture that ſhall be worth 
12 Pence a Pint? Here x = 16, y = 10; and p = 12, and 
Pz. 1210 
" XF—yJ 10 — 10 
242 5 therefore of a Pint of the firſt, and 4 of aPint of 
the ſecond Sort muſt * taken. 


c=1; therefore the Rule or Theorem is a = 


* = 4 


N. B. Ify = o, then b will repreſent Water, Whoſe Price 


is Nothing, and then a = . = 2 = 4 of a Pine. | n 

258. When more than two Quantities are to be compounded, 
and all unknown, the Queſtion will be znlimited, as there can 
be but two Equations, this will appear by! the Steps of the fol- 
lowing Proceſs. 


Let. . | a, , y, be three Ingredients. 

—_—— 2|r, 5, t, their ſeveral Prices 

Alſo let . | 3[-, and p, be the Compound and its Price 
IBM... ⁵ ⁵ ESTER . 
A, » | lar + ge ty = pm 

Step 1ſt — a .. | ole 5) = n — 4 N 
Je % · @ > Te + ty = pm — ra 

b x byt . . . | 8[te + ty = in —ta . 

4 . » | gle — te pn — n — ra 1 


There- 
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| 


Therefore . , 10 = - — — * 


e 


— — 1 - | 


Hence by öth and gthſ 110 


5— f 
| Sy—ty + pm —tm—re + t 
| 2 Dim — 54 — tm Þ ta. 
That is 13% —ty + pm —ra = 5M — 5a 
And 114% —ty = 5m —pm—s5a+ra 


| BAGS wi 
| r xa? 3 


Conſequently . . 1323 2 | 
Nowhere it is evident from the loch Step, that 5 muſt be leb 
than _ n; and from the laſt Step it appears, that a muſt 


And reducing, . 12 


be grearer than . Therefore any Value of a may be taken 


1258 


between theſe two Limits. 
EXAMPLE. 


259. How much Tobacco at 25. 84. per Pound, and of ano- 
ther Sort at 20d. and of a third Sort at 16d. per Pound, muſt be 
taken to make a Mixture that ſhall contain 56 t6, and in 
fold for 22d. per 5, without Loſs or Gain! 


Here r = ge, '= do, = 16; m = 56, and p = 22; 
alſo @ is the Quantity worth 32d. per Pound, e that of 20d. and 
y that of 164: per Pound, hence the greateſt Limit of a, will be 


=, — 22 6 X 56 — 21, chat is to ſay, a muſt be 


1 — f | 32 — 16 


leſs than 21. Again, the leaſt Limit of a, will be — 


= 5 2 X 56, = 915 therefore the leaſt Quantity of a, muſt 
be ——_ than 93. Hence 11 Anſwers may be obtained for 
this Queftion, in whole Numbers, and an infinite Number in 
Fractions. Thus if the Values of a, be as in the firſt Column 
of the following Table, then the Values of e and y, by the 10th 
and 15th Steps, will be found ſuch as are contained in the adand 
3d Columns. 
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— — 


— — 4 2 i 


E 

10044] 2 1428144 118/7120260 

11 of 52401 19} 8129 
— 120360 8 t62002 120] 413 
4 Ei -I [OE 


260. After the ſame Manner, if 4 Quantities or more are to 
a be mixed together, you may proceed in the ſame Manner to find 
the Limits of the 1 and 2d, becauſe all the Quantities except 
the two laſt will admit of different Values, the Proceſs will be 
large and troubleſome; but if the Learner will purſue it, the Me- 
thod is the ſame as before, and the Reaſon and Truth of the 
following Theorems will then appear, which I inveſtigated ma- 
ny Years ſince for perfecting this Part of Arithmetic. 


ken a= the firſt Rate and the laſt 
= the 2d and laſt 
Let 4c Diff. between the 3d and laſt 
_ the 4th and laſt 
Þ = = the Mean Rate and the laft. 
be a 22 | - the Firſt 
e b 2 the 2d a 
Alſo let Kc Diff. bet. the 3d and the laſt Rate but one. 
ä 4 = the 4th 
; 8 the Mean 
1 
þ=J | Mean Rate and the ſecond 
hind 3 _ do berweens the firſt Rate and fecond 
E. the laſt but one and the laſt 
S = To the Sum of all the ee AT BTC 


TDT E F, &c 


261. Then if there be three Quantities to be compounded 
A+B+C=S, the Theorems are as follow. Theo. I. 


— = A, greateſt. Theor. II. 5 = &, leaſt. "Thode: HI. 


= B. Theor. IV. . B C. 


262. But if four Quantities are to be mixed, viz. A, B, — 
D, the firſt is found as before ; - the Theorems for B and C, are 
25 follows. 


Theor. 


Theor. V. 2 — = B, greateſt. Theor. VI. — 2 


b b 
— B, leaſt, Theor. VII. — — 75 — 4 G and then D 
is known of Courſe. f Proo 


263. If there be five Ingredients, A, B, E, D, E, you have 
the greateſt and leaſt Men of A and B as before; and for C and 20 
D as below. eal; y 
| Theor. VII. Sx En — © oi 


| _ Theor. : 5 if Sz ow > —— TC, Leaſt. 


hebr. x. 5 8 


264. When there are fx 8 A, B, C, D, E, F, 
the greateſt and leaſt Values of the three firſt are as in the laſt; 


and for D and E as follows. a 

Theor. XI. 3 — LE = D, Greateſt. 

—_—_ x > rao SR PE of 
Fee | 
Theor. XIII. = — 2 . Do = E. wa 

of \ ar 

And thus you proceed for any greater Number at Pleaſure. T 


265. As to the Rule of FALsE PosIT1ON, as it is called, it 
can only be of Uſe to thoſe who are unacquainted with Algebra; 
and a Perſon may as ſoon learn the Analytic Art, as the Reaſon 
and Operations of this Rule without it; thus for Inſtance, in the 
Single Rule where one Poſition (or Suppoſition) only is required, 
as in the following Queſtion, viz. 

265. Three Men, A, B, C, buy a Ship for 31o/. 16s. of 
which A paid an unknown Sum; B paid 2 f as much, and C31 
as much : How much did each Man pay! 5 | 
Suppoſe A paid 48/. then B paid 48 x 2,5 = 120l. and C 
muſt pay 48 x 3,3 = 160/. But 48 + 120 + 160 = 328 
inſtead of 310, 7 5/. 

Say therefore, As 328: 48 : : 310, 75: 45,4756, &c. 


Then 


a 105 


— Then 22nd — 8 L. 45,4756 
B paid (45, 4756 X 2, 5 1 .. 113,689 
＋ C paid (45,4756 * 3, + + + 15,5853 


Proof is the uns » » £22079 


ans 267. Now the Anſwer to this Queſtion is in a moſt direct and 
eaſy Manner pointed out by Algebra; for let x == Sum which A 
paid, then B paid 2,5 x, and C paid 3, 3 x, but x + 2,5 x + 
33 * 310, 75 l. Therefore 1 + 2,5 + 3,3 X x = 6,83x; 
hence x = 8 = 45,4756 J. the Money A paid; then B's 
and C's Part is found, as before. And as to the Double Rule of 
Falſe Poſition, it is ſo troubleſome in Numbers, and fo eaſy by 

F, Algebra, that we think it unworthy of an ingenious Artiſt, and 

t; ſhall leave it to the Indolent and Ignorant only, who generally 


take the moſt Pains to the leaſt Purpoſe. 


SIMPLE INTEREST. 


268. Simple Intereſt is the Money paid for the Uſe or Loan 
of any Principal or Sum lent out for a given Time, at a certain 
Rate per Cent. per Annum. Our Laws regulate this Matter; 
and our Buſineſs is now to ſhew how the Rules of Computation 
are derived from T heorems inveſtigated by Algebraic Reaſoning. 
Therefore, 


3 
* 
4 
V, 
1 
1 
: 
1 
} 
1 
"Mm 


2 — 
* 69 


i. ww "A = 


t 


n 
- 


; em = any Principal or Sum put to Intereſt, 

, = Ratio, or Rate per Cent. per Ann. 

; 4 578 — Time of Continuance at Intereſt, 

g A = Amount of the Principal and its Intereſt. 


* r 
8 23 * 711 


n 


N. B. The Ratio ef the Rate is the Simple Intereſt of 1 J. for 
f one Year, at any given Rate. Thus, as 100: 5: : 1: 0,05 = 
Ratio at 5 per Cent. per Annum; and 100: 34 :: 1: o, o35 = 

Ratio at 35 per Cent. per Ann. 


269. Now R = the Intereſt of 1/. for one Year, 
2 R = the Intereſt of 1 J. for two Years, 
3R = the Intereſt of 1/. for three Years, 

And : R = the Intereſt of 1/. for t Years. 


P 2 But 
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But as 1. is to its Intereſt t R, for any given Time t, in the 
ſame Proportion as any Sum is to its Intereſt for the ſame Time. 
Hence the following Analogy: 

11.:tR::P:7PR. 


270. But the Principal and 11 added together is equal to 
the Amount, that is, 


Phon I. RP + P = A = the Amount, 


Then en II. 8 =P = the Principal, 


And Theorem III. 7 = R = the Ratio, 
—— P 


Laſtly, Theorem IV. had p == the Time. 


271. By theſe Theorems all Queſtious about Simple Intereſt 
are anſwered with the utmoſt Eaſe. 


: __OQuvizs Ton. I. 
What will 2567. 10s. amount to in three Years, one Quar- 
ter, two Months and eighteen Days, at 4 per Cent. per Annum? 
In order to anſwer Queſtions in this Rule, the Parts of Inte- 
gers, muſt be reduced to Decimals, eſpecially thoſe of Time, 
which may be readily done by obſerving, 
Day is ITE. Part of a Year = 0,00274 


That one 2 Month is IE of a Year = 0,08333 
Quarter is 3 of a Year = 025 


23. 


3 1 Quarter = 0,25 
T hen the Time 18 5 2 Months 0,16667 


18 Days = 0,04932 


* 


That is, t = 3,46 599 


Then t R = o, 13864; f RP = 35, 561057; and laſtly, 


t RP + P 35, 561057 + 256, 5 = 292,061, Sc. = 292ʃ. 
15. 2 d. 5 = A, the Amount required, as per Theor. I. 


QvuvEsST1on II. 


272. What Principal or Sum put to Intereſt at 4 per Cent. 


Sc. will amount to 2921. 15. 24 4 in 3 Years 1 Quarter, 2 
Months, 18 Days? | Anſwer, 


Il 


"OY | 
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As. 2092,61 292, 051 
Anſwer, per Theorem II. + 111 
2 256,5 = Þ = 256 l. 105. 


QuesTion III. 


273. At what Rate per Cent. Intereſt will 256 J. 10s. amount 
to292/. 15. 24. 2 in 3 Years, 1 Quarter, 2 Months, 18 Days? 


A—P 292,061 — 256,5 
= mn $89,0236  - - 


_ per Theorem III. 


52 — = 0,04 = R. So the Intereſt is 4 per Cent. 


QuEes TION IV. 


274. In what Time will 256 J. 10s. raiſe a Stock or amount 
to 292 J. 15s. 2 d. 2, at the Rate of 4 per Cent. Intereft ? 


Anfwer, per Theorem IV. = = 352501 _ 3546599 
=#t = Z Years, 1 Quarter, 2 Months, 18 Days. 
275. If it be conſidered, that ? ſtands for any Time indiffe- 


rently, as well a Part of a Year as a whole Year, or any Num- 
ber of Years, it muſt appear very ſtrange for any one to imagine 
that, if 100 J. in 12 Months gain 4 1. Intereſt, it will not gain 21. 
in G Months. Yet this Mr. Ward affirmed (in his Scholium, p. 
248) contrary to the Reaſon of Things, and to his firſt or funda- 
mental Theorem, viz. tRP +P=A; for let P= 100]. R 


= 0,04; t = o, 5; then t RP + ÞP = 0,5 x 0,04 X 100 + 
I00=2+100=102 J. = A, the true Amount ia ſix Months; 
and therefore 2 /. muſt be the Intereſt for that Time. 

N. B. What farther relates to Simple and Compound Inte- 
reſt muſt be deferred till after we have delivered the Doctrine of 
Geometrical Progreſſion, and Quadratic Equations, which we next 
proceed to. 


CHAP. 
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Gar. IN. 
Of INVOLUTION. 


276. 'B* Involution we mean a continual Multiplication of the 

ſame Quantity into itſelf; and the Products arifing 
from thence, are called the Powers of that Quantity ; and the 
Quantity itſelf is called the Root. Thus aXa= aa; and aa 
Xa S , Ec. SoabXab—=aabb; andaabbXab= 
aaabbb; and ſo on. But when the ſame Quantity is often 
repeated, it is uſual to write it but once with a Figure above to 
ſhew how often it is repeated in any Product or Power; as thus 
for aa we write a*; for aaa, as; foraaabbb, a* b3; and 
the Figures are called the Indices, or —— of thoſe Powers, 
as they ſhew how many Times the Root has been involved from 
Unity as in the Table below. 


277. 1 Unity. 
a = Root, or 11ſt Power. 
aa=a*®, the Square, or 2d Power. 
aaa=as, the Cube, or 3d Power. 
aaaa=a*, the Biquadrate, or 4th Power. 
aaaaa=as, the Surſolid, or 5th Power. 


And ſo on, as far as you involve the Root. Note, the Index of 
a* the firſt Power, being Unity, is never wrote; and we make 
4 = 1, or the firſt Term of the Series, when we would expreſs 
the Series compleat in Terms of a; as 4, 4, a, 4, &c. 
278. Hence it is evident, that theſe Powers are a Series of 
Terms in Geometrical Proportion, and their Indices the Loga- 
rithms of the Terms; the very ſame as we obſerved before of a 
like Series of Geometrical Terms in Numbers (130, 131, 132, 
Sc.) Whence alſo it follows, that theſe Powers are multiplied and 
divided by adding and ſubtracting their Indices (132, 133.) Thus 
a* Xa =a*T3 =a5; and 4 u = 455; and ſoin 
as a5 h5 | 
Diviſion — = a5—* = a?, and — 2 21 = 
4* a3 þ3 
. 
279. Hence likewiſe it appears, if a leſſer Power be divided 


by a greater the Index or Exponent of the Quotient muſt be ne- 
gative ; 


oy 
# 


ef ALGEBRA. 109 


ö a3 a3 1 
gative: Thus = — * = but — = = —3 there- 


fore alſo —— 332 „ (fee 208% 

Again, it is obvious, that == „ 
— = = = 1; thereforea® = 1; as * obſerved. In the 
FUR Manner — = _ —_— ER gc; ard therefdre tis 


x I 
evident aaa. 4a. 4. 1. —. —. ——, Sc. may be thus ex- 
a aa aaa? 


preſſed, a8. 45. 4”. % % — 8 
. | : T 
280. The negative Powers of a, are poſitive Powers of 7 


or ag; and are multiplied and divided by adding and ſubtracting 
their Indices as before 8 the poſitive ones. Thus, a x 4 


1 1 3 
aa aaa — = 3 


1 1 as 
— — a =a—=t3=—=aq-?; becauſe 3 
| a 


a “ =at (279) 


281. Hence if a poſitive Power be multiplied by an equal nega- 
tive Power of any Quantity a, the Product will be Unity; thus 
a= K 4 = 2 = 4 = 1; for politive and negative 
Powers deſtroy each other, and produce only Unity, which is 
no Power of a at m= 

7 = I 


282, Suppoſe - = — = ——;- But alfo 


2 XX g*** a 


HI : I 25 & I 


42. So that, in general, any Quantity in the Denominator of a 
Fraction may be ny in the Numerator, with the Sign of the Index 


h __ OT _ 
changed. Thus, — — = =7 * 7 = 7 * 077 7 ou _— 
and = — 

"as Hf? 


283. If 


roma >... 
3 3 edits nd _ 


z os — 
1 
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— "INE 
a Cot cen Ig 8 


2 254 * is the Product of the two Powers a” and a”; and 7 


{1 
5 us 
$i 
+l 
44 
9 
Us 

F 


283. If ( m) repreſent the indeterminate Index of any Power 
of a that is poſitive, as a”; then * „ expreſs an 


equal negative Power of a. And a® a- . ν — a0 


= 1. Alſo, if a“ expreſs any other Power of a, then a” x a" 


— a”—", is their Quotient. 

184. To raiſe any ſimple Quantity to its 2d, 3d, 4th, Oc. 
Power, is, meltiply its Exponent by 2, 3, 4, &c. (as per 1 34.) 
thus the Square of ais a* X > = a? ; the third Power or Cube is 
a Xx 3 — 43; the mth Power of a is a X" — a”; alſo the 
Square of a* is 4 X > 4“; the Cube of a* is a X3 — as; 
and the mth Power of a“ is a* X ” = a* ®, and the nth Power 


of isa"X" . The Square of ab is a* ba; the Cube 


is a3 533; themth Power * . 

185. If there are Signs and Coefficients, the Sem muſt be 
ordered as directed in Multiplication, and the Coefficients in- 
volved, viz. ſquared, cubed, Cc. as in the Examples below. 


+ 28 — 3a Firſt Power. 
+ 24 — 3a 
+ 44a + 9 a* Second Power. 
＋ 2 2 — 32 
+ 8 43 — 27 a* Third Power. 
24 — 3a 
I6 a+ + 814+ Fourth Power. 


Where you obſerve the Powers of + à are all affirmative; 
and thoſe of — a are alternately negative and affirmative, 

186. The Involution of a Compound Quantity is ſomewhat 
more operoſe, but performed after the ſame Manner, as you 
obſerve in the Binomial a + 5 below. 


42 4 
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a ＋ = Root, or firſt Power. 


12 a +b 

779 a* + ab 

= a® e 

Ta | — 

an a* + 246 + 6* g nl. 
47 a ＋ 5 


a ＋ 2 b þ ab* 
2 a2 51 2232 +67 


a? + 34 b + 34 + 35 = Cube, or 34 Power. 
a +6 | 


47 3 a* b* + ab? 
+ # & +3 1 S097 3405; 


a* +40 + 64* þb* P 446 +b* = 4th Power, Cc. | 


287. The Powers of a — 5 are raiſed in the ſame Manner, 
Regard being had to the gud; as follows, 


4 —b= the Root, « or firſt Power. 
a —þb 


a* —@ab 


— ab + b* 


—2ab + * . or ſecond Power. 


3 


A — 2250 + ab? 
— 43 + 2 ab? _— 


— - 3a*b 15 1322 — cube, Or 3d Power, Ee. 


i it is eaſy to ſee, without proceeding farther, that the ſe - 
veral Powers of this Binomial a—6 conſiſt of the ſame Terms 
as thoſe of the foregoing one a + i the Difference being only 
in the Signs, where you obſerve the Sign is Negative wherever 
the Index of & is an odd Number, as à, 5, &c. and affirmative 

when the ſaid Index is an even Number a l, 6“, Sc. 8 
| Wo ; 288. In 
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288. In theſe Powers of a + b or 4 — l e are to take No- 
tice of the following Particulars, viz. (1) In the firſt Term of 
any Power, the Quantity a has the Index of that Power; thus 
in the 2d Power, it is a* ; in the 4th Power it is a*, Sc. (2) 
That in the following Terms the Exponents of à decreaſe gra- 
dually by Unity; as in the 4th Power, they are a a* a". (3) 
In the laſt Term, the Quantity @ is not found at all. (4) That 
the ſame Things are true of the Quantity b, and Exponents, 
in a contrary Order; it is not found in the firſt Term ; the Ex- 
_ ponents increaſe by Unity from the 2d to the laſt Term; and 
that in the laſt 'Term the Exponent is the Index of the Power. 
(5) That therefore the Sum of the Exponentsof both the Quan- 
tities in any Term is the ſame, and always equal to the Expo- 
nent or Index of the Power; thus in the 4th Power you find, 


The Exponents of ) 7 3 > p 4 
Whence their Sums are 4 + 0= 3 + 1221 281.43 
=0 + 4 =4, the Exponent of the Power. 
41 289. The Coefficients of the Terms alſo ariſe and proceed i in 
a regular Order; and may be found for any Term, or all the 
Terms, of any Power of a Binomial by a general Rule; which, 


2 a, my 
wo = — * * — - 
» —_— — _— 


— — — * 
— —— — d 


"Mm 
+47 1 
2 
he ) Ti 
. F 
% 0 
341 
4 
i 
14 4 
. 1 
1 
f 
4 
+ 1 
$1: 8 
1 
v, . * 
1 
14 
„5 
* 
1 
0 Y 
i! ] 
"v 
$ 
. 
{ 
i 
z 
44 
} 
1 
1 


that it may be more obvious to the Reader, it may be proper to G 
| place all the Powers of a +6 as far as the th in one View as , 
[ below : 


— -- 


-—— 


a+b; firſt Power, or Root. 
a + 2ab + b*; 2d Power. | 
a + 34 + 3ab* +83; 3d Power. 
a* + 44 + 6a*b* + 4ab* + b*; 4th Power. 
a* + 5a*b +1043b* + 10a*b* + gab* +b*5; th. Power, 
as + ba*b+ 150. + 2045 + 154 + bab; 6th Power. 


i — 


— — —— = = — A ——— 


— — . — — 
— 


7 rr 


290. Here it may be obſerved, 1. That when the Number of 
Terms is odd, the Coefficicat of ES middle Term is the greateſt 
of all. 2. That the Coefficients on each Side the middle Term 
are the ſame, but in an inverſe Order. 3. That in thoſe Powers 
which conſiſt of an even Number of Terms, the Coefficients of 
the two middle Terms are the ſame ; and alſo the Coefficients of 
the Terms on each Side are the ſame towards the Extremes. 4+ 
That the Coefficients of the fiſt and laſt Term being Unity, 
ES N the 
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the Coefficient for any other Term may be found by the fullow- 
ing XUL. E. N 
Multiply the Coefficient of the preceding Term by the E Ponent 4 
a in that Term; and divide the Product by the Exponent of b in t 
given Term; the Quotient is the Coefficient required for that Term. 
Thus, for Example, the _— of the Terms of the 
* 6 


= 6 = the Coefficient 


6th Power are found per Rule - 
= 6 5 | 
of the 2d Term; then " 2 = 15, the Coefficient of 


the 2d Term: Again 5 1 = 20 the Coefficient of the 4th 


or middle Terms. From all which it is plain, that the Terms, 
the Coefficrents, and the Signs of the Terms of any Power of a 
Binomial may be known without the tedious Operation by a 
conſtant Multiplication. 

291. But to repreſent this Matter more generally, let a + j 
be raiſed to the Power m; then (by 288.) the Terms without 
their Coefficients will be a”, af = b, = 2 , a 33, 
au — 4 ha, a s, Sc. continued *till the Exponent of b be- 
comes equal to n, for then the Series muſt end, as the Toner 
nent of @ will, in that Caſe, be nothing. 

292. The Coefficients of the ſeveral Terms will be found by 


Mr 
„ M X 


the foregoing Rule (190.) to be 1, , m N 


221 mM — 2 Mm — I "It 2 20ore JN}. — 
2 2 2 3 

on till you have one Coefficient more than there are Units in m. 

m—1 


3, and ſo 


So that we ſhall have a + b"=a" + ma"—" b + m Xx 


Mm — 1 * — 2 
2 


1 — 1 


nn 


. Ph, 8 Oc. 

293. By this genera! Theorem, or Series, you will find the 
Terms of any n very readily by ſubſtituting the Exponent 
of the given Power every where for mz. For Example, let the 


4th Power of a + be required; then 
Q 2 For 


X 
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ſ m = 323123 
N — 1 
MX 2 6 n —2=2 
For the 3 4 
Coefficients m XxX = - Oe = - 2 4 2381 
x REECE EEE on EDZIDnt m — 4 r 0 
L 2 3 + J 


Therefore a + 6+ = a* + 4a4* b + 6 a* b* + 44 + þ8, 
294. If any Trinomial or compound Quantity of three Terms, 
as @ + b + c, be involved, the Square or 2d Power will be * + 


2 4b +bb+ 2ac+2bc+c* ; where you will obſerve the Sumof 


the three firſt Terms is the Square of a + 5; and the three laſt 


Terms are 2c K @a + b + c*. 


Hence any Trinomial may be 


conſidered as compounded of * Binomial @ + 6 and a ſimple 


Quantity c; viz. a2 ＋ 5 + c =a+b +2cXxa+b+ Oe, 
So that the Terms of the Square of any Trinomial may be known 


from thoſe of a Binomial without actual Involution. 


And in 


the ſame Manner it is ſhewn that the Cube of a Trinomial 


a+b+* =a+b*+3cxa+b +3*xXa+b+ Oo, 
295. We ſhall conclude with on Example of a Binomial in 
Numbers and Species together for the Sake of Waftrationz ; let a 


= 10, andb = 2; 


Then 243 210 + 2 — 
443 8 — 
a* + ab = 100 + 20 
+ 4b + 6* = + 20 + 4 
2 + 20b + b* = 
345 = 10 + 2 
W + 20% 4; ab 5 =1000 + 400 + * 
a*b+ 206% +0 = 200 + 80 78 


* + 32 573045 


12 
12 

24 
12 


— 


100 + 40 + 4 = room Square. - 


144 
12 


1000 + 600+ 1204 8=1728 = Cube. 


CHAP. 
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Cnay. X. 


Of EVOLUTION. 


296. VOLUTION is the Reverſe of Involution, and con- 

| ſiſts in reſolving of Powers into their Roots, which 
Operation is called Extraction or Evolution. As Involution of 
Roots was performed by Multiplication of Exponents; (284. ) fo 
Evolution is made by dividing the Exponent of the Power by the 
Index of the Root required. (See the Reaſon of this in 135.) 


. *. » 3 . 
Thus the Square Root of a* is ar = a; of as itisaz; of 4, it 
is az = a; and the Cube Root of a* is 47 of a⸗ it is a =; 


of a* it is 47; of as, it is a*; and ſoon. Alſo the Square 


Root of a* b* is ab; of a* bs, it is 8* c, and the Cube Root 
of a® b* is a*b; of XK 5 2¹, it is x3 y* 2+; and ſo of others. 

297. From what has been ſaid with Reſpect to the Signs in 
Involution (279, 230.) it appears, that any Power that has an 
affirmative Sign, may have an affirmative or negative Root, when the 
Index of that Root is an even Number. Thus the Square Root 
of + a* may be + a, or —a; becauſe + aX + a = 4, 
and alſo — a X —@ = 4. 

298. Alſo from thence likewiſe it follows that no Root, whoſe 
Index is an even Number can be found for a Power with a negative 
Sgr. (See 285.) Thus the Square Root cannot be extracted 
from — 4; and therefore ſuch Roots of Negative Pow- 
ers are termed impoſſible or imaginary; and yet they are ſome- 
times to be conſidered, and will come into Uſe, as we ſhall ſee 
further on. 

299. If the Root to be extracted is denoted by an odd Num- 
ber; then the Sign of the Reot will be the ſame as that of the Power. 
Thus the Cube Root of — a? is —@; and of + à it is + a. 

300. When the Index of the required Root will compleatly 
divide the Exponent of the Power propoſed ; then that Root is 
only 4 lower Power of the ſame Quantity, Thus the Square 


Root of 46 is 42 = a3. and the Cube Root of a** = 4“. 
201. But otherwiſe, the Root required tuill have a Fraction for 


its Exponent; thus the Square Root of a* is az; and the Cube 
Root 


. ͤ 
A j 2 


— „ „L . 
. FOE he dd — ne 1 
— 4 — -: — ad —— * + = _ 
— 5 


———— of — 
r — - 


2 
- "x; 
þ 
<— <4 » — 
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Root of 42 is 47; alſo the Square Root of a itſelf is az; and 


ſo of others, as we ſhewed more generally before. 

302. Any Quantity with a fractional Exponent, may be con- 
ſidered as an imper fest Power, or Surd; and the Symbol uſed to 
denote Extraction of Surd Roots is this AY, within which the 


Power is placed, as 4s, and without or over it, the Index of 


the Root, as V denotes the Square Root of a* ; and Vat 45 
is the Cube Root of 4: So that Va* = az; and N 
| / 4 

— 4; and univerſally, i as. 
| . 303. Theſe imperfect Powers or Surds, are multiplied 
and divided, like other ada: by their a added and 


* Thus as X az = — as 5 _— — = — *.and as X as 


Jo J 
17 12 a oy 
— = Irs CRT And þtiom of ==" 2 ff 


= * 

84. They are likewiſe involved and evolved in the fink 
Manner as perfect Powers. Thus the Square of 45 is 
a ar =a; the Square of 4d is az * a = . On 


the Contrary, the Square Root of 41 is as © * = g IX — 25 
3 


— 47; the Cube Root of a3 = a*X3 — ax. 


305. As to the Roots of Compound Powers or Quantities, they - 


are known from the very Form of thoſe Powers, if well con- 
ſidered, as they ſtand in the foregoing Tablet (289.) For if 
the Powers be of a Binomial Root a + b, and a Square, then it 
will conſiſt of three Terms, viz. the Square of a, the Square of 
b, and twice the Product of both, as 4, 2 4b, bb; as to the 
Nene if they are all affirmative, the Signs of each Part of the 
oot will be ſo; if the Product has a negative Sign, then the 
2d Term of the Root will be negative or the Root will be a— 6. 
If there are any Coefficients of the Squares 32, and 4*, they 
wil! be Square Numbers, and their Roots will be the Coefficients 
reſpectively of the Terms of the Root à and h, and the Coeffi- 
cient of the Product will be the Product of both. Therefore, 
unleſs a Quantity has all theſe Characters, it cannot be a 
Square. After the ſame Manner of Enquiry you may diſcover 
ro if 
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if the propoſed Quantity be the Cube of any Binomial @ + 5, 
or a—b, It will be to little Purpoſe to ſay any Thing here of 
ſuch Powers as have Trinomial Roots, and indeed, unleſs any 
Quantity has apparently the above mentioned Criterions of a 
perfect Power, it will be in vain to attempt any particular Ex- 
traction of Roots at all. If any thing of this Kind is neceſia- 
ry to be done, it may be performed by the general Formula deli- 
vered for involving Roots (292.) and which will equally ſerve 
for evolving or extracting them, and that out of any OO 
even Surds, and infinite Series. 


306. For ſince in the Expreſſion a + Y, the Index *, if i it 
be an Integer, ſhews the Power of a + b; ſo, on the Contrary, 
when it is a Fraction, it denotes the ove of a + b: for a Root 
is only a fractional Power of any Quantity. Therefore if n 


then TY =a + b* = C; Conſequently to extract the 
Square Root of a + b is only to raiſe @ + b to the Power whoſe 
m—1 


Index is 2 then ſince a Y = a + man" 7 


MM — T IN — 2 
an 2 b* þ+ +« * 


ſhall have " 425146 


. Sc. and m 7 We 


2 ? $7 
REFS 


* N = X = ae 3 =1X—1X1a=ib3=+ 


So that 77 FA + „ eee 
385 5 2a: Baz 16 22 


307. After the ſame Manner you will find, that a « + EPL 

x+ 5 
ne * 164 

tract the Cube * of a? + x*, you will find a > x13 =a 


Sc. And fo if you would ex- 


—. 2 * 104 | 
” . f 
26 19 _ * 1 243 a” Se And thus you 


may proceed * for the propoſed Root of any other Binomial 
Quantity whatſoever, CHAP, 
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Cues; XI. 


The RATIONALE of Extracting the SQUARE and 
CuBt Roor. 


308. W HEN a Number is given, whoſe Square Rogf is to be 
extracted, the firſt Thing to be done is to point it, 
that is, to place a Point over the firſt Figure and every other Fi- 
gure afterwards ; which Points reſolve the Number into Periods 
of two Figures each, unleſs the Number of Figures be odd, for 
then the laſt Period can have but one Figure; the Reaſon of 
which is, that the Square of each of the nine Digits will produce 
but two Places of Figures; and 10 is the firſt Number whoſe 
Square will produce three Places of Figures; and 100 is the firſt 
that will produce five Places when ſquared ; and ſo on. There- 
fore the Points denote the Number of Figures in the Root. Thus 
in 64. there is but one Figure in the Root; in 144 there are tue; 
in 99856 there are three; in 1002001, there are four Figures in 
the Root; and ſo for any other Number. (123. 124.) 
| 309. In extracting the Cube Root, the given Number is re- 
ſolved into Periods of three Figures by the Points placed over 
the firſt, fourth, c. becauſe the Cube of the greateſt Digit pro- 
duces but three Places of Figures, or 10 is the firſt Number 
whoſe Cube makes four Places; and 100 cubed makes ſeven 
Places, and fo on; therefore, over the firfl, fourth, ſeventh, 
tenth, &c. Figure we place a Point, to ſee how many Figures 
the Root will conſiſt of. 

310. Now ſince there are always ſo many Places of Figures 


in the Root as there are Points, or Periods, in the given Number, 


the Figures of each Place may be repreſented by Letters, a, 6, 
c, Sc. Thus, if there be but one Period, as 64, there will be 
but one Figure, viz. 8 = a, and ſo 64 = a*, only. But in a 
Number of two Periods as 144, there will be two Figures in 
the Root, viz. 12= 10+ 2 =a + b. A Number of three 
Periods, as 99856 will have a Root of three Places of Figures, 
viz. 316 300 ＋ 10 +6 =a+b+c, that is a = 100, 
þ = 10, and cg 6. And thus you may proceed for any larger 
Number of Places. | 


311. 
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211. Again, fince 144 TI + 2ab+6b* = 0 
a* T 24 +bXb= 100 + 44; therefore @* = 100, and 
2 a + 2a+bXb=a4a; conſequently a = 10, and 2 4 = 20; 

and ſince 20 +6 x b = 44, it plainly ſhews that 20)44(2 = 


þ, becauſe 20 20 + 2 X 2 = 44: Therefore the Work, in Sym- 
bols and in Numbers, will ſtand as below. 


144 ( 10 a* + 2ab +bb ( 

100 * a* 
20 + 05 12 = Root. ä bb 
X 2 744 X b j2ab + bb 


> 0 


312. When the propoſed Number has three Periods, as 
998 56, then there will be three Parts in the Root, a + b + c; 


and, therefore, a TU TC =a*® ＋ 246 T 1 +2 4ac+ 


2bc +c* =99856; here then a* = 90000, and a = 3o9, and 
2a = 600; conſequently 9856 =2ab+b* + 2 ac + 


2bc+c* ; therefore 600) 9856 ( 10 = b; andnow2 4 + b 


X = 010 X 10 = 6100; therefore 9856 — 6100 = 3756 


=2ac + ae as >See x c = b20 4 
therefore 620) 3756 (6 c; and ſo 626 X 6 = 3756. See 
the Operation below. 


99856 300 = & 
90000 ( t0= 09 


600 + ”w 9856 310 =a +6 
X 10/ 6100 6 ='s 


1 3756 3162444 
* 6/ 3756 


313. In the above Operation, the Cyphers being every where 
omitted, the Work will be contracted, and appear in the com- 
mon 


i 
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mon Form, ſince then we take down but one Period at each 
Diviſion ; for we muſt always make as many Diviſions as there 


are Places of Figures in the Root, and we can get no more 
than one at a Time. 


99856 ( 316 
9 

4 * 98 

XI 61 


x6) - ra 
3750 


By this analytic Proceſs, the Reaſon of extracting the 
Square Root of any Number, we preſume, is very evident, 
and particularly of all the Examples and Procedure i in (123) and 
124.) 

314. And in the ſame Manner we demonſtrate the Rule for 
extracting the Cube Root. Thus, let the Cube Number 


1728 be propoſed; there are two Points or Periods, the Root 
therefore will have two Places or Parts, viz. a + 5, whoſe 
Cube is a® + 3 a*b + 3Zab* + b* = 1728 = 1000 + 728. 
Here 'tis evident a* = 1000, and ſo a= 10. Alſo 3 a* b 
3a6b* + bY = 728, and 34* = 300; therefore 300) 728 (2 
= b, whence we ſhall have 3 a* b = 600, 3ab* = 120, and 
b3 g; conſequently 3a* b + 3ab* + b? = boo + 120 + 
8 = 728, the exact Remainder ; r He Cube Root 1s 
a+b=10+2=12. 8 


315. Let another Example be the Nuraber I 3824 = a? + 
3a* + 345 + b3 = 13000 + 824, and” tis evident (from 
the Table of Powers, 122.) that the next Cube Number leſs 
than 13000 1s 8000, the Root of which. i 20 a; there- 
fore a® = 8000, which ſubducted from the given Number leaves 
5824 = 3a* b + 3ab* + b*, Now 3 &* = 1200) 5824 
4 =I; therefore we have | 


8 


* 
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3. b 4800 
34. = 960 
. by 


5824 = 34*b + 3ab* + 63. 


And conſequently the Cube Root is a + b = 20 + 4 = 24, 
From all which it is evident the common Rule, given for extract- 
ing the Cube Root, is nothing more than the above Analytical 
Pruceſs in Words. 


Cu Ap. XII. 
he | 
it, e ANALYTIC Doctrine of ARITHME- 
" " TICAL PROPORTION. 


* 316. W E have alre; y ſhewn that Arithmetical Proportion is 

that by which a Series of Numbers increaſe or 
t decreaſe, by an e Quantity, thro' the whole Progreffion, (ſee 
ſe Inſt. 96, 97.) and of which we have given ſufficient Examples in 
ö Numbers. We ſhall now proſecute that Doctrine farther, and 
4 in a more general Way by Analyſis. Thus, ſuppoſe the firſt 
2 Term of the Series be (a), and the Ratio, or Quantity, by which 
J each Term increaſes or decreaſes be (b), then will the ſecond 
Term be a + , the third a + 26, and the whole Series will 
) appear in this Form, v:z. | 


If 2 a ＋ b. 4a 4 26. 4 + 30. 4 ＋ 4. 24 5b,&c. 
Dees. 426. 4 — 2b. 4— 3 b. 4 — 4b. 4— 5h, Sc. 


317. Suppoſe the laſt Term of the Series be called x, then in 
the Series above we have the laſt Terma + 5b = x; then 
the firſt Term will be a = x — 5b; conſequently, if to this 
Equation you conſtantly add 5 on both Sides, you will get the 
two following Series, of the ſame Value in each Term, viz. 


a. a +b. a + 2b. a+3b. a+ 4b. 445. 
F—5b, * — 4 b, x — 3b, xX— 2b, x — b, *. 
| R 2 1 318. 


- 
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318. If now you take the three laſt Terms of the ſecond 


Series, and place them in an inverted Order under the three 
firſt Terms of the firſt Series, and then add both together, you 
will have the Sum of the whole Series, thus 


a. 6 „ 4 23 
K. X — 3. K — 23 


Sum 4 ＋ x. 4 T. a+x 342 T3 = KN. 


And ſince this will be the Caſe, let the Number of Terms be 
what it will, *tis plain the Sum total of any Series in Arithmetical 
Progreſſion is equal to the Sum of the firſt and laſt Terms, multi- 
plied by half the Number of Terms. Hence, if = = the Num- 

ber of Terms, and 5 = the Sum of the whole Series, we have 
25 


7 25 
$ID X a+x, whence a + x =— and = , 
n 


319. Again, ſince h js not in the firſt Term, 7 Coeffici 
of b will be always z— 1; therefore the laſt Term will be 


a+ n—IxXb=x= — — a, (byg999-) whence we get 


5= — . + — X n. Thus, for In- 
ſtance, ſuppoſe the Series were 1 +2 + 3 +4 + 5 + 6, &. 


continued to 100; thena=1, b = 1, and n = 100, whence 
the Sum of ſuch a Series will be 5 = x + = 


5O5O, 
320. Suppoſe the fuſt Term of the Series be nothing, or 2 


1 
X 100= 


Cypher (o), then in the Equation above x = — — a, ſince 


nx 5 3 
4 = o, we have 5 = I” that is, the Sum of ſuch a Series is e- 


qual to the greateſt Term multiphed by half the Number of Terms. 
For Example, the Sum of the Series o +1 + 2 + 3 + 4 + 
5+b6+7+8+9g= — = 45. This is otherwiſe e- 


vident by adding the ſame Series to itſelf, with the Terms in 
an inverted Order, thus 


. o+1 
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o+1+2+3+4+5+6+7+8+9 
g+8+7+6+5+4+3+2+1+0 


cung+9+9+9+9+9+9+9+9+9=10X9=90. 


The Half of which, therefore, is the Sum of the ſingle Series, 


UiZ. 45 

N. B. The Uſe of this Theorem will be found hereafter to 
be very conſiderable in many Parts of the mathematical and 
philoſophical Sciences. 


CHAP. XIII. 


Of GEOMETRICAL PROPORTION, er 
PROGRESSION. 


2321. HEN a Series of Quantities encreaſe by a conſtant 


Multiplicator, or decreaſe by a common Diviſor, 
they are ſaid to be in Geometrical Proportion, as we have former- 
ly obſerved in Numbers (ſee 98.) but ſhall here more general- 


ly treat of this Doctrine. The faid Multiplier or Diviſor is 


called the Ratio of the Series, which let be denoted by (7), 
then will the two Series be as follow 


Increaſing; a. ar. ar*. ar*. ar*. ars. Ec. 


MAS. a a a q 
Decreaſing ; a, = 7 3 0? 7 Sc. 


which latter Series is alſo thus expreſſed; 
„% O „6 


322. Now the Property of ſuch a Series is, that the Product 
of the firſt and laſt Terms is equal to the Product of any two o- 
thers equally diſtant from them; or to the Square of the middle 
Term, if the Number of 7 ms be odd. Thus if we take fix 
Terms, we kave a X 4 Sar X ar* =ar* Xar* = 42 
77%, Or, if we take Vc (ve Terms, we ſhall have a K a 7* 

er 
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=arXar” =ar* Xar* = a, and fo on. Whence all 


the other Propetties of ſuch a Series, mentioned | in Chap. IX, 
of Arithmetic, are eaſily deduced. 


323. Suppoſe the laſt "Term of the Series be called y, as 


21 =y, then the firſt Term will be a == =y7—5 (in the 


increaſing Series;) the ſecond Term 7 7—* the third will be 


FF „ and ſo on; ſo that the Series will be doubly expreſſed 
as below, dix. 


a ar ar? ar a r* ar, &. 
EF pe pr”. 3 


324. Now 'tis evident the Product of the firſt Term in the 
firft Series, and laſt Term in the other, will be equal to the 
Product of any other two Terms, taken A an equal Interval 
from theſe; that is, aXy =arXxy =0a7* Xx y = = 
ar Xyr-=3, Sc. (by 138.) 

325. In either Way of expreſſing ſuch a Series, we obſerve, 


the Sum of all the Terms, except the firſt, is equal to the Sum of 


all, except the laſt, multiplied by the common Ratio (1); for ar 


+ar* Tara, Sc. =a+ar+bar* + ar* +ar* 
X 7; and therefore let s = the Sum of the Series, and we have 


yer, (which is the above Theorem in Symbols) 
and conſequently 5 — a = - a Whence Sr—S=)7 
yr — 
fo 3 
326. Since the Exponent of r begins from the ſecond Term, 
it will always be leſs by 1 than the Number of Terms u; and 
therefore in the laſt Term it will ben — 1; ſo that y =@ 


—_ 4, and fo 5 = 


n 
1222 © "FF =er and fo 5 = ( =) ws 
7 1—1 1—1 


Wherefore a, r, and n being given, the Sum of the Series 5 
is eaſily found. 


8 327. In any encreafing Series, if the firſt Terms be a. ar. 
ar*. ars, Sc. and (y) the laſt Term, then will the four laſt 


Terms of the Series ; and thus both 
Ends 


_=_ 


8 41 


A 


32 2 — "9 


Ends of the Series may be expreſſed, without the intermediate 
Terms. Thus 


4. 47. ard. ar, ar—=3% port. $87. 
And in a decreaſing Series they will ſtand thus, 
4. a7 „ „ ar, oe pri. yr. pro Þo 


In this Caſe we have s —a=5$s—y f , or r- rag I. 


Ems TY 
and ſo 5s = ny OY (ſee 325.) 


328. If the Number of Terms in ſuch a Series be ſuppoſed 
infinite, we ſhall have y = o; for ſincen =g,* ra—x 
will be infinite alſo; and à finite Ruality divided by an infinite 


one is nothing, therefore y = = ©; and conſequently the 


a 
pr 
dum of ſuch a ts Series will be s = — which is . | 
finite Sum, though the Number of Terms be infinite, Thus 


1 a 1 
i 
1 
. Sc. 3 5 
ThE " 7 + —_— 


Theſe 3 alſo we ſhall hereafter find of very great Us 
in Philoſophy. 


* We ſhall ufe the Symbol g for {»/zity, when there is Occafion. 


C HAP. XIV. 


Of the Nature, Geneſis, and Roots of Qu ApRATIC 
EQUATIONS. | 


329. A Duadratic Equation properly ſignifies no more than 

| the Square of a ſimple Equation. Thus the Square 
of the fimple Equation x — b o, (x —bX x —b) = x* 
—2bx + b* = ©, which is a Quadratic Equation; whence 
all 


* 
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all Equations where the higheſt Power of the unknown Quan- 


tity is a Square, or the ſecond Power, are call'd Quadratics, 
however they may differ from this in other Parts. For we are 
here to obſerve, that this is the moſt ſimple Form of a Qua- 
dratic, whoſe Root conſiſts of two Parts, or Quantities, x — 
þ—=0; this Root once obtained, gives the Value of x, xiz, 
P32 3 

330. All other Forms of Quadratics are ee made 
of two different Roots, or Values of x, as x —a = OX x — b 


= © makes x? —a+6 Xx'+ ab =O; where it is obvious, 
the Coefficient of the ſecond Term is the Sum of the two Roots, viz, 
a + b; end the third Term is the Rectangle of both, vis. a b. 

331. But now to determine the Signs by which the Terms 
will be in all Caſes connected, we muſt conſider the Quality of 
the Roots, viz. whether they are Affirmative or Negative. In 
the Equations above, the Roots are both affirmative ; for 
fince - g = o, and xr —b = o, it will bex = a, and xb. 
Let the Sum of the Roots be a + b = 5s, and the Rectangle 
a h r, then when both the Roots are affirmative, the Form 
of the Quadratic Equation will be x* — 5 x + r = ©. 

332. If both the Roots are negative, viz. x =— 4, and x 
=, then x+ 4 2 o, and x + b = ©, and the Rectangle 
of both Equations gives x* + ax +b>x+ a9 =; that is, 
the Form in all ſuch Caſes is x* + s x + r = ©. 

333. If one Root be affirmative, as x = a, and the other 
negative, x = —b, then the Equations x — 4 = o, and x + 
b So, multiplied together, produce-x*? —ax + bx —ab= 
o; now as the R 
of the ſecond Term will be — or +, and being ambiguous, 
it is cuſtomary to expreſs both the Signs, thus x* Fs x — r 
== ©; in this Form the laſt Term is always negative; and 
= the Difference of the Roots. | 

334. Hence by obſerving the Signs of the Equation, you 
will readily diſcover when the Roots are affirmative or nega- 
tive; for if the Signs change alternately from + to —, and from 
— to +, as in the firſt Form, (331.) then both the Roots 
are affirmative; but if the Signs are all affirmative, the Roots 
are both negatiy e, as in the ſecond Form. (332.) And if 

there 


a or b is the greater Quantity, the Sign 
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there is but one Change of the Signs as in the 3d Form, (where 
there are either +, +, —, or +, —, —,) there will be one 
affirmative Root, and the other negative of Courſe. 

335. There is another Diſtinction of the Roots of Equations, 
viz, into real and imaginary, or poſſible or impoſſible. Thus in the 
Equation x* — 4* = o, both the Roots are real; for ſince 
** Sa, it will be eitherx= +a, or x =— a, as appears 
by (297.) But the Equation x* + 4 = o, has no poſſible 
Root at all; for here x* = — , and K = — which is 
impoſſible, as appears by (298.) The Roots, therefore, of a 
Quadratic Equation are both poſſible or real, or both impoſſible or 
imaginary together. 

336. When a Queſtion is properly ſtated, in algebraic Terms, 


and produces a Qyadratic Equation, it will always be of one 


5 of the three Forms above-mentioned, viz. | 


. I. * - & +7 = 0); 

e Eiter Ja * 412 4720 Which are all rectangular Qua- 

n 3. * TS -r So dratics. (330.) 

b 337. Now if in each of theſe we tranſpoſe the known Quan- 

8 tity r, they will appear in the Form of an imperfe& Square. 

| ; - 3 —— | i 

Thus L pp + 2625 2 The Form of a perfect padra 
3. » F 5#=r7 tic being #* +2 5x +bÞ = 


| 338. In order then to reſolve a Quadratic Equation, the iſt 
| Thing to be done is to complete the Square of it, which is ea- 
ſily done, if we only obſerve, that the third Term wanting to 
make it complete, is the Square of half the Coefficient of the ſe- 
cond Term. Thus in the complete Square x* — 2 bx + $6, the 
third Term bb is the Square of half the Coefficient 256 of the 
ſecond Term. Therefore fince the Coefficient of the ſecond 


Term in all the foregoing Forms is s, the Half of which is - 


and the Square of that Half is 5 which Square, therefore, makes 


the third Term to be added to each Side of the foregoing Equa- 
tions, to make each a complete Square on that Side where the 
un- 
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unknown Quantity x is; and when this Addition is made, thoſe: 

Equations will ſtand as below, viz. | 
| wo 

1. „ -A TT 1 


| 4 | In the Form of perfect 
. + 3 + I eo 2" — 7 Squares, whoſe Root 


5 

3. K* TI&K T7 e Gigfad Ar 
339. If now you extract the Root from theſe Equations, we 

ſhall have A 

Ye - 1 1 E RG + T 

1 TY 2) F I. Xͤ e th 
r 212. 2 [© - 
2 TT "ME «a . 

+ 4 2 {i 

8 i E S | * $ 

7 el Wie" a as 2 

340. Since the Equation in any Form always contains two F 


Roots, it is evident the Value of, x muſt ever be expreſſed, in 
two Parts or Terms, ſince their Sum gives one Root or Value 
of x, and their Difference gives the other, which is the Rea- 
ſon why you ſee them always nene with the double 
Sign T. | | 
341. But to put this Matter into a clearer Light, let us 

inveſtigate the two Roots, à and b, of a Rectangular Equation, 
ſeparately i in Numbers, which we can do by having the Sum 
given, viz. 4 + b = 5, and their Product ab r. (228.) 


Thus ſuppoſe * 5, and again x =b = 3, then x —4 


e ie gives „an- o, or & 


t 


0 
N 
4 
q 
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Here a 4 5 = 8 
And 11 


1 


Therefore 5 — * a 
And b=2=$8-s 


a 
And fo. 15 284 — 42 
Tranſpoſing all the Terms a* —8a—=— 15 
And compleating the Square a*—8a + 162 16— 15 21 
| Extract the Root 2 — 4 N : : 
And ſo a=ty/1+4=5 
And of Courſe b (-A =—=y/ 1 +4= 


That is in Words, The Sum of the Radical Quantity, and Hay 
the Coefficient of the . middle Term, is the greater Root a; and 
Half the Coefficient leſs the Radical Quantity, is the leſſer Root b. 
342. Before we leave this Subject, it will be proper to ob- 
ſerve, there is yet a more ſimple Form by which the Root may 


be expreſſed, than thoſe in (339.4) For ſince y A =# 


92 — 417 


7 = Via frre! * 


K — 
: 3 therefore = — 7 +þ+ 


89815 


Hence the Root of a Quadratic Equation will 


=4r + 
—_— in the two firſt Forms, or 
Vo* +4r+s | 


in the third. Or more particularly, for every 


Form of a Quadratie Equation, the Root will be as in the fol- 
lowing Table. 


Edu ATIONs. | RoorTs. 


I, **—s5x#x+r=0 X. 
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EQUATIONS. Roors. | 


8 2 a 
2.x*+5x+r=0 1 


2 


— © 
e . + 4r+5 
87" 2 


4. » þ+x—r =O LE thr = 


C HAP. XV, 


A Cullection of QUEsTIONs producing Qu ADRA- 
Tic EQUATIONS, 


343. 243. IN this Place we mean the Solution of ſuch Queſtions 
or Problems, as involve not the pure Square of the ſun- 
known Quantity x, as x x; but the Sum or Difference of this 
Square, and the Rectangle of the Quantity x, and ſome known 
Quantity , as xx +5x; and theſe are called Adfetted Quadra- 
tic Equations: All of which are to be reduced to one or other 
of the four Terms in the laſt Article, and then the ſought Quan- 
tity x is known, and the Queſtion ſolved, as will be illuſtrated 
by the following Examples. : 


* QpEsTION I. 


344. What two Numbers are thoſe whofe Sum Is 20, and 
their Product 36? 
SOLUTION. 
Let the two Numbers be x, y. 4 
Then their Sum is x + y 20. 
Their Product xy = 36. 
| 7 2 20 —x 
Then we have 5 . 36 


And. confequently X = 20 —# : 


Which gives WE, 6 
4 gwes & * = 3 There- 


Het 


23 
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Therefore x* — 20 x — 36 = o, which is a Quadratie of the 


firſt Form, where = 20, r= 36, and x = A. —4 
— g 


he 4/422 en; and ſo „2: Thus the Sum 
18 + 2 = o, and the Product 18 x 2 = 36. 


| QuesT1on II. 

345. What two Numbers are thoſe whoſe Difference is 24, 
and the Quotient of the greater divided by the Square of the 
leaſt is 3? | 


SOLUTION. 
Let the two Numbers be x and y 
* Then (per Queſtion) x — 5 24 
And = 
| 75 
4 Which gives this Equation x = 3y*, andy = N | 
* | 1 
; ET 
n Therefore we have „ - 24 =y = E - 
- 3 
l Whence, by ſquaring, #*— 48 x + 576 = : |; 


Therefore, 3x* — 164 x + 1728 = x 
| And tranſpoſing, 3x* — 145 x + 1728 =0' 
And dividing by 3, * — 48.zx + 576 0 


Here then, s = 48-33 r= 576; and (per Form fifſt) x= 


2 i = 27, and thereforey = 3. 


- QuesT1oN III. 


346. There are two Numbers, the Sum of their Squares is 
2368, and the greater of them is in Proportion to the leſs as 
b to 1, What are the Numbers? 


SOLUTION. 
Let a = the greater Number, e = the leſſer, and z = 2368. 
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Then 1 — | 
And | 2 guſt hand ==? by the Queſtion | 
2. | 3| 1a=G6e 
38 |-4] aa= 3bee 
I—4 | 5] ee=z— 3bee 

5 + 36ee 6 37e 2 

6 = 37 7 ee 37 =bh 
| 72 
2 8 —— 7220 
wy 37 
8x6| 9] 6-=6 == 48 
3andg | 10 a = 48 2 
If a=48 
And e—=8 
aa = 2304 
. Proof ee 2 64 


| aa + ee 2368 
Land 48:8::6:1 


QuesT1on IV. 


247. There are three Numbers in continued Proportion, the 
Sum of the Extreams is 156, and the Mean is 72; What aue 
the two Extreams ? 


SOLUTION. 


That is, ſuppoſe a, m, e, in continued Proportion, and m = 71 


Then 3 


22 
1 &-? 
3X4 
3 
6 bw? 
I+7 


8＋ 2 


— 


OY 


-\O © ww. cn > &@ ÞD » 


1ole 2 


a Ter 5156 = by the Queſtion 
a:m::imie 2 Queære'a, e, Cc. 
ae=mm 
aa + 2aekbee=5sSs 

4ae=4mm 
aa—2ae+ee=sSS—= mm 
a -g — 4 un 


2a=5s+\/ 55—4mm 


= 1083 (= 
Lord 
= 48 e=108 


QuEs 


S+4f 55 —4 mm 

1 2 

2 — 4mm 
2 


Ed 


AY 


5 & 


1 


8 


ES” 
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QuesTIon V. 


348. There are three Numbers in continued Priperticn, their 


zum is 74, and the Sum of their Squares is 1924: What are 
oſe Numbers? 


SOLUTION. | 
That is, a, e, y, are in continued Proportion. 


| j Il ape +y=i=74 
Then 2 GE EG EI ou a, e, . 
312 2 3 
5. 4 Ja 2e e . 
1— SJ ary = — e 5 | 
2—ece | bPY aa+yy =2z—ee N 
4* 2 7 2a y Sαπ a ee 
6177 81 aa + 2ay+yy=2z+ee 
5 &* gl aa+Þ2ay+yy=Ss—25e+bee 
8andg [10] z + ee=s 5— 25ebee 
10+ IIII[ 256e=sS—zZ . 
Rs 2 TE Cone. 202 
— =F7 — 
5 | 13] a+ y=$—c=5$0- 
130* | 14] aa +2ay + yy = 2500 
$X4 [33 442% e e = 2304 
4— 15 [1644 — 245 T5 = 196 
1610 | 17 
18 


a—y=y/ 196= 14 
24 50 + 14 = 64 


8-2 19 a= 32 a=18 
13—19 291 #58. Or * 


QuesTion VI. 
349. There are three Numbers in Arithmetical Progreſſion, 
the firſt being added to twice the 2d, and three Times the 3d, 


their Sum will be 62; and the Sum of all their Squares is 275 : 
What are thoſe Numbers ? 


SOLUTION. 


Suppoſe Ss 1 | a, e, y, in Arithmetical Progreſſion 

And a + 2e + 3 62 
15 3 5 $97 the Queſtion 

Then | 4 | 412 +y=2e (per Article 136.) 


* 
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2— 4 | 5[2e + 2y=62—2e 

I 2.þ © + J=3L—e 

Oe | 7p=31—2e 
4=—7]%=41—31 

8 O.. a=Ibee—248e + 961 

7 &* oy = 961 —i24e 4e 
9 ＋ 10 HIEA TY = 20e — 372 + 1922 
3 — 11 [la e = 372 6 — 206 — 1647 


12 + 20ee I3ERI ee= 3726 — 1047 
13 — 372 [141 C= 372e = — 1647 


14 + 27 15 r 


Comp. Squareſ 16 
16 kw* [17 
62 
17 + — ige 
1 7 
18 X 4 » hn 36, or — 


7 


8 and't9|20ſ|a = 36 —31=5, or 34 2—z =1 


18 + 2 |21]2e= 18, or 175 
1 
7 


7 and 21 220 = 31 — 18 13, or 31 — 173 =13 


QuesTIon VII. 

350. There are three Numbers in Arithmetical Progreſſion, 
the Square of the iſt Term being added to the Product of the o- 
ther two, is 576; the Square of the mean being added to the 
Product of the two Extreams makes 612, and the Square 0 
the laſt Term being added to the Product of the firſt into the 
ſecond is 792. What are thoſe Numbers ? 

SOLUTION, 

a, e, 75 in Ar ithmetical Progreſſion, as before. 
aa ＋ e 576 

ee daa de the Queſtion 

79 + ae = 792 


Suppoſe | 
Then) | 


a+Fy=2e 


- "0 > GW ND m- 


BS 4 


* 


11 and 12 
13 + 42. 
14 — 8 


15 ky* | 


8, 
10, 
17 — 18 
1 U 
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ae +ye=2et 

aa fe 1 4e = 1368 
44 ＋9 2 1368 — 2ee 

54 2 612 — ee | 

254 = 1224 — 2c 

a 4 ＋ 2954 T 557 2592 —4ee 
aa + 2ya+yy =4e7 
4ee=2592—4ee 

8 ee = 2592 

ee = 324 


ig = 18, the. Mean 


aa + yy = 1368 — 2e = 720 

| 2ya=1224—2ee= 570 
Ee ES OS 
a —y =4/ 144 12 
2a=2t+12=48 

a= 24 a —= 14 

y = 20 — 24 = 12 Or, 5 = 


QuesTION VII. 


351. It is'required to find two ſuch Numbers, that their Sum 
being ſubtracted from the Sum of their Squares, may leave 14, 
and if their Product be added to their dum it may make 16 


SOLUTION. 


Let a and e be put for the Numbers; and let y Sa Te 


Then 3. 


I +9. 


2—yh 


4X2 
373 


1 
2 


»&4 


3 
4 
5 
6 
5 


9 ＋ 7 
9 y = Y —y 
15 = 42—y 


a 4 + 4 —y= 14 
"ae + 5 n the Queſtion. 


OS — 


1 a0 7785 . 


4 2 14 —5 

2 4 2 2 
aa+2dt+ie=42—)y 
a +e=V 42—y 

y, as above 
— mrmrmmmmo—_ 


we 172 42 

Y +3 = 42 + = 42,25 
3 +x = Sd 42,25 = »5 

72 65 —4 = — 


T Con- 
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Conſequ. 
3 and 14 
5 and 15 
16— 17 
8 by? 

15 ＋ 19 
23 2 
1—21 


15 


INSTITUTIONS 


16 
17 
18 
19 
20 
21 
22 


a+e=6b, (for a Te = y) as above 

aa+ee=14 T 6 = 20 
24 e 2 28 — 12 16 

laa—2ae+ee= 4 
a—e=/4=2 

. 

a=4 
e=b —4=2 


QuesTIon VIII. 


352. Three Merchants join Stocks together; the firſt Man's 
Stock was leſs than the ſecond Man's 13/. the ſecond and third 
Man's Stock was 175]. In trading they gain 48/. more than 
their whole Stock was; the firſt Man's proportional Part of 
the Gain was 78/, What was each Man's Stock and Part of 


the Gain? 


SOLUTION. 


Let a, e, y, repreſent each Man's Stock. 


2. 

Then 3 | - 
Andy t 3 

| 4 
41421 5 

1 and 5 | 6 
6and2| 7 
But | 8 

8 . 9 
9784 10 
11 

111.12 
12 — 72,513 
314 

4 — 14 | 15 
Then | 16 
Again I 17 
Proof 3 | 18 
19 
18 — 19 20 


a+e+y=s, the whole Stock, 
' 5 + 48 = the whole Gain. 


[aT IZ Se 9 


4528175 “ 


ae +y3=175 +.4 

S=175 +a 

s + 48 = 223 + @ i 
175 ＋ 4: 223 ＋ 4: : 4: 78, per Queſtion 
4 44 223 4 2 78 4 + 13050 

aa ＋ 145 4 = 13650 | 

aa + 145 4 + 5256,25 = 18906, 25 

a + 72,5 g 18906, 25 

a= 1375 — 72,5 65 

nn 

y=97 

65: 78 : 78: 930. 125. “s Gain 

65: 78 :: 97 : 116). 88. y's Gain : 
116“. 85. + 931. 125. + 781. = 288, theGain 
65 + 78 + 97 = 240, the whole Stock 
288 — 240 = 48, the Gain more than the 


353. Theſe 


an's 
Urd 
han 

of 
of 
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353. Theſe Examples will, for the preſent, be ſufficient for 
Quadratic Equations, according to the beſt Methods of Soluti- 
on. What relates to adfected Cubic, and higher Equations, we 
ſhall defer *till after we have proſecuted the Doctrine of ſimple 
and compound Intergſt, which now the Reader is prepared for; 
ſince if Equations, higher than Quadratics, occur in that Affair, 
they are ſimple ones, and may be ſolved by Logarithms, or Tables 
made for that Purpoſe. 


C HAP. XVI. 


Of ANNUITIES, PENSIONs, &c. in Arrears, at 
SIMPLE INTEREST. 


354. 1 or Penſions, &c. are ſaid to be in Ar- 

rears, when they are payable or due, either yearly, 
or half-yearly, &c. and are unpaid for any Number of Pay- 
ments. Therefore the Buſineſs is to compute what all thoſe 
Payments will amount unto, allowing any Rate of fimple In- 


tereſt for their Forbearance, for the Time each particular Pay- 


ment became due: Now, in order to that, 


U = the Annuity, Penſion, or yearly Rent, Cc. 
p T = the Time of its Continuance, or being unpaid. 
ut AR the Ratio, or Intereſt of 11. for one Year, as before, 
A = the Amount of the Annuity and its Intereſt. 


355. Then ſay, as 1J.: R:: U: RU, the Intereſt due at 
the End of the ſecond Vear, for the Rent forborn one Vear; 
and 2 U will be the Rent or Annuity due at the ſame Time. 
So that for any given Time, the Intereſts and Rents will ſtand 
as below for each ſucceſſive Year, viz. 


RU = the Intereſt 
ee dae e e, 8 due at the End of tbe 2d Year. 


2 RU g the Intereſt ? X 
3U = the Rent 5 due at the End of the 3d Year. 
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3 RY = 95 * due at the End of the 4th Year. 


4RU = = the Intereſt 
$ 62 = the Rent d que at the End of the 5th Vear. 
And fo on, for any Number of Years. Hence it is evident, 
that RU+2RU+3RU+4RU+5RU=A, the 
Sum of all the Rents and their ien, being forborne five 
Years. 

356, Let T = the Time or Number of Years, then it fol- 
lows that RU+2RU+3RU+4RU=A—TU, 
Here T=5; divide by U; then R-þ+2R+3R+4R= 
A I” * Next to ſind the Sum of this Progreſſion: Thus, 
Let! R T2 RT 3 RAT 4R, Oc. Z; then 1 + 2 + 3+ 


. = 4 Here the Sum of FA firſt and laſt Terms are 


41125 = T, and the Number of all the Terms is 4 = 
en: Therefore dive th X T = the Sum of all the Terms; 


LE ow 1 TTR TR 
gs Hence th = Z, con- 


What has been here ſaid may be =” deduced from Chap 
12, and Theorem in Article 318. 
357. From the laſt Equation we it the following Theo- 


that is, 


rems. Theorem I. e — x RTT USA. 
2A 

Theorem II. ＋ FR RT © = U. Theorem III. 

7 Fg = R. (Let 5 331 .) Then Theorem . 

12 2A x x 


QuesT1on I. 
358. If 250l. yearly Rent, (Penſion, &c.) be forborne or 
unpaid ſeven Years; what will it amount to in that Time, at 
3 per Cent, for each Payment, as it becomes due ? 


Here 


* 


U = 250 
Here is given TS = {Tos find A, the Amount. 
R = 0,03 
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By Theorem]. —— * R + u —— — 250 


og | 

X 0,03 + 7 X 250 = — X 0,03 + 7 X 250 = 1575 
+ 1750 = 1907,5 = 115 10S. = the Amount required. 

359. If the Annuity or Penſion were to be paid half-yearhy ; 

then U = 125, T = 14, the Number of Payments, and R = 


— o, 15, to find A; then the Theorem will be as follows: 


TTU = 14 X 14 00 
TVU= 14 1 $950 
TTU—TU = 24500 — 1750 = 22750 


TTU—TU x R = 2279 
2 


X 0,015 = 170,625 


170,625 + I U = - 170,625 + 7506 I920,625 = A = 
Þ 1920“. 125. 6d. | 
Wherefore the half-yearly Payment is more advantageous 
than the yearly one by 13/. 25. 6d. and conſequently quarterly 
Payments are ſtill more ſo than theſe. 


QuesT10N II. 


360. What Annuity, Penſion, &c. being forborn, or un- 
paid ſeven Years, will raiſe a Stock of 1907/: 10s. at the Rate 
of 3 per Cent. Intereſt for each Payment as it becomes due ? 


A = 1907,5 
Herey TI = 7 10 find U, the Annuity, &. 
R = 6,03 


8 2A r 
TR TR++aT 


= 250. the Annuity re- 


Then per Theorem II. 


2 X 1907,5 


7X 7 X 933 IK GOT DRE 
quired, 


Ques- 
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QuesT1on III. 


361. If 250l. yearly Rent, being forborne ſeven Years, will 
amount to 1907/. 10s. allowing ſimple Intereſt for every Pay- 


ment as it becomes due, what muſt the Rate of Intereſt be per 
Cent, &c. 
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U= 20. 
Herey A = 190%, 5. J find R, the Rate of Intereſt. 


18 97 en 


2A—2 TU —ÞR — 2 X 1907,5—2 X 7 X 250 
TTU—-TU” 7 X 7 X 250—7 X 250 
= o, oz; then 1: 0,03 : : 100). : 3. the Intereſt per Cent. re- 
quired. 


Per Theor. III. 


QuEsTHoN IV. 


362. In what Time will 250!. yearly Rent, amount to 
19077. 10s. at 3l. per Cent. for Forbearance of Payment as they 
become due ? 


U = 250. 
Herod = 1907,5 fro find T, the Time, per Theor. II. 


K == o,o 


Here R 12 — 165,6; and 2 x 32,833 


0,03 | 
2 A 1 e 558855 


— 32, 83 = 7, the Time, or Number of Years required. 


C A p. XVII. 


The PxEsENT WokTH of ANNUITIES, PENSIONS, 
Sc. computed at SIMPLE INTEREST. 


303. TH Buſineſs of purchaſing Annuities, or taking of 
* Leafes, c. for any aſſigned Time, depends upon 
the true equating of the Principal, or Money, laid out on the 


Pur- 


Purcl 


diſco! 


on 


4a 
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Purchaſe, with the Annuity or yearly Rent, by allowing (or 
diſcounting) the ſame Rate of Intereſt to both Parties ; which 
may be eaſily performed, by duly applying the reſpeQive Theo- 
rems in Article 270 and 357, for finding the Amount of any 
Annuity and its Intereſt, forborne for any given Time; and 
then what Sum or Principal, put to Intereſt at the ſame Rate, 
will in the ſame Time amount to the ſame Sum. 

364. Now fince the Amount A in both Caſes is the ſame, 
the Theorems which give the ſaid Amount, muſt be equal to 
each other; that is, (Article 357. Theorem I.) 3 — — 
XIRT＋TFT USt PRT PS A. (Article 270.) Which two 
Theorems compounded together give the following, viz. 


Theorem I. EEE x U.= F: 
Theorem II. ECT Xx aP;=U 
Theorem III. - 1 — Ä = 
Now pu IE x; then TESTES which 


gives 
& * * 
Theorem IV. t = JI + _— 


QuEsTIoOn I. 


365. What is 75 J. yearly Rent, to continue nine Years, 
worth in Ready Money, at 3 per Cent. 


D = 757K 
Her) = o, og fo find the preſent Worth P. 
. Ct = 9 Years 


Theo 1 — RT27 xU= 9X 9X 0,03—9X0,03+2X9 


2tR+2 5 2X 9 X 0,03 + 2 
— 2,43 —0,27 + 18 0 | | 
X75 = EIS X 75 = 611]. 45, 44.3. the pre- 
ſent Worth required, 


QuEs- 
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QuesT1on II. 
366. What Annuity, to continue 21 Yeats, will 192]. 15 
52d. purchaſe, at 5 per Cent? Thi 
P = 192,0731/. 8 
Hee] 2 27 Years E find the Annuity U. 
R = 0,05 300 
Then, Theor. II. in Numbers, . Ca 


X 2 X 192, 0731 = 12,5 = = 121. 10s. the Annuity required, 


QuesT10N III. — 


367. At what Rate of ſimple Intereſt will 1927. 1s. 524 fi 
purchaſe an Annuity of 12/. 10s. to continue 21 Years ? 


P = 192,07 310, 
Here} = 12, 5. fro fin R. 
T = 21 Years 


2 & 192,731 —2 X 21 X 12,5 


= ©,05; then 1: 0,05 :: 100!. : 5. the Intereſt per Cent. al- 
lowed. 


Per Theor. III. 


QuesT1oN IV. 


368. In whit Time will 71. per Ann. pay a Debt of 1201. 8. 
at 61. per Cent. Intereſt? Or thus; For how long a Time 
may an Annuity of 7/. per Ann. be purchaſed, or enjoyed, for 
120/. 8s. at the aforeſaid Rate of Intereſt ? 


U= al. Y 

Hee) R = 0,06 Fr find T, the Time. 
P == 120,44. 

| « - a | Q 

Then K 8 + 1=#x 2, og. (See Article 364.) And 


. * 


2P => h 

KU T TTA = T 24, 9 = 25 Years, the Time 
required, 

CHAP- 


Ge 


3 
al- 


. 


ne 
Or 
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.C Ap. XVIII. 


The Conſtruction and UJe of Tante 7 SIMPLE 
INTEREST. 


369. 1 * great Deſign of Tables of Intereſt (both Simple 

and Compound) is Eaſe and Expedition in practical 
Calculations. For, beſides that the Rules expreſſed in Words 
for anſwering Queſtions of Intereſt are tedious and intricate, 
and the Reaſon no Ways to be underſtood, the Operations them- 
ſelves are, for the moſt Part, very laborious; and conſequently 
Tables which expedite and facilitate the Practice are indifpen- 
ſibly neceſſary. 

370. Theſe Tables are meds. in Decimal Numbers, the firſt 
for Days, and the ſecond for Years; which Numbers, being 
Arithmetical Proportion, make them capable of that Perfection 
which no other Tables can pretend to: They are ſo contrived, 
that the Intereſt of any .principal Sum is eaſily found for any 


Number of Days, or Years, at any Rate, from one Pound to 


ten, with the Halves and Quarters; having followed herein the 
Rev. Mr. Brown in his Arithmetica Infinita. 

371. The Conſtruction of theſe Tables is eaſy from the The- 
orems themſelves, (and indeed the Reaſon of their Conſtruction 
can be no otherways ſo eaſily conceived.) Thus, by Theorem 
I. of Simple Intereſt, viz. *:RP+P = A is the firſt and ſecond 
Table conſtructed. For ſince the Amount leſs the Principal, 
is equal to the Intereſt, therefore the Theorem will be # R P 
= Intereſt. Now if P = Il. t = ,002739, &c. (the Deci- 
mal of a Year for one Day) and R = any Ratio of Intereſt ; ſup- 
pole 5 per Cent. then the Simple Intereſt of one Pound for one 
Day, at 5 per Cent. is ,002739, &c. X ,05 X 1= 00013698, 
Sc. which being multiplied by the nine Digits, ſeverally con- 
Mute that Part of the Table of Intereſt at 5 per Cent. and 
thus the whole firſt Table is made. The ſecond Table, for 
Years, is only the various Ratios of Intereſt multiplied by the 
ſaid nine Digits; for ſince t = 1 Year, and P = 14. it will be 
t RP R, the Intereſt for the firſt Year, Fe. . 

| U 372. 
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372. The third Table ſhews the Rebate or Diſcourit to be 
made for one Pound, at the ſeveral Rates per Cent. for Days, 
The Manner, Truth, and Reaſon of its Conſtruction is de- 
rived from Theorem II. of Simple Intereſt, viz, R - : =P, 
For fince the Principal or preſent Worth, ſubducted from the 
Amount, gives the Rebate or Diſcount of that Amount ; there- 
fore the Diſcount of any Amount for any Time, at any Rate, 
(without Regard of the preſent Value, or 'principal- Money) 
N | At R 
RTI 
"RK 
ü RTI t*R+1 


may be found by this Theorem =D = Diſcount, 


( For A — . Hence if we put A 


11. t = ,002739, Cc. and R = any Ratio of Intereſt, ſup- 
Poſe 5 per Cent. then by this laſt Theorem we have the Diſ- 


count of one Pound for one Day, at the Rate of 5 per Cent. 
per Aun. for AtR = 1 X ,002739, Sc. X ,05 = ,0001 3698, 
Sc. And f RA 1 = 1,00013698, Cc. then by Diviſion, 
1, 0 13698, Sc.) ,0001 3098, &c. ( = ,00013697, &c. the 
Diſcount. If : = 1 Year, then the annual Diſcount of one 
Pound at 5 per Cent. will be found, by the above Theorem, 
thus; AzR „5 and f R +1 = 1,05. Therefore by Di- 
viſion, 1,05 ) ,05 { = ,04761904, Sc. the Diſcount. And 
thus is the Diſcount of any Sum, at any Rate for any Time a- 
bove one Year, found at once by the above Theorem ; and 
for any Time under a Year by the Table of Diſcount for Days, 
of which I have now taught the Conſtruction in a new and more 
rational Method than any I have yet ſeen. 


The Dye of Table I. and II. 


373. In order to underſtand how to make thoſe two Tables uni- 
verſally uſeſul, the Reader is to obſerve, that if a Number con- 
ſiſts of only one Digit, with Cyphers affixed, as 10, 50, 700, 
9000, 800000, Cc. it is called a pure Number; but thoſe Num- 
bers which conſiſt of more than one, or wholly of Digits, as 
370, 568, 7569, &c. may be called mixed Nagnbers. Now e- 
very mixed Number may be reſolved into thoſe pure Numbers, 
of which they are compoſed; thus the mixed Number 567 4 


1 
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be reſolved into the pure Numbers 500, 60, and 7; ſo alſo 
15890 is reſolved into 10000, 5000, 800, and go. 

374. Then as to the Uſe of the Tables, obſerve theſe 


Rules: | 
I. If the Number of Days, Your, Sc. propoſed, be a mix- 
ed Number, let it be reſolved into pure Numbers. 

II. With the pure Numbers ſeverally enter the Tables, and 
take thoſe Decimal Numbers which ſtand againſt the firſt Fi- 
gure of each pure Number, in the Column marked Numbers. 

III, Remove the Decimal Point in each ſuch Decimal Num- 
ber, ſo many Places to the Right Hand, as there are Cyphers in 
the reſpective pure Numbers. 

IV. Laſtly, Add together all the Decimal ws, and find 
the Value thereof by the Tables for that Purpoſe. 


Theſe Things premiſed, the Uſe of the Tables will be ob- 
vious from the Examples of che following Problems. . 
| ProBLEM I. 
375. To find the Intereſt of any Sum of Money for a Day, 
or a Year, at any Rate per Cent. per Ann, 
EXAMPLE 1. 


What is the Intereſt of 2746/. at 5. 15s. per Cent. for a 
Day ? 


Decimals. 

In Table I. under they 2000 — , 31 506 
Rate 53, you find 7 700 — „11027 
gainſt the pure Num- 40 — „00630 
bers 6 — 400094. 


— —— 


The Anſwer is — 443257 2 8s. 724. 


EXAMPLE II. 


376. What is the Intereſt of the ſame Sum, at the ſame Rate 
for a Year? 


U 2 ; Decimala 
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Decimals, 


2000 — 115,00000 

In Table II. you] 700 — 40, 25000 (Under * 'd. 
find againſt 40 — 2, 30000 f per Cent. 
6 SY 198 % 


The Anſwer i in Died L 157,895 
Which! is in Money = 1570. 176. 103d, 


| © ProBLEM II. 
1 377. To. find the Intereſt of any Sum of Money for any 
8 Number of Days. 
bd 
| [ ExAMPLE. 
| 


What is the Intereſt of 265. for 149 ys, at the Rate of 
31. 158. per Cent. &c. * 


br - 


| 


Multiply the principal Sum - 06 5l. 
By the given Number of Days ' — 149 


The Product is the mixed Number 39485, with which 
reſolved, enter the 'Table as before : 
| Detimals, 
| : 0000 — , 3,08220 
Thus in Table I. you Y 9000 — o, 92466 
find againſt the pureY 400 — 0,04109 —_ 


Numbers 80 — 0,00822 


— = 2 NEST of? - & = 
ä — — > + a — — ww 
8 x * 5 = 8 „r TX —_ 
0 — — bo op * 4 PO I . 
-. s — Sw — 
22 2228 * N — -w0. 0,4 as meg 4 —  — — — * — — AD* oa + 99 1 mm * 4 
— FA = 


The Anſwer in Decimals J. 4,05668 
In Nager 41. Is. 14d. 


The Method i is the ſame for any greater Number of Days. 


PROBLEM III. 


378. To find the Intereſt of any Sum forborne any Number 
of Years, at any of the given Rates per Cent. 


EXAMPLE, 


What is the Intereſt of 17 50. 155. forborne 1 3 Years, at the 


| = Rate of 6 per Cent. &c, ? | | 
* , Mul- 


f 
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Multiply the principal Sum — 17 5,75 
By the Number of Years given — 13 


The Product! is the mixed Number 2234,75 5 
, Which reſolved, as before, will ſtand thus, 


2000, — 120,000 


200, — 12,000 : 
In Table II. you 80, — 4,800 Under 6 per 
find againſt 4, — o, 240 Cent. 
27 3 0,042 
11 hs 505 MO 05003 


The Anſwer in Decimals J. 137,085 
The ſame in Money 1371. 1s. 84d. 


MB. The Reader muſt obſerve, in reſolving a mixed Num- 
ber, wherein are Decimals, to remove the Point one Place more 
to the left, than are the Number of Cyphers in the Decimal 
pure Number, as in the laſt Example. 


Ae U ee Table III. Of Diſcount. , 


379. In ſeeking the Diſcount for any Sum due at the End of 
any Number of Days, if.the Number of Days be a mixed one, 
reſolve them into pure Numbers as before taught; and even 
with them in the Table take the Diſcount of 1/. which add to- 
gether; and then multiply by the principal _ the Product 
will be the Diſcount thereof. 


Pace IV. 
To find the Diſcount of any Sum, for any Number of Days, 
at any given Rate in the Table. 
Ex Aux. 


What is the Diſcount of 831. 105. for 235 Days, at 4 per 
Cent. per Annum? 


"_ 


Dea- 


Year? 


148 INSTITUTIONS 


= | Th 
| * g ; Decimals. 4 
You find in ( 200 '— go214478 Wl 
the Table — Hs ,003276gþ 2 4 Der ä 
even with C 5 — goo0s4763 e. Ta 
The Sum is — — 50252723 
Which multiplied by the Sum 83,5 
| — J. 9. d. 


The Product is the Anſwer 2,1 10237 = 2—2—2 


PROBLEM V. 
380. To find the Diſcount of any Sum for a Year. 


Ex AML. 
What is the Diſcount of 100l. for one Year, at 5 per Cent? 
In the Table under 5 per Cent. ,047619, Ee. 


and againſt 365 Days, is 
— — 1 — 100 11 
The Product is the Anſwer | L ; 4,760 Oe. 9 = 
* oye 3 for one a 158 ee 


— 


The Difference therefore of D and In- "oy 4 3 
tereſt is — — . 


Whence it is evident, he who allows Intereſt for Diſcount 
wrongs himſelf conſiderably, which yet is very common among 
Traders; for ſo much Money ought to be paid as, at Intereſt, 
would amount to the Sum due, in the Time propoſed. 


EXAMPLE II, 


381. What i is the Diſcount of 9342. at 4x per Cent. fora 


The 


bn 


. & 
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The Diſcount of 17. for 365 Days 25 
41 per Cent. in the Table, is q 04.3062, & Gs 


Which multiplied by the principal Sum 92342 


The Product is the Anſwer — I. 402, 2852, Cc. 
In Money 4021. 5s. 83d. 


And thus proceed for other annual Diſcounts. 


It muſt be acknowledged this Table of Diſcount gives not 
the preciſe Truth, and yet differs but little from it; being ſuffi- 
ciently exact for any Uſe. None but a Table of the Diſcount 
for every Day can be perfect; becauſe every Day's Diſcount 
differs, being ſtill leſs as the Number of Days increaſe, 

This Table is perfectly true for all the Days expreſſed therein, 
and, as I ſaid, may be uſed without much Error for any other. 


. 
. C The true Diſcount is — 2—I—TIT 

_—_—_ The Diſcount by this Table 2 —2 — 2+ 
The Intereſt for the Time and Rate 2 - 3— 0 
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SIMPLE INTEREST. 
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TABLE I. 


The Intereſt of one Pound per Diem, at any Rate 
per Cent. from one to ten Pounds, with Haves 
and Quarters, 


Numb. 


> VI © — 


HO ow Own 


Month. 


1 per Cent, 


,00002740 
,00005 480 
,00008220 
00010959 
000 13698 
„00016438 
000 19178 
„0021918 


| 200024057 


15 fer Cent. 


00003425 
,00006850 
,00010274 
,0001 3699 
,00017123 
,000205 48 
500023973 
0027398 
„00030822 
200104166 


12 per Cent. 


,00004110 
,00008220 
,0001 2329 
,00016438 
,000205 4.8 
00024657 
„0028767 
00032877 
/ ,00036986 


„00125000 


14 per Cent. 


00004794 
,000095 89 
,0001 4383 
„00019178 
,00023972 
,00028767 
,00033562 
,00038356 
,00043151 
00145833 


—— 


f 


BO OO Nn 


2 per Cent. 


,00005 480 
8001959 
ooo 16438 
„00021918 
00027397 
,0003 2876 
,00038356 
00043835 
,00049315 


24 per Cent. 


,00006164 
,0001 2329 


„ooo 18493 


,00024657 
,00030822 
,00036986 
,00043151 
,00049315 
00055479 


,00187500 


24 ee 


00006849 
,0001 3699 
4000205 47 
00027397 
„00034246 
00041095 
00047945 


00954794 
,0006164 4. 


, 


22 ter Cent. 


amd & > >. 
ooo 5068 


,0002 2602 
,00030137 
,00037071 
©0045 205 
00052739 
„00060274 
„00067 808 
,00229166 


— 


ö \00166066 


,00208333 


Numb. 


Jes 
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\O 


| Numb. 


* 
4 
* 


Month. 


,0000822 
0001643 
700024657 
00032877 
,0004 1096 
100049315 
80057534 
,00065753 


,00073972 
[.00250000 


3 per Gent. 


35 perCent. 


0[,00008904 
81,000 17808 
7].00026712 
,00055616 
2000445 20 
00053424 
„00062328 
0007 1232 
,00080 137 


3 per Cent. 


,000095 89 
oo0 19178 
0028767 
oo 38356 


[,00047945 


100057534 


,00067123 
,00070712 
„00086301 


00270833 


* = 
——ͤ — —é— ů3sßsi!P 


34 Per Cant. 


ooo 10274 
,000205 48 
,00030822 
,00041096 
0005 1303 
,0006 1644 
,00071917 
,00082 192 


[,00092465 
,c02916661,003 12500] 


— 


m5 
F 


Oe hn - 


100005753; 


1,0008767 1 


1,00333333 


4 per Cent.|4 
ooo 10959 


ooo 1918 
.oo0 32877 
[-00043836 
(1209054794 


,00070712; 


,00098630 


4829 


001% 
,0002 3288 


$CCO SHIT 
100046575 
,00058219 
0069863 
„0008 1507 


ooog3 151 


44 per Cent 0 


00 12329 
„00024657 
ooo 36986 


44 perCent. 


,00013014 
,00026027 
,0003904 1 


,000493 15100052055 


,00061043 
A} we 
,00086301 
,00098630 
,00110959 


,000605068 
,0007 8082 
,00091096 
,00104109 


oo 104794 
0354166 


,00375000 


nt, 
100395333 


bt... — 


Dr j5 per Cent 


. |,004 16666 


80027397 
oooꝗ 1096 
500054794 
,00068 $493 
„00082 192 
,00095890 
,00109589 
00123288 


$4 perCent. 
,00013698],00014383 


00014383 
,00028707 
,00043151 
00057534 
,00071918 
,00080301 
„o 100685 
0 115068 
0 129452 
»00437 500 


52 per Cent. 5a per Cent. 


,00015068 
00030137 
,00045 205, 
,00000274|, 
00075342 
,0009041 1 
,00105479 
,00120548 
,00135016 


,00458333 


— 


00015753 
,0003 1507 
e {tient 
00063014 
,00078767 
00094520 
oo 110274 
,00216027 
00141781 
*00479166 


X 


Des. 


” * * L — i 
75 * ' \ % -w® 4 
+ \ G = 2. 
„ i 1 8 ol 1 > 1 \ * 
5 > „ | —— err 
+» > RET 
—— 


— 

* 

g 

| - 
1 

F 1 
9 

* 

Al 
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N 


\O ow own 


Days. 


„ 


= 
8 


* 2 


. ooo 32876 


6 per Cent. 
.00016438 


0049315 
00065753 


00082192 
.o0098030 
.00115068 
.00131507 
-00147945 


6+ perCent, 


ed] anorench 
00034240 
.00051370 
000608493 
.00085616 
0 102740 
00 119863 
oo 136986 
oo 154109 


oooοοοο 


62 per Cent. 


.00017808 
00035616 
0053424 
0007 1232 
ooo 89041 
00 106849]. 
0 124657 
00 142465 


GE porCenr | 


000 18493 
00036986 
en 


3 


.00092406 


01109594 
00 129452 


0147945 


0016027 
80544508 


„ 
552500 


U 
— * 9 
5 = . 


— 


. 


8 


b [7 per Cine. 


1,00583333) 


00520833 


* 


00019178 
.00038356 
00057534 
000767 12 
:000953g0| 
.001 15068 
wk Jos 
.00153425|. 
.00172603 


.00019863 
00039726 
00059589 
0079452 
59971 
00119178 
0139041 
00158904 
0 178767 


.oo604 166 


75 per Cent. 


| 


7x Per Cent. 


000205 48 
oooꝗ4 1096 
00061644 


00082 192 


0 102739 
00123288 


0 143836 


00 164384 
00 184932 
oo625ο 


Tec. 


002 1233 
0042466 
.o00063699 
.00084932 
.00106164 
00127397 
0 148630 
0 169863 
0 191096 


00645833] 


2 * 4 = 


+ o — 


— 
. WS a > 


. : 


| 


\O OW On Cw nN = 


12 
8 


8 per Cent. 
0002 1918 
0043835 
00065753 
.00087671 
oo 1095 89 
00131507 
0153425 


.00022603 
.00045 205 
.00067808 
ooo, 
00113014 
0135616 
oo 1582 19 
00 180822 


00175342 


00197 97260]. 


00203424 


. —925555 .00687500 


84 per Cent. 


00 163013 


32 perCent. 


0002 3287 


00046575 
0069863 


0 116438 
0 139726 


00 186301 


L 
00023973] 


«00047945 
007 1918 


.00093150|.00095 890 


00 119863 


00143835 
o 167808 


00191781 


,002095 89 


733 


00215753 
0729166 
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Days. | 9 per Cent. i per Cent. qq per Cent. od perCent. 


7 


I 0002465 71-00925 342[.00026028[.0002671 2] 
2 |.00049315|.00050684|.0005 205 5.0005 2424 
3 J. 00739720. 0076027. ooo 8082. ooo80 137 
4 ,co098630|.00101370[.00104109].00106849 
5 001232870. 00 1267 121. 00130137. 133861 
6 1|.00147945{.00152055|-00156164|.00160274 
7 
8 
9 
nt 


.00172602|.00177397]|.co182192[.001 86986 
. o0 197260. 0202739. 002082 190.02 13699 
oo2219 180.0022808 2. 00234246. 02404 10 

0079 16660. 0812500 


5. oo oοοο 00779833 


HUH 


TABL E II. 


383. The Intereſt of one Pound per Annum, at any 
Rate per Cent. from one to ten Pounds, with 


Hatves and Quarters, 
Numb. 1 fer Cent. | 1% per Cent. 15 per Cent. |13 per Cent. 
1 ſo.01000000[0.01250000[0.01500000[0.01750c00 
2 [0.02000000[0.02500000[0.03000000[0.03 500000 
3 [0.03000000[0,03750000[0.04500000[0.05 250000 
| 4 j9.04900000[0.05000000[0.000c000019.07000000 
| 5 [2-25000000[0.0625000010,07500000[0.08750000] 
6 [0,060cc090[0.07500000[0.09000000 0.105cocoo 
7 [$.0700000c[0.08750000[0, 10500000[0. 12250000 
' 8 40.08000000|[0. 10000000{0. 120 o. 14000000 
1 9 [o.09500000ſ0.1 1250000[0.13 moans 1 575000c| 


X 2 N. umb, 
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INSTITUTIONS 


2 per Gent. [24 per Cent. 


24 per Cent. 


24 per Cent. 


. 


0. 


o. 14COOO000 
o. i Go o ο 
0. 1 $0000CO 


0.02000c00[0.02250000 


E040 0.067 50000 


0.08000C00[0.09000000 
O. 10000000ſ0. i 1250C00 
o. i 2000000]0. 1 35COOOC 


©,025000CO 
O. 05000000 
0.07500000 
O. Il OOCOOOO 
O. I 2500000 
o. 15000000 
O. 175 COOOO 
O. 20000000 


O. O45 oOo 


o. 15750 
o. I SoocoOoo 


o. 027500 


0408250000 
o. i 1000000 
O. 13750000 
O.165c0000 
o. 19250 
O. 22000000 


o. 202 5c οõοo. 22500 


OOO „ 


0.05 5oocool 


RT 


1 per Cent. 


34 fer Cent. 3a per Cent. 


o. o 2000000 
0.06020000 
0.09000000 
O.1 2000000 
O. 1 FOOOOCO 
©. 1 8090000 
©. 210000c0O 
o. 24000000 


co Oe 


0.03 250000[0.,035 00000 
0.06500000]0.07 000000 
0.09750200{0.,10JOCOOO 
o. 13000000[0.1 4000000 
0.162500009[0.17 500090 
0.19500000[0.21000000 
0.22750000[0. 2450 
o. z (oOo o. 28c00000 


0.037 5COOO 
O.1125CO00 


O. 18750000 
o. 22500000 
o. 26250 
o. zœoooοοοο 


o. 27000000 


o. 20000000[0.31 500000 


+ % 


0. 24750000} 


32 per Cent, | 


0.07500c00| 


o. i 500COO0| 


, 


Tears. 


O Oo On Þ V3 Id me | 


4 per Cent. 44 per Cent, 44 per Cent. 


o. 1 2000000 
o. 16000000 
o. 20000C00 
o. 24000000 
o. 2 86090000 
0.3 2000000 


o. 36000000 


0.0400COC0[0.04250c001[0,04500020 
0.05c00000[0.08500000[0.,09000000 


4 fer Cent. | 


0.047 50000 
2.0950: 000 


O.12750000;0.1 350Q0CO 
O. I 7000009 
O. 2125000 
0.25 FOOOOC 
0. 297 50000 


o. 34000000 0o. 36000200 


o. 38250000 


o. i 8000000[0. iꝗcooooo 
o. 22 500coſo. 2375coce 
0.27 ooo. 285 COOOO 
0.3150000019. 33250000 


O. 40 2 


. 14250 


0.3 doc ooo 


o. 33750000 


O, 4275 


— 


Years. 
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Years. 
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© ow O 


10 
. 


5 per Cent. 54 per Cent, 72 per Cent. 55 per Cent. 


o. 1C500000 
©.150000CO 
o. 20000CO0 
(2-2 5C09000 

o. 30000000 


[9-0500000010.05 250C0010.05 co00000.0 5750000 


0.35000009[0. 3075000010. 38500000{10.40250000 
0.40000900[0.42020000 
©.45000000[0.47 250000 


o. 1OZOCCO910.1 10000000. ii FOO000 
0.15750009{0.16502000j0.17 250000 
o. 21000C000,0.2 2000009[0. 2 300000 
0.26250000[0.275c00c0!0.28752000 
O. 31 500000,0.3 3000000 o. 34500000 


{ 


0.44000000[0-46000000 


— — 


— — 


O. 405 O0 Do. 5 17 5 
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E per Cent. 


64 per Cent. O per Cent. od per Cent. 


o. o boOOO O 


Jo. z 40000 


0.48009000 
0.5 4000000 


o. i 20000C0|0, 1 250000910. i 300000930. 135 00000 
o. 1e000c00[0. 187 500C0[0.19502000[0. 20250000 


0.300009001[0.31 250020[0. 32502000[0. 33750209 
| h 

19. 36000000 
10.42000000 


0.062 50000[0.065000090[0.057 50000 


0.25000500[0. 2E000000]0. 27 000000 


0. 3750000010. 39000000[0.405 50000 
0.437 50000[0.45 500000[0.47 250000 


(9-50000000 0.5 20000000. 5 4090000! 
10.56250000[0.5 8502000[0.60750000 


3 — 


| 


Tears. 7 per Cent. 74 fer Cent. 7 per Cent. [73 per Cent. 
I 10.0500000 0.07 250000 0.07500006[0.077 50000 
2 |0.140900Cc010. 145000000. i 5000000{0. 1 5 500000 
3 |0.21000000ſ0.21750000[0.22 00000[0. 232 0000 
4 Jb. z Soo ooo. 29000000[d. 3000000010. 3 1 000000 
5 [0.35000cc0[0. 360250900 0.37500000/0. 38750000 
6 {0.4200050010.43500000[0.45000000'0 46500000 
7 12-49900000]9. 075000010.52 0000010. 54250000 
8 0.56000009|0. 5 £a00000,0.60000000}0.52000000 
9 [0.H3000000,0.05 250000/0.67 50000010. 50000 


— 


Years. 


D 


* 


— 
— 


n 
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INSTITUTIONS 


— 


— 
8 


. | 8 per Cent. 


84 per Cent. 


8⁴ per Cent. 


[82 per er, | 


- [0.0*000000 


o. 1 6000000 
o. 24000000 


o. Goo 00 
0.64000000 


0.08250000 
o. 16500000 
0.24750000 
o. 3 3000000 
o. 41 2500 
o. 4050000 
0.577500 
0.6 oo 


1 0 OGS 


O. 7 2000000 


0.74250000 


0.08500000 


0.25 500000 
o. 34000000 
o 42500000 
o. looo oo 
0.59500000 
o. b doooooo 


0.1 7000000, 


[0.087 50000 
0.17502000 
0.26250000 
0.3 5 000000 
0.4375C900 
0.5 2500000 
0.61 2509500 
0.70000000 


0.76500000 


92.78750000 


7 


OOO 8 


9 per Cent. 


9 per Cent 


Y per Cent | 


9 per Cent. 


2.09000000 
O. 1 8000000 
o. 27 000002 
0. 36000000 
2.45002000 
2.5 4000000 
2.03000900 
0.7 2000000 


| 


O. 81000000 


0.09250000 
0.18500000 
72778000 
O, 37000000 
o. 462 50 
0.55 500000 
0.64750000 
0.7400c090| 


0.83250000 


o. Ogo o o 
o. 19000009 
o. 28 50 
o. 3 8 co 


0.5 7000000 
0.665000c0 
0.76000000 


0.85 500900 


0.47 50000 


2.097 50200! 
o. 1950 
. 2925 
o. z o οο 
o. 487 500 
O. 5 8 ooo 
9275558 


0.7 8000000 
0.377500 


! 
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384. The Rebate, or Diſcount of one Pound for Days, at 
the Rates of 2, 25, 3, 34, 4, 42, 5s 6, per Cent. 


TABLE III. 
Of SIMPLE INTEREST. 


per Annum. 
. 2 per Cent. 24 per Cent.] 3 per Cent. 34 per Cent 
I | .cooo548 000985 | 0000822 9 
2 | . 0001096. 0013700001644 . 01917 
| 3 | .0001644 | .0002054 | .0002465 | .0002876 | 
' 4 | .coo2191 | .c002739 | .0003287 | .0003834 | 
5002739 | .0003424 | 0004108 | .0004792 
[ 6 | .0003287 | .o004108 | .0004929 | .0005750 
| 7 | ,0003834 | .0004792 | .0005750 | .ooob7o8 | 
2 .0004382 | ,0005477 | 0006571 | .0007066 | 
| © | 0004929 | .ooo6161 | .0007392 | .0008623 | 
| 10 | .0005477 | .0005845 | .coo8212 | .coog580 
20 | .o010947 |. .oo0136f0 0016411 0019141 } 
| 30 0016411 | .oo20506 | .0024597 | 0028685 | 
| 40 | .0021870 | .0027322 | .0032769 | .0038210 
| 50 | .0027322 | .0034139 | .0040928 | .0047716 | 
60 | .0032769 | .0040928 | .0049073 | .0057205 
| 20 | .0038210 | .0047716 | .0057205 . 066676 | 
| 8 | .0043644 . 0054496. 065324. 0076128 
go | .coo4c073 . 051266. 07 3429 | .oo85563 | 
| 100 | .0054496 | .oobfoz7 | . 0081522. 094980 
110 | .oo59913 | .0074779 | -0089601 | .0104379 } 
120 [. 0065 324.0081522 | .0097667 | 0113760 | 
130 | .0070729 | .oo88255, | .o105720 | .0123123 þ 
| 140 | .oo76128 | .0094980 .0113760 ]. 0132468 
150 . 0081522101695 | .0121786 | .0141796 | 
160 | .oo86909 | .0108401 | .0129780 | .o0151106 | 
| d 0092291 | 0115098 . 0137801 . 0160399 | 
180 . 097667. 0121786. 0145788 2169574 
190.0103037 . 0128465 | 0153763 0178932 
200.0108401 [0135135 [0161725 10188172 
210.0113759 | .0141796 [. 0169674 | .0197395 | 


TABLE. 


— # F* . "a „ 


N 1 


e . be. Re ee eee 


CLAS 


o oo - "4 ” 
n 


138 INSTITUTIONS 


TABLE 


III. 


The Diſcount of one Pound for Days. 


Days. 4 per Cent. | 4% per Cent. 5 per Cent. | 6 per Cent. 
I | .coor0gb 3 0001370 0001644 
20002191 | .0502465 | -0002739 . 003287 
3.0 003287 | .o0003697 | .o004108 | .0024929 
4 | -0004382 | .o0004929 . 005477 | .coobg71 | 
5 005477 | .0005161 005845 . 0003212 
| 6 | .ooobg71 | .0007392 | .coo8212 | .ocog853 | 
7 | -0007665 | .ooo8623 | .oovoggso . 0011494 
| 8 | .c008759 | .o009853 | .0o10947 | .co13133 | 
9 | .coo9853 0011084012314 .0014773 | 
10 | .coic947 . 012314 . 8013680 [. 8916411 | 
1— —ʃ —— 1 — 
| 20 | .0021870 | 002459 . 027322. 0032769 
30 | 0032709 | .ooz6850 | .0040928 | .0049073 | 
| 40 | -0043644 | .0049073 0544968065324 
| Fa | -0054496 061266 | .oob8027 | .oo31522 
| bo | .oobg234 | .0073429 | 0081622 . 97667 | 
— — — — — 
70.076128 | .oo85563 . 094980 [. 0113760 | 
| 80 0086509 |, .0097667 | .o108401 | .0129780 
| 90 097667. 109741 | .0121786 | ,0145788 
100. 0108401 | .0121786 | .o135135 | .o161725 
q 110 | .or1g112 | .o133802 | .o148448 0177610 
120. 0129800 | .0145788 | .o161725 | .0193444 | 
130 | .0140465 | .0157746 | .0174966 | . 0209228 
| 140 | .0151006 | .0169674 | .o188172 | .0224960 
150 | .0161725 0181574 | .0201342 | .6240642 
| 160 | .0172321 | .0193444 | .-0214477 | .0256273 
| 170 .0182894 | .0205286 | .0227577 | .0271855 
} 180 | .0193444 | .0217100 | .0240642 | .0287387 
190 0203972 . 0228885 . 025 3672 . 302869 
| 2co | .0214477 [0240542 |, 209097 .0318302 
210 |. .0224960 | .0252350 | .0279627 | .0333086 | 
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TaBLE III. 

The Diſcount of one Pound for Days. 
Days. 2 per Cent. 27 per Cent.| 3 per Cent. 37 per Cent. 
220 . 0119112 . 0148448 . 0177610 . 0206601 
230 [. 0124459 | .o155091 | .o185534 | 0215789 
240 0129800. 0161725 [0193444] 0224959 
250 0135138 0168350 . 0201342 ! 0234114 
260 0140465 0174966. 0209227. 0243251 | 
270 | .0145788 | .o181574 | .0217100 | .0252370 
280.0151106. 0188172 |. 0224960 0261473 
290.0186418 . 0194762. 0232807 0270558 | 
300 | .oi61725 | .0201342 | .0240642 | .0279627 
310 | .o167026 | .0207914 | ,0248464 | .0288679 
320 | .0172321 0214477 0256273. 0297714 
330 0177610]. 0221031 | .o264070 . 0305732 
340.0182894. 0227577 [. 0271855 [0315734 
350 0188172. 0234114. 0279627. 0324718 
360 . 0193444. 0240642. 0287387 [0333686 
361 | .o193971 [. 0241294 . 0288162 [. 0334582 
362.0194498 . 0241946. 0288937 [. 0335478 
303 . 0195025 f. 0242598. 0289712. 0336374 
364.0195552 [0243251 0290487 0337269 
365 | 0196078 | .0243902 | .0291262 | .0338164 | 
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Days, 


220 


230 | 


.0235420- 
0245858 
0256273 
0266667 
0277038 


| 0287387 
| 0297714 


0308019 
0318302 


0338804 
0349022 
0359218 
0369393 


0380561 


0382588 
0383602 


0384615 


4 Per Cent. 


4% per Cent. 


0264070 
0275743 
0287387 
. 0299003 


0310592 


0322153 


0328564 


0379547 


0381579 


0333686 


-0345192 
0356671 


0368122 


0379547 


0402314 
| 9413657 


0424974 


0426104 


0427234 
0428364 


0430622 


390444 


0129493 


— 


5 per Cent. 


0292553 
9305445 
0318302 
0331126 


0343915 


0356671 
369393 
0382082 


0394737 


0407352 


0419948 
0432503 
0445026 


04575 16 
469974 


0471218 
0472462 
0473705 
0474948 


6 per Cent. 


.0349022 
.0364309 
0379547 
0394737 


409879 


0424974 
0440021 
2455021 


0469974 
.0484880 


0499740 
0514553 


05 29320 


0544041 


0558717 


0560182 
0561647 
0503111 
-0504575 


0566038 


| 
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CHAT. XIX. 


Of Comeound INTEREST, ANNUITIES, &c. 


385. er e Intereſt is that which ariſes from any Princi- 

pal and its Intereſt put together, as the Intereſt ſo be- 
comes due, ſo that at every Payment, or at the Time when the 
Payments became due, there is created a new Principal; and 
for that Reaſon it is called Intereſt upon Intereſt, or Compound 
Intereſt. As for Example: Suppoſe 100. were lent out for 
two Years at 6/. per Cent. per Ann. Compound Intereſt ; then 
at the End of the firſt Year it will only amount to 106/. as in 
Simple Intereſt; but for the ſecond Year this 106/. becomes 
Principal, which will amount to 112/. 7s. 22d. at the ſecond 
Years End, whereas by Simple Intereſt would have amounted 
to but 1121. And though it be not lawful to let out Money at 
Compound Intereſt, yet in purchaſing of Annuities or Penſions, 
&c. and taking Leaſes in Reverſion, it is very uſual to allow 
Compound Intereſt to the Purchaſer for his ready Money ; and 
therefore it is requiſite to underſtand it. 

386. Now in order to raiſe the Theorems for Compound In- 
tereſt, we muſt conſider that the Amount of 11. and its Inte- 
reſt, for one Year, is here called the Ratio, and is found by the 
following wes or any Rate of Intereſt, Thus, 


As 9085 105 :: 1: 1,05 =R, at 5 per Cent. 
100: — 5 : 1,06 = R, at 6 per Cent, &c. 


387. But as one Pound is to the Amount of one Pound at 
one Year's End, ſo is that Amount to the Amount of one 
Pound at two Years End; and fo on continually. 

That is, 1: R: :R: N R: NBR: RY RY BOG 
RS:: & 


"i $, ="T ears. 
ThenSR. f R=. Rs. K. R5 = the Amount of 11. at any 
Rate. 


2 388. Hence 
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2388. Hence 'tis evident the Amount proceeds in a geometti. 
cal Proportion, wherein the Time (= t) or Number of Years, 
is always to or the ſame with the Index of the Power of the 


laſt and higheſt Term of the Series, viz. R“ or Re; for in 
Cs Intereſt the Letters denote as below, 


P = the Principal put to Intereſt, 

t = the Time of its Continuance. 

A = the Amount of the Principal and Intereſt. 

R = the Amount of 11. and its Intereſt for one Year, at 
any given Rate, which may be thus found. 


389. Now as one Pound is to the Amount of one Pound for 
any given Time, (t) fois any propoſed Principal or Sum to its 
Amount for the ſame Time. 


That is, As 1: Re:: P: PR.. 
But PR. = A, the general Theorem. 


From this Theorem any three of the four Quantities P, R, t, A, 
being given, the other may be found. But becauſe ? in all theſe 
Caſcs is the Index, or denotes the Power to which the Quan- 
tity R muſt be raiſed, and is in itſelf uſually large, it plainly 
appears that in the Solution of this Sort of Queſtions, there will 
be great Labour required, if we proceed in the common alge- 
braic Way of extracting of Roots, or raiſing of Powers, which 
therefore we ſhall here decline, and ſhew how this may be done 
very eaſily by Logarithms, and alſo by Tables ready computed, 
for ſhewing the Value of R* for any Number of Days and 
Years, and at any of the uſual Rates of Intereſt: And firſt by 
Logarithms, 

390. From the Theorem P R = A, we have Re => 
which muſt now be expreſſed logarithmically; thus, R* = # x 


I. R, (here L denotes the 3 of the Quantity to which 


it is prefixed. See 1345 141.) and 2 = =L. A- IL. P; and fo 


t X L. RS L. A L. F; dene we have the following 
Theorems. 


Xx. L 


le 


of AL GE BRA. 1563 


fx L.R +L.P L. A, Theorem I. 
L. At Xx L. R L. P, Theorem II. 
LALLY = LR, Theorem II. 
L.A—L.P 
L.R 


291. We ſhall illuſtrate theſe Theorems by the following 


Examples 0 


— t, Theorem IV. 


QuesT10on J. 


What will 275. 155. amount to in three Years and an half, 
at 45 per Cent. per Ann. Compound Intereſt ? 


"P 275, 75, the Principal. 
II 0 R=1 045, the Rate of Intereſt. 
5 — 3555 the Time. 
LTo find A, the Amount, per Theor. I. 


The Logarithm of the Rate . R = 1,045 = 0,019116 
Multiply by the Tine 11 


The Product is the Logarithm of R* = 1, 1665 = 066906 
To which add the Logarithm of P = 275,75 = 2, 440515 


»— 


The Sum is the Log. of PR L. A= 321, 68 = 2, 507421 


do the Amount ſought is 3211. 13s. 7d. which is more than 
the Amount by Simple Intereſt by 24. 10s. as may be found in 
Theorem I. Article 270. 


QuesT10n II. 


392. What Principal or Sum being put to Uſe at 44 per Cent. 
Compound Intereſt, will amount to 3214. 13s. 7d. in three Years 
and an half ? 


R = 1,045 the Rates of Intereſt. 
f = 2.8, the Fame. 


p — 321,98, the Principal. 
= 
C To find A, the Amount, per Theor, II. 


From 
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From the Logarithm of . ; A 321,68 = 2, 50421 
SubduGt the Logarithm of =. . R. = 1,1665 = 0,06690 


nn. 


The Differ. is the Log. of N= — = L.P = 275,75 = 2, 440ß1f 
Therefore the Principal SM is 275. 155. 


QuEesTIon III. 


39 3. At what Rate per Cent. &c. Compound r wil 


275]. 155. raiſe a Stock, or amount to 3214. 13s. 7d. in three 
Years and an Half ? 


Fi 321,08. ; 
275 = 25558 
To find A, the Amount, per Theor. III. 


From the Logarithm of . . ., A= 321,68 2, 50742 
Subtract the Logarithm of.. P = 275575 © = 2,4051 


The Difference is the Logarithm of RM.. o, 066906 7 
Which divide by the Tine . 0-28-35 


The Quotient is the Logarithm N16 07010110 


Then as 1: 0,045 : : 100: 4,5 = 44. per Cent. the Rate re- y 


1 on 


QuesT1on IV. 


394- -In what Time will 275“. 1586. raife a Stock of 3211. 
1.35. 7d. at the Rate of 4zl. per Cent, Compound Intereſt? 


8 275575» 
Here "IM _ ee 
7 
To find A, the Amount, per Theor. IV. 


From the Logarithm of A= 321,68. = 2,50742! 
Subduct the Logarithm of . . P 275,75 = 2544515 


The Difference i is the Logarith. of R = 15045 = —_ _ 
Then 


515 


will 
ree 
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Then the Logar. of 1,045 = 0,019116 ) 0,066906 (3,5 . 


$7348 


95580 
| 95580 


Thus the Anſwer is three Years and ſix Months. 


Mete, As the Amount of any Sum and its Intereſt is great- 
er at Compound Intereſt than at Simple Intereſt, for any Time 
above a Year, ſo it is leſs at Compound than at Simple Intereſt 
for any Time leſs than a Year, as the Learner may eaſily prove 
by the Theorems before going. 

305. From the above Examples it appears how expeditiouſly 
Queſtions of Compound Intereſt are ſolved by Logarithms; but 
as few People concerned in this Affair underſtand this uſeful 
Method of Computation, we ſhall next exhibit a Set of Ta- 
bles, wherein the Value of R, is expreſſed for any Time, or 
Rate of Intereſt it can be required, and then the whole Buſi- 
neſs of Compound Intereſt is done by Multiplication and Divi- 
lion only. 

396. The firſt Table expreſſes Re for Days, and is made 
from the general Theorem P R* = A; thus, Put P 11. then 
will the Theorem be R. = A: Suppoſe R = 1,05/. for one 
Year, or 365 Days, then we have R. = A = Amount for 
one Day. This 365th Root of R may be extracted algebrai- 
cally, or be found by a large Table of Logarithms, near enough 
for Uſe: And if R = 1,05. then 1,05**5 = 1,0003368/. 
= the Amount of 11. for one Day, at the Rate of 5 per Cent. 
Compound Intereſt. 

397- Then ſay: As 1: 1,00013368 : : 1,00013368 : 


1,00026738 = the Amount of 1/. for two Days, and fo on; 
or thus, | | 


If R* = 1,00013368 = Amount of 11. for 1 Day. 
Multiply by R = 1,00013368 


The Product * N ,000267 38 = Amount for two Days. 
Multiply again by R = 1,00013368 


* 


The Product is R* = 1, 00401 10 = Amount for three Days. 
| And 
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And thus the en for the Days, at the ſeveral Rates of 
Intereſt in the firſt Table, are found. 


by multiplying the ſaid Principal by the tabular Number far tt 
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398. In the ſame Manner is the ſecond Table conſtructed for 
Years; for if R* = A = 1,05/. then fay as before 1 : 1,0; 
2: 1,05: 1,1025 = R* = Amount of 11. at the End of the 
ſecond Year then 1,1025 X 1,05 = 1,157625 = R* = A. 
mount of 11. at the End of the third Year; and thus you pro- 
ceed for the Amounts at the End of every other Year in the 
Table. 

399. Now the Uſe of theſe Tables is extremely eaſy ; for 
let N be put for any Number in the Table; that is, let R. 
N, then the Theorem PR = A, will be PN — A; whence 


we have P = 8; and fo the Amount of any Principal is knnun 


given Rate and Time; and the Amount divided by the ſaid Num- 
ber gives the Principal. 


% 


EXAMPLE. 
400. What will _ amount to in 30 Days, or Years, 


: at 5 per Centum ? 


In Table againſt 30 Days, under 5 per can. 1,0040187 


Which multiplied by the Principal , , , . . . 246 


— 1 


The Product is the Amount required, viz. /. 247, ob847 


92 


In Table II. againſt 30 Years, and 5 per Cent. is 4, 3219424 
Which multiplied by the Principal . , . ., . . 240 


F — WS 


Gives the Amount for that Time, viz. fe 1063, 19)8, Ee. 


401. By the Reverſe the Principal is found for any given 
Amount, which nceds no Example. If it happens that the 
Amount be required for any Number of Days or Vears that are 
not in the Tables, then obſerve this 


RULE. 


"= 
* 


W AIT 008; 


188 N 8. 1 "he > Benigno AT Id al 
Divide the given — Minh of "mig or 3 into two o ſuch, 
Numbers as are in the Table, then multiply the Amounts. per- 
taining to each, into each other, the Produò will be the A- ö 
mount * the. I. ime required. 


Ty 


— N 
3 


"EXAMP b E l. 


What wih 523ʃ. amount Oy in 194 Days, at 5 per Cent. 7 
Annum A1 


The two Parts of this Number in the Tablsa are bene ug | 


therefore, 9 2 4 It; 2 hon a envi A oangbrog 


ntl t:;.- { des) 
In Table I. againſt 190 N under 51 . 18 a 
And againſt 4 Days, at the ſame Rate, is , 4321 1.983378, 


The Product is the Amount of 11. _ 194? 
Days, viz. - — — 
Which multiply by the principal Sum, viz. - - 523 


10262714 


Product is the Anſwer - - J. 5 ak 7 399840 
In Money, 5360. 14s. 95d. 


E N. AMPLE 
What is the "EE in 900 


7 
In Table II. againſt 59 Fears, u bder per Pe 
And againſt 41 ves, at Vr Cem) T3 


at 5 per Cent.“ 


is 11.4674000 
- 7.3919881 


The Product is A W i 11. for 4. 8 2 8 8 
Kg N the# 2 . e 84.7668 833 
Which multiply by 15 principal Sum my viz, = - 150 


6 ——— 


The Product is the Anſwer -. = 62271 5.022495 
In Money, 12715“. os. 724. 


E X AMP L E. III. 
What will 523. amount to in 5 Years and 194 Days, 3 at 
5 Per A x | 


. Z. In 
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In Table 1I. againſt 5 Years, at 5 per Cent. is 1.27628 16 
And the Amount of 1/. in 194 Days, as above, is — 


—cC@C__ 


The Product is the Amount of ak in 5 Years 
and 194 Days K 2 8 
Which multiplied by the oval —_— 523 


The Product is the Anſwer, viz. - = . 685.031 3413 
In Money, 685“. os. 744. 


N. B. The Reaſon of this Rule is, that the Numbers of 


| Days and Years are in arithmetrical Progreſſion, and the correſ- 


pondent Numbers in the Tables are in geometrical Progreſſion, 
(39% 397-) and therefore to the Addition or Sum of any two 


the former, there anſwers 2 Multiplication, or a Product of 
the latter.” (See 132.) 
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TABLES of ComeounD INTEREST. 
TABEEL 


The Amount of one Pound for Days, at | 


at the Rates 


of 2, 21, 2. 355 18 and 6, per Cent. per 


3 
Days. |: per Cent. I 2 f per Cent. Cent. 
. cicory ov} afro 
I 11.00005,42]1. co00676] 1.coo0809[1. 
2 * oo0 1085. 00135 301. 00016191. 
3 J]1.0002627|1.co02029|1.co02429]1. 
e. -0002 17011 .0002706{ i. ooo; 2401. 
| 5 1. 713 1.0003383]1.co004050 
1 6 [1.000325;[1.0004059 1. 004860 « 
| 7 110003798 — 22 - 
8 [1.0004341[1.0005412ſ1.0005480 
| 9 1 .ooog884þ1 os: A 9 
10 1005426 r. 0096767 1. 0008 101 
20 10010896 1,001 35 39 ft. 0162091. 018867 
30 J1.c016229]t.0020315]1.0024324[1.0028315 
11 1. 002 172501 1. 00270971. 0032445; 0037771 
1 q - 1.027163]. 00338821. 0405731. 0047236 
| ' [1,003260551.004067 3]1.0048708}1.0056710 
70 [1.0038049 07408 1. 056849. 0066193; 3 
80 1.004347 i .0054367 f. 064996. 075689 
go fi. 0489471. 005 10% 1.007311 t. oo8ꝗ 186| 
100 fi. 0544011. 0067880. 0081311. 0094696 
110 fi. oog 9857. 0074693. 8947er. 104214 
120 fi. 065 31601. 08 15 1. 09765 301.0113742 
130 [i.007077911.0088334]1.0105834|1 0123279 
140 f. 00762441. 095 161. 01140 210.0132825 
180 [1.0031712|1.0101993[1.0122215/1.0142379 
160 f. 00871831. 0108829101304 151.015 1043 
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42 per Cent. 
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1.0211932 
1.0218843 
1.0225758 
1. 02326791. 
102396031. 
1.246533 


I 0243924 
1. 0254225 
—— 
1.02625 32 
1 928180 


1. 0295830 


1.296664 
10297497 
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r. o 46098 
1. 0347073 
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5[1-0349024 
1 .0350000 


1.0247919 
1.0248613 
1.0249306|1. 
1 :0200000]1.0250000 


1.030000] 
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Tbe Amount of one Pound, Compound-Interef 


1.0250233 
1.0201243 
| 10272275 


1.0 305443 


11.033871 


1.360960 
10372099 
1.383250 
10394413 


1.395530 
10396648 


11-0397765 
1.0398882 


1 .04 00000 


1,.0239215 


1.02833 19 
1. 5294375 
10316522 
110327614 


10349832 


4 fer Cent At per Cent. 


1.0184350[1.02071206 
1.0195 2991.02 19442 
1.020620111.0231774 
1.0217233 
1.0223218 


1.024412C 
1.0250481 


1.0208858 
1.0281249 
1.029365 
1.030607 
1.03185 12 


| 


1.9339953 
1,.0343429 
1.035591 80 

1.0 368406 
10383917 


1.393444 
1.045935 
1.04185 42 
1.431114 
1. 0443700 
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1.0440220 


1.0447479 
l 448739 


44490 
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5 per C. 


1.022934 3 
1.024352; 
1.025722 
1.270940 
10284687 


. 0298 440 
10312219 
1.0320013 
1.033982 
1.035 3656 
1.936750; 
12381373 
10395259 


1.0409 164 
1. 0423087 


1. 0437029 
1.540990 
10464969 
10478957 
10492984 


1:2494387 
12495799 
1.0497193 
1.0498596 


1.0450090 
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TABLE II 
Of Comrounn INTEREST, 
e Amount of one Pound for Years, at the Rates 


of 2, 27, 3, Ji» 4, 47, 5, and 6, per Cent, 
per Annum. 


Years. |2 per Cent [25 per Cent. |3 per Cent. a 


—_ 


1 }1.0200000]1.025000011.0300000[1.03 50000 
2 |1.0404000]1.0506250[1.0609000[1.071 2250 
3 ([1.0612030]1,0768906[1.0927270[1.1087178 
4 11.0824321f1.1038128%1.1255088{1.1475230 
5 [1.1040808 (.1314082j1.159274c|1.1870863 


—_—_— 
s ” 


6 -[1.1261624[1.1596934}1.1948523]1.2292553| 
7 |1.1486856|1.188685 511.2298733ſ1.2722792 
8 [1.1716593|1.2184029[1.26677001 3 168098 
9 |11.1950925|1.24$262911.3047731]1.3628973 
o [1.2189944{[1.2e00845}1.3439163[1.4105987 


11 [1.2433743|[t-31 20366]. 384233$]1.4599697 
12 |[1,268241711.3448888|:.4257608]1.51 10686 

1.29360661.3785 1101. 4685 337.5639560 
1.3194787|1.4129738|1.5i25897}1.6180945 
15 1.345 868311.44829810.55 7965 41.675 3488 


23 


— 
vw 


16 [1.3727857]1.4845056;1.6047064|1.7339860 | 
17 . [1.4002414|11.5216182]1.6528476|1.7946755 
18 [1.4282462|[1.559658711.7024330[1. 8574892 
19 .4568111.598650 1. 25350601. 9225013 
20 1485947416386 164 t. 806111211.9897888 
21 1.515666 1.67958 181.8602945 2.594314 
22 }1.5459796|1-721571411.9161034)2.1315115 
23 |1.576299211.7646106 1.97 35865 2,2061144 
| 24 |1.608437211.8087259{2.0327941 1 
E 2 . 6405059 11.85 394402. 093777912. 3632449 
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= 2 Amount £4; one Ts, ; Compound: Inter, 
Nan VP * | 3 
#51 3 } a wit — — —— 
Tears. [4 por Cent 47 fer Cent. 5 per Cent. IG per Cent. 
1 [|:.0405000|1.045000c| 1.95cocc[1.0590000 
2 [1.08r6000[r:092025c|1.1025000]1.1236090 
| 3 112485401. 141165101. 15762501. 1910160 
MP 1.16985 eli. 1925 180% 216500301. 2624759 
x 21663291 240381911 12762816 1.3382250 
6 1.265 3190 1.30:2601]1, 3490956]. 4185191 ; 
7 [1.315931$j51.30086181, 14071004 1.50303034 
8 J1.368569101. 42210061. 47745 54015938481 
Haw 1.423318] 1.4860951]1.5513282Þ1 6594703 
10 4802443 1.55 2969 41.528 8946. 7908477 
| * 11.5 394541 1.62285 30 1. 7103393 1. 8982980 | 
12 |1.6010322[1.6938814|1.7955;63[2.0121955 | | 
13 [1-6659735|t.7721961[1.5$1564;1]2. el 329293 F 
14 _ [1.7316764]! d519449[1.97993 1602.260909 
- 15  [1.8009425|1.9352524|2 3789282 2.39655 82 
: 16. 1.87298 1202 2. 02237010 z. 1828746z. 5422517 
17 fi. 9479005 z. 113376802. 29201 132.6927728 
18 2.025 8165 ʃz. 20847872. 4066 192ʃ2.8543 392 
19 2. 106849202 30786032. 5 26950 203.025 5995 
20 2.191123 102 417149/2.653 29773. 2071355 
1 2787687. 5 2021 | 278596260; 3995636 
j. 22. |2- ien 63365 22[2.9252607[3.6535 374 | 
23 2.447185 -7$2160313.071523813-8197 497 
2425 58880 de 3: hu 0014.9489340 | 
25 2.0658363[3.005434413 35494- 2918707 
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11.775844 


18113615 zK.9975675 
1.8475 8882. 150006 


42. 2080396 


12.3431893 


2 per Cent. 


16734181 
1. 7068864 


17410242 


1.8845 405 
19222314 
1. 9606760 


1.999889 5 


2.0398873 
2.08068 fc 


2.1222987 
2.1647447 


2. 25 22004 
22979444 


2.39005 31. 
2.4378542 


2. 4866112 
25343435 
2.5 870703 
2.6388 117 


21 per Cent. 


| 


1. 9002927 
1.947 8000 
1. 9964950 
2.0404073 


2. 2037569 
2. 2588508 
23153221 


2. 3732051 


2.437557 
2.4933487 
2.5556824 
2.695744 
2.6850638 


2. 7521904 
2.820995 7- 
2.8915500 
2.9638080 
3-2379032 


3-1138508 
3. 1916971 
3-2714895 
3-353276S 


2.6915880 


3 per Cent. 
2. 1565912 


2. 2212890 
2. 2879276 
2.3565655 
2. 4272624 


2. 5000803 
2.570827 
26523352 
2.731953 
28138624 
2. 8982783 
2.985 2266 
3.747834 
3. 1670269 
3. 2620377 


33598989 
3.406958 
3.5645 167 
30714522 
3-7815958 
3.89504 37 
4.0118950 
4.1322518 
4.2562194 


3-437 1087 


4.383g9ot © 


3x fer Cent. 
2.4459585 
2.5315871 


2.7118779 
————— 


2. 9050314 
3.007075 
31119423 
3. 2208603 


34502661 
34710251 
3.6960 113 
3˙8253717 
39592597 


4-0978338 


4+389702c 
4-5433416 
4-7023585 


4-8669411 
827 
52135889 
5-390p645 


3-3335904 


4-2412579] 
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The Amount of one Pound, Compound- Intereſt 
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| | Nears: [4 per Cent.|4 per Cent.] 5 per Cent.] 6 per can. 


| 26 z. 77246973. 1406790 3.556727 45493829 
27 fz. 88336853. 2820095 3. 73345630 48223459 
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41 [4-993061416.0781009| 7.3919881110.9022609 
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of, A & BBK, wx3: 
402, The Conſtruction of Table III. is by Theorem II. viz. 


. P, the preſent Worth or Value of one Pound, which is 


ere to be conſidered as the Amount; therefore if A II. R 
1,05, and 2 = 1, 2, 3, 4, 5, and Years, as before; tis e- 
ident that Unity, or 1, being divided by the Numbers i in the 
ond Table (deſigned by Ri) will give the Numbers in this 
hird Table, or the preſent Values of 11. for the Tabular Years, 
and 5 per Cent. and ſo for any other Rate of Intereſt, 


Example at 5 per Cent. 


cr; 2 (2523861) 5 (195 
151025 5 ,907029 5 58 205 
2 41157625 2 48638377 2 385 
2 $1,21550625\ 2 82270202 274 
5 (1,2762817 („78352692 5 


403. The Uſe of the Table is very caſy, as will appear from 
the following Example. 

What is the preſent Worth of 2461. due at the End of 30 
Years, allowing 5 fer Cent. Compound Intereſt ? , 


In Table III. againſt the given Time and 
Rate, is the Number I 042313775 


Which multiply by the given Sum - - 246 


The Product is the preſent North required /. 56,9189, Sc. 


404. Note, in this Table you have the Numbers ſor whole 
Years only; but if the Time conſiſts of Years, and Parts of « 
Year, you take the Difference between the two contiguous 
whole Years, and then a proportional Part of that Difference 
ſubducted from the tabular Number of the given Years, will 
be the tabular Number required for the given Time, 
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31 37, 4 425 5» and , 
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"TABLE II 


4621 447)7224213]; 


3 per C. 


9708738 
9425959 
9151417]. 
8884870]. 
8626088. 


8374843. 
8130915 
$7 894092}. 
.76064167]. 
7440939 . 


7013799]: 
68095 1 31.6 
6611178 
6418619]. 
6231669. 
6050164. 
5873946 
5702860. 
35367580 


5375423“ 


521892 5-406 
50669 17.45; 


4919337 


Years. |2 per C. la 2 per C. 
1 5803921975609 
12 (9611687951814 
J 3 4232239285994 

| #4 119238454[-9039506 
1 5 [-9057308].8838542 

| 6 88797 13J. 862 2968 
LF .8705601]-84120653 

4 8 41-8534903|-8207465 

9 J. 836755 2J. 8007283 

10 {.82034831[.7811984 

r J. 8042630 

12 7884931435558 

13 477303257 254203 

4757875007272 
5 743147694655 
16 7228445 8˙6736249 

17 714162 50.6571950 
18 |.70015931.6411659 
19 6864306255277 

20 N 

21 4.65975 80.595 3862 

22 4.6468 390˙5 808646 

23 6341559566697 
24 J.6217214ʃ.5528753 
| 25 J.6095 308.5393905 


4770050. 


* 
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TABLE III. 


af A LGEDBR Ka | 


Nears, 


* 


1 88 — 


8219281] 


1J.675 5642 


5774751 


|.5339082|.4944693 


4563870 | 
. | — — = - 
3589424 
3418499. 


238565 N 


7903145 


. 7306902 
7025867. 


6127809 
6245971 
6005741 


5552645 


5133733 
4936281 
4746424 


43883 36 
4219554 


$69 & | 
9015385 


7599178ʃ.7348285 


6161987 


5896639 
5642716 


4057 263 


29812680 
3751168 


41 per C. 


9569378. 


257299 
8762966 
8385613 
80245 11 


— —_—— ] 


7618957 
7031851 


672904464 
— 


6439277 


! 


5399729 
en 


4944693 
4731764 
45 28004 

4333018 
4146429 


3967874 
3797000. 3 
3633501 
3477035 
3327306 


5 Per C. 


9523810 
9970295 
8638376 
8227025 
7835 262 


46089. 


3255713/ 
3100679. 
2953028]. 


7462154 
7106813 
6768394 


8846703 
5565374 95969 
5303214 
305067 . 
4810171. 


4681113. 
4362967 
4158207]. 
3957340. 
3768895]. 


N 
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| 3 
6 fer C. 
— 
9433962 
8899964 
8396193 
7920937 
7472582 
1i— 
7049605 
6650571 
6274124 
5918985 
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Fear. 12 per WE 


9 


15412460 


5975793 
5858620 
57437465 
5631123 
552679 


53333 
5202287 


4.5 100282 
5000276 


— ͤ6—¼—aZ— 


4902232 


4806 109 


14711872 

J. 4619482. 
14528904 
4.444002 
430304 
J. 4267608 
4.484008]. 


4101968 


4021537 


. 3942684 


43865376 
3289584 
3715279. 2909422 


2 — 
j 


—— 


24 per C. 3 per C. 


5262347·4636947 


5133997 
5008778 
4886613 
476747 
4551148 
4537706 
4427030 
4319053 
«4213711 
«4110937 
4010671 
3912840 
3817414 
3724306 


3633470 
3544848 
3458389 
3374038 
3291744 
3211458 
3133129 
3056712 
2982158 


4501891 
4370768 
424344 
4119868 
3999871 
3883370 
3770263 
3660499 
3553834 


3450324 
3349829 
3252262 
3157536 
3065 568 
2976280 
2889592 
2805429 
2723716 
2644386 


2567395 
2492588 
. 2419988 
2349503 


2 * 


2281071 


3687482 
3562784 


— — 1 


3442304 
3325897 


3213427 


3104761 
2999769 


2898327 


28003 16 


270561 
2614125 
515725 


— CR ö 


2440314 


34 per C. 
4088378 


3950123 
3816543 


92357791 
.227 805 

«2201023 
.2126594 


205467 
1985 197 
1918065 
1853202 


1790534 
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3334775 
32065 14 
3083187 
. 2964603 
28505 79 
2740942 
2635521 


2534155 


2436687 
2342969 
2252854 
2166206 
2082890 


— — — 


1925749 
.185 1682 


„1 180464 


. 1647139 
1582826 
1521948 
146341 


59 
— 


ace gg 


1711984J. 
| — 


1407126 


— 


41 per C. 


31840250. 2812407 
3046914 
2915707. 25 50936 
27901 502429463 
. 2670000 


2339712 
223895 
214254 


2050282 
1961992 
1877504]. 
1796655 
1719287 
16452510 
1574403 
1506605 
1441728 
1379644. 


1320233 
1263381 
1208977 


. 1107997 


5 fer C. 


2678483 


2555024 2203595 
2444999209862. 
19987621. 


9.499354 


1726574 
1644356 


4227044 


1812903. 


— —ñ)ſ ] 


156505 4. 
1491479]: 
.142045-|. 


13428161 
1288396. 


1168613]. 
1112965. 


1099967 
1009492 
0961421. 
1156916915639 
5872037 


6 per C. 


21981 
207368 
1956301 
1845567 
-2313775]-1741101 


575477 
054288 
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406. Theorems reſolving all Dueftions relating to Annuities, &. 
in Arrear, calculated at Compound Intereſt, 


8 $R = one Pound, and its Intereft for one Year, as before, 
T7 CU = the firſt Year's Rent without Intereſt. | 


Then R U = the Amount of the firſt Year's Rent, and its 
Intereſt. 

And hence is form'd the following Progreſſion of Amounts 
in continued geometrical Proportion. | 


1 5. Kae. the Years. 
T. U+UR+ UR*Þþ UR* +UR „ Kc. the Amounts, 


Hence U+UR+UR*+ UR3+UR = A, the Amount of 
any yearly Rent, or Annuity, forborn five Years. 
Now the laſt Term in the above Series is UR*= UR, 
Therefore A — UR = the Sum of all the Antecedents, 
And A—U= the Sum of all the Conſequents in the 
Series. 9 | 
So that it will be, U: RU: : A UR: A- U.“ 
Therefore AU — UU = RUA — UUR*, Divide all by U. 
Then A—U = RA URt. The General Theorem. 


40 7. From hence we deduce the following particular Theo- 
rems, VIZ, 


Given U, R, t, to find A? 


Theorem 1. RL. A. 
R— 1 
| Given A, R, t, to find U? 
RA — A 


Theorem 2. WIRES U. 


Given 


. ® For in any geometrical Series, it will be as any one Antecedent 
is to its Conſequent, ſo is the Sum of all the Antecedents to the Sum 
of all the Conſequents ; thus, let the Series be a: ar::ar;ar:: 
2: an an: a, Cc, Then as a:ar::abar+artar, 
Ce. :ar part +ari + arm, &e. for the Product of the two Ex- 
tremes 1s evidently equal to the Product of the two Means, (138.) 


| Given U, A, R, to find :? 


Ra Ha: 


Theorem III. 7 


Rt. 


Given A, U, t, to find R? 


A A—U 
Theorem IV. U R — Rt 2 


QuksTION I, 


408. If 3ol. yearly Rent be forborn, or unpaid nine Years, 


what will it amount to at the Rate of 6/. per Cent. &c, Com- 
' pound-Intereſt ? 


U= 30 | 
Here is given 3 {rs find A, per Theorem I, 
R = 1,06 


In the firſt Place, let R = — — 1,06 = , o25 305 
he involved to the gth Power, (viz. Rt) 9 


That will be - - Ro = 1,689451 = 0,227745 
Multiply b ß — = U = 20 == 15477128 


The Product is U Re = 50,683530 = 1,704866 
From that ſubtragt U = 30 

The Remainder is the Dividend = 20, 68353 = URf — U. 
Divide therefore - URt —U = 20,68353 = 1,315626 
4 - „ 0,06 = 8, 778151 


The Quotient is A I. 344.7267 2, 537475 
That is the Amount = 3441. 145. 65d. the Anſwer. 
QuesT1on II. 


409. What Annuity 3/. 10s. per Cent. Compound-Intereſt, 
will raiſe a Stock of 344/. 55. being forborn eight Years ? 


H OY. A = 344,25 
ere is givenygR = 1,035 To find U, per Theorem II. 


f = 


No, 8 B b Mul- 


1 
Fit. 
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Multiply the Amount A 344,25 = 2,5368) 


By the Rate. Rg 1,035 = , 014940 
From that Product - RA = 356,29875 = 2,551814 
Subtract the Amount - A= 


The Remainder is - RA—A = 12,04875, the Dividend. 


Then involve - - - R = 1,035 = 0,014940 
To the 8th Power, v:z. Rt - - - 8 


That Power will be! R* = 1, 316803 = , 119520 
The ſame leſs Unity is R. — 1 = o, 316803, the Diviſor. 


Therefore divide - RA—A = 12,04875 = 1,080908 
8 Rt — 1 = , 316803 = 9, 500785 


— — — — 


The Quotient is U = 38,0297 = 1, 580123 


The Annuity therefore which was ſought, is found to be 
38,0297. = 381. os. 7d. per Ann. Anſwer. 


QuEsT1on III. 


410. In what Time will 387. os. 7d. raiſe a Stock of 3441. 
55. at 3. 10s. per Cent. per Ann. Compound-Intereſt ? 


U= 38,0297 
Here is g = 344,25 (To find t, per Theorem Ill. 
R = 1,035 


Firſt multiply the Amount A = 344,25 = 2, 536874 
By the given Rate - Rg 1,035 = 0,014940 


— — 


To that Product — RA 356, 29875 = 2, 551814 
Add the Annuity - - U = 38,0297 


From the Sum - RA+U= 394,32845 
Take the Amount A = 344,25 


_—__@ 


The Remainder is 2 | 25 
the Dividend : RA+U—A=Z $0,07845 = 1 699651 


Which divide by - 5 U = 38,0297 2 15680123 
The Quotient will be Re = 1, 316803 = , 119528 


Then 


2 
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Then divide 1, 316803 continually by the Rate 1,035 until 
nothing remains, and the Number of thoſe Diviſions will be 8 
= Time required. 

But much better by the Numbers in Table II. where under 
the given Rate 1,035, you will find the Number 1 1,316809, 
againſt which, by the Side, is eight Years, the Time required. 


(396, 397» 398.) 


QuesTIon IV. 


41 1. At what Rate per Cent. Compound-Intereſt, will 3ol. 
yearly Rent, being forborn, or unpaid, nine Years, amount to 


3441. 145. 645d. 


U=30 
Here i gin} A = = 344.7267 {To find R, per Theor, IV. 
| 1229 


Firſt divide the Amount A 24447267 = 2,537475 
By the Annuity = - U = 30 = 1,477121 


2 
? * _ 


The Quotient is - - 7 = 11,4909 = 1,000354 


A the A t! 4 th | 
no «aſia was 8 — U=314,7267 2, 497933 


Which divide bt): U= 30 = 1,477121 


* 


The Quotient is = = 10, 49014 = 1,020812 


Now Rt = Ro. Therefore the Theorem affords this Equa- 
tion, viz. 11,4909 R — R = 10, 49014. ' 
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This being a very high Equation, requires the Aſſiſtance of 
Algebra, to be found farther on; but as this Value of R may 
be nearly determined by the Tables, with the utmoſt Eaſe, I 
{hall next proceed to ſhew 
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The Conſtruction of TABLE IV. 


412. The Conftruction of Table IV. is from Theorem I, 


8 . U Rt — U 
of Annuities, &c. in Arrears, viz. * 3 A. Now 


| as it is U = 11. and R = 1,05, as before, then the Theorem 


2 | 
will be brought wy = A, the Amount of II. Annuity 


for the Number of Years deſigned by t. That is, from (Rt) 


the Numbers in the ſecond Table, ſubtract Unity, or 1. The 


Remainder, divided by ,o5 (or R— 1) gives the Numbers in 
the fourth Table. 


Example at 5 per Cent. 
&@ 1 © a — 
2 — — 505 a 2 55 I,00000 8 8 1 a 
2882 51025 D 2 2505 88 
2 5 3˙ 157625 >= 0 8 63,1525 88883 f 
— 2E > ,21550b25\ 2, 3 /4,310125 28 74 ; 
& 2 > 5270281503 8 8 51525631 << \5 


And thus you proceed for any other Rate of Intereſt. 


413. The Uſe of this Table take in the following In- 


ſtances. 


Againſt 9 Years, and under ; er 9 ou 
ind the Number - . : : T1,4913162 


Which multiply by the Annuity „%%% eee 


6＋— 


The Product is the preſent Worth Sek L. 344, 739480 


Which is nearly the ſame as per Theorem I, (408.) 


414. Again; inthe Equation 11,4909 R R= 10, 49014, 
(411.) it will be eaſy to ſee, that R muſt be ſuch a Rate in 
Table II. againſt 9 Years, that the Number anſwering to 
it, added to 10,49014, muſt be but little leſs than 11,4909; 
becauſe 11,4909 R = ins hk + R® : If we but ſlightly 

examine 


of ALGEBRA. 187 


examine the Numbers under 4, 42, and 5 per Cent. we find 
they are too ſmall ; if we take that under 6 per Cent, viz. Ro 
= 1,689479, and add to it 10,49014, the Sum is 12,17962, 
and 11,4909 * 1,06 = 12, 1803, Cc. nearly the ſame; and 
therefore ſhews the Rate allowed was 6 per Cent. as re- 
uired. 

: This Inſtance is ſufficient to ſhew the extreme Uſe of Ta- 


bles, not only to thoſe who do not underſtand Algebra, but 
even to thoſe who do. 
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INSTITUTIONS 


TABLE W. 
Of Comround INTEREST. 


415. The Amount of one Pound per Ann. or Annuity, 


for Years, at the Rates of 2, 


5, and 6, per Cent. per Annum. 


4, 35 31, 4, 4}, 


2 per Cent. 


| 1.0000000 
2.0200000 
3.00040C0 
4.1216080 
5. 2040402 
6.308 1210 
7˙4342834 
8.5 829691 
9.754284 


10. 9497210 


— 


27 per Cent. 
1. ooo 
2.0250000 
3.07560230 
41525156 


5-2563285| 


6.3877367 
7-5474302 
8.7361159 


9.954188 
11.2033818 


3 per Cent. 


—— 


3 2 per Cent. 


1. 0000000 
2. 0300000 
3-.090g0O00 
4.1836270 
5.3091358 


7.6624622 
8. 8923360 
10. 1591061 
11.463893 


6.4584099] 


1 .COOOOOO 
2.0350000 
3-1002250 
42149429 
5.3624659 


6.5501522 
77794075 
9.05 16866 
10.3684958 


117313931 


1 2.1687154 
13.41 20897 
14.0803315 


17.2934169 


18.6392853 
20.0 1207 19 
214123124 
22. 8405 5 86 
24-2973098 


3 


12.4834663 
13.795553 
115.1404418 


17.9319267 
19.3802248 
20.8647304 
22. 3863487 
23. 9460074 
25. 5446576 


25.7833172 
272989835 
288.8440632 
30.42 18625 


32.0302997 


27.1832740 
28.86285 50 
30. 5844273 
32.3490379 


12. 8077957 


14. 1920296 
15.177904 
177.0863242 
18.989139 


131419919 
14.601966 
16. 1130303 
17.6769864 
19.2956809 


20.1568813 
21.7615877 
23-4144354 
25.1168684 
26.8703745 


28.6764857 
30. 5 367803 
32.4528837 


341577639 


20.97 10297 
22. 7050158 
244996913 
26.3571805 
28. 2796818 


30. 2694707 
32. 3289022 
344004137 


344264702 
364592643 


30.6665 282 
38.9495567 


— OOO 
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TABLE IV. 


The Amount of one Pound, Annuity, Compound- 
Intereſt. 


| Tears. | 4 C. | 43perC. | 5 per C. | GperC. 


— 


1 | 1.0000000| 1.000000c| 1.0000000| 1.0000200 
2 | 2.0400000| 2.045000c| 2.0500000| 2.060c000 
3 | 3-1216000] 3.137025<|] 3.1525000| 3.1836000 
4 42404640 4.278191 10 4.3101250| 4.3746016 
5 | 5-4163226| 5.4707097] 5-5256312| 5.6370930 | 


— 


— — 


6 6.632975 5] 6.71689 176.8019128] 69753187 
7 | 7-8982945| 8.01915 18 8. 1420084 8.3938378 
8 9. 21422630 9.3800 136 9.549 1089 9.897468 
9 ſio. 582795 300.802 11421 1.0 2656430114913 162 
o 2.006107 1012. 288209412.5778925/1 3. 18079581 


ä —— 


11 3.48635 14013. 8411788014. 206787 1014.97 16435 
12 15.025 805 515.4640318 5. 917126516. 8699420 
13 116.6268377 17. 159913301 7-7129829118.8821 385 
14 8.29191 12018.932109 419.5986320 z 1. 01 50667 
15 20.0235 876020. 7840543 215785636023. 2759707 


16 21.824531 22.7 143367J23.557491 825.6725289 
17 23.6975 1242474170692 5. 840366428. 2128806 
18 25.645 4129.26.85 5083728. 132384730. 9056534 
19 |27.6712294[29.0635025130.539c039133-7599925 | 
20 |29.7780786|31.3714228[33.0059541130.7855920] 


21 [31.9692017[33.7831368[35-7192518139.9927275 

22 34. 2479698036. 3033779038. 5052144143-3922911} 
23 36.6178886 38.9370 299041. 430475 146.995 8285 
24 39.082604 104.689 196344. 50 1998950. 8155782 
25 141.645 9083044565 10147. 727098805 4.8645 128 
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TABLE TV. 


Intereſt. 


INSTITUTIONS 


The An of one Pound, Annuity, Compound. 


Voars.. 2 per C. | 


33-0709957 
35-3443238 
37.0512103 
38.7922345 
40. 5680792 
42. 3794405 
44-22702906 
46.1115702 
48.0338016 


499944776 


519943672 
54.342545 
556.1149396 
758.2372384 
60. 4019832 


62.6100 228 
64. 2 
2 782857 

69. 50265 11 
E 


2 E per C. 3 per C. 


36.011708 
37.91 20007 
39.859800 
41.856295 8 
43.9027032 


48.1502775 
509.3540345 
52.612865 3 


647829791 
67.4025535 


46.0202707 


38.5 5 30422 
40. 70963 35 
42-93 9225 
45.218850 
47-5754157 


©0.0026782 
52.502758, 
550778413 
57.730765 


54. 9282074] 60. 4620818 


5730141260 632759443 


759.7339479 66. 
62. 2272966 


1742226 


69. 1594493 
72. 2342327 
754012597 


— 


A 


—— — —  —r — 


41.313101) | 


43-759060z 

46.2906273 
48, 9107993 
51.60226773 


es 


54-4294719 
$7-3345225 
60.3412101 
63.453124 
66.6740 127 


70. 0076032 
73. 4578093 
77-0288947 
80.7 249060 
84.5502778 


70.0876174 78.663 2975 


72.8398078 


78.5523231 
81.5161312 


74:3305645 
70.8171758 
79-3535193 


84-5794915 


81.9405697 


87.067885 3 


84-5540344] 96.5014172 


82.0231964 


78075. 6608030] 85. 4838923 


89.0484 191 
92.7198614 


88.595375 
92.607373 
96.8486293 
101.2383313 
105.7816729 


100.3065009 


90. 8595824104. 4083960 
94. 1310729108. 5 406479 
97-484 34881112. 7968673 


110.4840315 
115.3849720 
120. 3882560 
125.6018450 


130.9979 100 


— 


2 
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TAB 
The Amount of one Pound, Annuity, Compound- 
Intereſt. 

Years. | 4 per C. | 43 per C. | 5 per C. | 6 per C. 
26 | 44-3117446] 47.5706 446 51. 1134538 59.1563827 
27 | 47.0842144| 50.7113236] 54.6691 265| 63.7057657 
28 | 49.9675830| 53.9933332] 58.4025828| 68. 5281116 
29 1 5 2.96628631 574230332] 62. 3227119 73.0397983 
30 [56.084937] 61. 0070698 66.438847 5] 79.05 8 1862 

| 31 [59.328335 2 04-7523878] 70. 7607 89 84.806774 
32 [62.701468 - 68.666245 2 752988294 90 88977 80 
33 66.2005 274] 72.7562 203 80. 0637708 97.343 1647 
34 69.857945] 77.322565 85.669594 4.1837546 
35 73.65 22248] 81.4966 180 90. 32 3073] 114347799 
36 77.5983 138] 86.163965 8] 95.8363227{119.1208667 
37 | $1.7022464| 91.0413443([101.6281388[127.2681187| 
38 | 85.9703362! 96.1382048[107.70954;8[135.c042058 
39 | 90.4091497]101.4044249|114.09502311145.0554581 
49 95.025515 510.0303231 2.799774 54. 1 
41 99 8265 36311 12.846876 27.8 97629 165 5676050 

| 42 [104 8195978]: 18924788511 35-23175111175.9505446 

43 0.01238 1725. 2764040142 9933386[187.3c75772 
44 5. 4128169 131.9138422 5 f. 143005 6199.75 80319 
45 121.0293020 138.8499655 1 59.7001559]212.7435138 
46 i26.8:0;677|146.0982135[168.6851637 226.5081246 
47 132.945 390415 3.672633 1[178.1194218ʃ241.0986121 
48 39.263 2060 16 1.5 879016188.025 39292 56.5645 288 
49 145.83 37342069. 85935 720198. 42666260272. 95 84006 
50 152.6670836 178. 50302821209. 3479957 290.3359046 

Ne. 26. Cc 416. The- 
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416. Theorems reſolving all Queſtions relating to the Preſent 


Wirth of Annuities, . Penſions, or Leaſes, to continue oy Time, 
or in Reverſion after a given Time. 


The Buſineſs will be to get a Theorem which may contain 
P, the preſent Wirth z for this Purpoſe, we muſt have Recour: 
to thoſe Theorems which give the Value of A, the Amount, 
as _— in Simple Intergſi. Now, in Article 389, we hat 
Rt - 

| R — 2.7 a; 
therefore by equating theſe two Theorems, we get this gene- 
ral Theorem, vix. * 


PR = = A; and in Article 407, we had - 


* PR. = un. -U 
| R— 1 
417. From whence we derive the following particular The- 


or rr f 


a - vn A — 


Ginn v, R, 7, to find P? 


Theorem J. 3 R © P. 
Ay 
Given P, Kohl? > W 
FN AK p Rt | 
Ee | T 
Theorem 13 —= * U. | 
GivenU, R, P, to find #? A 
Theorem 1.3 p U PR — Rt. | by 
| ti 
Given U, P, t, to find R? 122 fi 
TC 
Theorem v.35 = + Re + Rt —Rt+1. t 
a 


QUES- 


he. 
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QUESTION I. 


418. What is 3ol. yearly Rent, worth in ready Money, for 
ts Continuance 7 Years, allowing 60. per Cent. Compound mu- 
tereſt, to the Purchaſer? | 2 


A 3 
Here is given? = bega find P, per Theorem I. 
12 45 8 
Firſt, involve ” - Ra = 0025205 
To the 7th Power, (viz. R?7) -  - =— = 7 


That will be =- = R — 1, 50061 — , 177135 
Then divide 2 Fe U= 30 = 1477121 


ways Lak 
-- 


By Rt, there will remain - 57 = 19,9520 = 1, 299986 


Then from the Annuity - U = 30 
* 
Subtract 8 — N 19,952 
| Divided. U —d =: 10,098 : | 
Remains the Dividen —=F - 10,048 = 1,002079 


Which divide by the Rate 8 


Unity = R —1 = 0,06 = 8, 77815 


TheQuotient is the preſent Worth—P= 167,4716=2,22 3028 
The preſent Worth, in ready Money, is 1671. 9s. 54. the 


Anſwer, | 


419. Suppoſe this were an Annuity in Reverſion, or not to 
be entered on till after ſeven Years are paſt, and thence to con- 
tinue ſeven Years; and you would know the preſent Worth; 
find by the ſecond Theorem of Compound Intereſt ( 392.) what 
ready Money will amount to 167/. gs. 5d. in ſeven Years, at 
the ſame Rate of Intereſt; and that will be its preſent Worth; 
and ſo for any other Annuity in Reverſion. ; 


Ce 2 | The 
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The Conſtruction of TABLE 2 


420. It is but too eaſy to be obſerved, bow very difficult the 
Solution of theſe very uſeful Queftions muit be in this common 
Way of Computation, and therefore we ſhall next ſhew, how 
a fifth Table may be conſtructed to facilitate this Aﬀair, This 
is done from the general Theorem (416.) 


Whence we have P A = = (by putting 

U = 1.andR = 1,05.) But —— make the Numbers 
| 3 

of Table IV. (412.) and Rt gives the Numbers of Table II. 

(396.) therefore the Numbers of Table V. ariſe from thoſe of 


Table IV. divided by the Numbers in Table II. as in the fol- 
lowing RE at the Rate of 1,05 per Cent. 


Table II. Table IV. Table v. 


1,05) 1, ooooo (= , 95238, Cc. for the iſt Year, 

1, 1025) 2, osooo (= 1, 85941, Cc. for the 2d Year. 
1157625) 3,15250 (= 2,2324, &c. for the 3d Year. 
1,21550625) 4,310125 (= 3,54595, &c, for the 4th Year, 


1,27628155) 5,525631 (= 4,32947, Cc. for the 5th Year, &. 


And thus for any-other Rate of Intereſt, 


The 
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The Uſe F TakLE V. 


421. What is the preſent Worth of 300. per Amun, to con- 
tinue ſeven Years, at 6. per Cent.? 


18 


In the Table againſt 7 Years, and 65 per Cent. | £6 23 
you find - 5 57582367 5 
Which multiply ya * * 44 230 
The Product is the preſent Worth _ - = 167,47.1445 
Or 1671. 95. Sd. as before. (418.) | 


This one Example is ſufficient to ſhew the "I of this Ta- 
ble in * other Caſe. 


TABLE 


9 


96 INS TITUuT INS 


422. The preſent Worth of 11. per Ann. or Annuity, 
- far Years, at the Rates of 2, 23, 3, 31, 4s 44, 
5, and 6, per Cent. per Annum. 


_— * - -— 


8 


69 1 N | 
Years. | 2 por Cent. [2:5 per Cent. 3. per Cent. |3 3 per wa 
JF 28 — 2 0. 97087387 0. 9661836 
2 1.945609 1.9274242| 1.9134697h 1.899694, 
3 | 2.8838833] 2.8560236| 28286114 2.801 637c| 
143.8077287] 3.7619742! 3.7170984! 3.673072 
5 | 4-7134595] 4-0458285| 4.579700 45150524 
6 | 5.6014309] 5.5081254| 5.4171914} 5.328552. 
7 | 6.4719911] 6.3493906| 6.2302829| 0.11454; 
8 | 7.3254814| 7. 1701372 7.0196922 6.873u555 
9 | 8.1622367j 7.9708655| 7.7861084] 7.6070865 
10 8.982585 8.75 20639 8.5 302028 8.3166 53 
| 11 | 9.7868480| 9.542087 9.525624} 9.00.55 
| 12 10. 5783412010. 2577646 9 9540040 9.6633 343 
| 13 11.348370. 983 183910. 6349553 0. 3027385 
14 12. 1062485)[11.6909 1221 f. 296073 110.9205 203 
| 15 12.8492635 “12.381377 1.937935 1011.577409 
| 16 |13.5777093[13.05 50027|12.561 1020] 2.094 168 
| 17 [14-2918719]13.7121977|13.1661185]t2.6513206 
| 18 114.9920313[14+3533636Þ3-7535131[13-1896812 
| 19 |15-6784620[1 4978891211443 23799 -[13-7098374 
1 20 16.3514333]'5-5891623 14.8774748[14. 2124033 
| - 21 [17.0112092[16.1845496[:5.4!52241[14.6979742| 
22 17.65 8048216.765413215.9359 16615. 1671248 
23 18.2922041017.332 110 516. 44360845. 6204105 
| 24 |18.9139256|i7.8849855]16.9355421116.0583670 
25 li9.5234595118.4243704\17.4131477116.4815140 
TH 57 Fn 
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- * _*« 
vF# 7 4 TY) * 
5 — . : AIST 6 E * PE 8 4 1 


. s. 


on 


4 


8 o 


I Thor 4-91732 
09] 5.790373 8.785385 
6.4632 128 5. 2097939 
7. 1078217] 6.806923 
82 7.721734 n 


435334 7. 
8.1108955 


8.704763 8. 
9.385733 9. 
998564730 


3064122 7.886877; 
8.96325 16 8.3858440 
8.852681 


10. 5631223 
111. 1183868 


10. 2228253 
0.739545 7 


92949840 


11. 522049] 


113-1339385 


12.165668 
12.6592961 


11.234015 1 
117071914 
12.1599918 
12.5932936 


11.2740662[10.4772597 


11.6895 86910. 8276035 
12.085 320881 1.1581165 


13.590325 3/13. 007936512. 462210301 1.46992 13 
14. oog 5893.404723 

14.4511142[13.7844248 
[14-8568405114.1477749 
15. 2469619]14-4954784 
15.6220787114.8282084 


12. 8211527 11. 7640765 
13. 163002612. 0415811 
13.488739 23033790 
13.798641 8f1 2. 5503576 
140939445] 2.7833502 
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Intereſt. 


4 
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The 8 Worth of one Pattd, Annuity, Coins: 


The 5 


tt 
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> 


20. 7068978 
| 4119 964858711; 
121.8443847 
422. 3964550 


| * 22. 9 77015] 
423. 
23. 9885636, 


125.4400406 


28.661 5623 


| 29.8923 136| 


20. 9 


21.281272 


n 4 


18. 9506111 
19. 4540100 


20.45 35 499 
209 30292. 


—— „( 


83348 


244985917 
24.9986493 
OR KP O22: 
25 4888425 
25 9694534 


26.9025888 
27-3554792 


27: 7:7994895 
28:2347936 


29.0799631 
29-4991599 


30. 2865820 
30.6731 l 


131.4236059 


—— 


21 395407 
21.849178 
22. 201 8809 
22. 7237863 
23+ 2 
23 5562511) 
23- 9573189 
24.348603 
24.730344 
254102775. 


25446061226 
25.8206085 
26.1664457 
26.5038495| 
26.83 30230 
27.1 . 
27. 4674826 
27 7731537 
28.07 13695 


17.8768420 
8. 3270315 

18. . 
19.188454 
19.600441 3118 


20 0004285 


20. 3387655 
20.7057918 
211318367 
21 4872200 
21 8322525 
221672354 


22.492466 
22. 8082151 


231147719 


23.423999 
23. 7013592 
239819021 
242542739 
. as 187125 Ma 


24. 77 54496 
26. 0247078 
25 2667066 
25/5016569 


6] 
* 8 


28. 28 


8 


255 7297040 


4 6 
| 3 T per C. 
— — 


* — 


16. 8903523 
17-2853045 
17. 6670188 
18. 3372670 

183920454] 


1845 362750 
19.688656 
19 3902082 
19;7006842 
20,00066 12 | 
— — 

2012904938 | 
20.5705254 
20,8410874 
21.1024999 
HOY 


58 


21. 5991037 
21.8348828 
22.062688 
22.282791 
5 
——— 
22 09181 
22.994378 
23.091244 
232768645 
2 | 
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of ALGEBRA. 


TABLE Y. 


Intereſt. 


— — 


* 


_—_— 


The preſent Worth of one Pound, Annuity, Compound- 


— 


4 fer C. 


4X per C. 


5 per C. 


6 per C. 


| 


[15.9827678 


16.3295 844 
16.666306 18 


16.9837132 


17. 2920318 


156.1466115 
15.413028 
159.7428735 
16.021888 
16.288888 5 


143751853 
146430336 
14.898 1272 


515.1410735 


15.372451 


13,003 1663 | 
13-2105342} 
13.406 1644 
13. 5907211 | 
13.7048312 


I7.5884921 
17.87 35500 
18.14760441 
18.4111962 
18.6646116 


16.5443909 
16. 7888909 
17,0228621 
17.2467520 
17.4610124 


18. 9082803 
19.1425771 
19.3678625 
19.5 844831 
19.792772 


17. 6660406 
17.8622398 


118.0499902 


118.2296557 
118.4015844 


15.5928104 
15. 8026766 
16.0025 491 


16.1929039 
16.3741942 


—ññ— — — 


6.54685 16 
167112872 


16. 8678926 
17. 0170406 
17. 1590862 


——— —— ee ny 


13.929086 1 | 
14.08404.35 
14.2302297 
14.368 1412 | 
14-4982 465 


1 4.620987 2 
14.7 3678041 
I 4-8460192, 
14.949074 
15. 0462969 


SY ww” 


19.9939500| 


20.1856250 


20.3707931 


20. 5488395 
20.7 200378 


20. 88465 17 
21.0429342 


421.1951289 


21.341470 
21.4821826 


88 


18.566 1095 


18.235498 
118.8742103 


19.01 83831 
19-1503474 


| 19. 2883707 


19.4147088 
19.5 356066 


19.05 12981 
19.7 20078 


172943678 
17. 4232074 
17.545918 
17.6627732 


17. 7740697 


17. 8800663 
17.961015 5 


18.0771576 
18.1687215 


18.2559253 


15.1380160| | 
152245434 
15. 3061730 
15.3831821 
15.4558321 


2 


15.5243699 
15.5890282 
15. 6800266 


15.775723 
15.761860 


D d 


* 
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423. By Theorem II. 1885 ) a very uſeful Queſtion is re- 


ſolved, VIZ. 


QUESTION u. 


What Annuity, to continue ſeven Years, may be purchaſed 
for 120/. 5s. at b per Cent. Compound Intereſt. 


| ” = 120,25 
Here is given} = 1,06 fro find U, the Annuity. 
i=} | 
Involve the Rate - - R = 1,06 = 0,025305 
To the Index of its Power (viz. = 2) — 7 


The Power of R will be R = 1,50361 , 177135 


hat oh oma. ve preſet dr = 120,25 = 2,080084 
The Product is P Re = 180 8087 = = 2, 257219 


Multiply that by the Rate - - R= 1,06 = 0,025305 


That Product is P Re R 191,65722 = 2,282524 

From which ſubtract P R. = 180, 8087 

There remains the Dividend - 10, 84852 = P Rei x R 
— PR.. 

Divide therefore P Re R PR. 10,4852 = = 1,035 369 

By the Power of R leſs 1 R — 1 = = 0,50361 , 702113 


— 


The Quotient is the Annuity U= 21,54057 = 1,333256 


The Annuity fought therefore is 21,4057. = 211. 
1052. 92d. 


424. But we ſhall next ſee, with how much greater Eaſe 
theſe Queſtions are ſolved by a proper * the Conſtruction 
of which is as ſollows. 


el 


— 88 


„ 


ef AL GE ER A. 20 


The Conſtructiom of TABLE VI. 


This Table is made from — II. (407.) by putting 
— 11. which then is reduced to this F orm, R Rt — Rt 
U Re —U; whence (at five per Cent.) it will be , o5 Rt = U 


R — U; conſequently N N. — 1 2 , the Annuity required. 


But this being juſt the Revell of 5 — — A which make the 


Numbers of Table V. it is plain, theſs two T heorems, which 
conſtitute the Numbers of 'Table V. and VI. multiplied toge- 
505 Rt Rt—x 


cher can make but * that i is — * 


425. Hence then, if the Numbers of Table V. be made 
Dwiſors, and Unity, or 1, the conſtant Dividend, the Quoti- 
ents ſhall be the Numbers which conftitute the 6th Table, at 
5 per Cent. and after the ſame Manner for any other Rate of 
Intereſt. 


The Num- 


3 
28 1 — a 28 2 
38 15,05 =2 FIN & 
£81 2 9537849830205 
5 2 35774 3% %% 
24, 98 627877628 0408 
38 & (4,3294767 2 5,2277916 E (59 


426. The Uſe of the Table in ſolving the above Queſtion, 
is ſhewn in three Lines only. 


The tabular Number for the Time and Rate is - 0,179135 
Which multiplied by the propoſed um 120,25 


Gives the Annuity to be purchaſed, viz. - L. 21,54098 


Dd 2 T 
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Of ComeoUunD INTEREST. 


TABLE VL 


The 


427. The Annuity which one Pound will purchaſe 


for any Number of Years, at the Rates of 2, 22, 
3, 32, 4, 41, 5» and b, Per Cent. Per Annum, 


4 


| Years. 


[wow — 


O O O 


2 per C. 
— — 


1. 200000 


5150495 


3467547 
2626238 


2121584 


1786258 
1545 120 
1365098 


1225154 
1113205 


1021779 


0881183 
.082C020 


.0778255 


| -©945590| 


24 per C. 


1.0250200 
5188272 
3501372 
2658179 


2152469 


1815499 


1574954 


13940674 
1254569 


11425 88 


105 1060] 
10904621 


974871 
0910483 
0855 365 
807665 


0765990 
. 0729278 
0696701 
0667606 


0641471 


0617873 
0596466 
0576964 
05 59128 
0542759 


3 per C. 


1. 300000 
5226108 


3535304 
2690271 


2183546 


1845975 
1605064 


1424564 


-1284339] -1314460 
1172305 


— I—_— 


1080775 


940295 
0885 263 
0837666 


.0796109 
—— + 
. 0727087 
0698139 


0672157 


—_— 
— 


3x per C. 


1. oʒ ooco 
5264005 
3569342 

2722511 
2214814 


1876682 


1635445 
1454707 


— 


1202414 


11 * 
1034840 


0970616 


0915707 
0868251 


0826848 


0790431 
075816 


0729403 


070361 


*. 
027474 
603 139 


990474 


0574279 


0680366 
0559321 
06401 88 
0622728 
0606740 


— 


— <a NIE nner ein 
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The Annuity vic one Pound will purchaſe, Compound 


Intereſt. 

Years. |4 per Cent. 41 perCent.|5 per Cent. ö per Cent. 
1 |1.,0400600|1.0450000[1.05 1.0600000 

2 53019610 .5339976| -5378049| 5454369 

3 | -3603485] .3637734| -3072086| .3741098 

4 | 2754901} . 2787437 -2820118} .2885g15 

5 | -2246271]| -2277916| -2399748| -2373964 
6 | 1907619] .1938784] 1970157 2033626 

7 11666096 20970150 17281980 .1791350 

8 1485279 1516097 15472180 1610359 

9 13449300 1375745 -1406901] . 1470222 

10 . 1232909 . 12637880 . 1295046. 1358680 

| 11 a OT 1267929 
121065522 . 10966620. 1128254119270 
13 1001437 1032754] 10645580 1129601 
14 0946690 . 0978203 . 1010240 . 1275849 
15 0899411 09311380 .0903423 1029628 
16 og 8200 . 0890154 922699. 09895 21 
17 0821985 0854176. 038699 10 095 4448 
18 | .0789933] .0822369] . 085 5462. 0923565 
19 0761386 0794973 gt wor * — 

20 0735818 0768761 . 8024260871 

0735 of [ 4 
21 J. 0512801 .0746006| .0779961 0850046] 
22 | .o691988| .0725457| 0759705. 0830456 
23 | .0673cg1| .o706825| .0741368| (0812785 
24 | .o655868| .0689870| .0724709, .0796790 
« 25 | .0640121] ,0674390| . 709545 a" 


TABLE 
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TABLE VI. 


The Annuity which one Pound will purchaſe Compound- The 
Intereſt. 


——_— 


Years. | 2 per Cent.|25 perCent.|3 per Cent. EL ce. t 


f 


2 I 26 [0.0496992[0.0527688[0.0559383j0. 0592054 . 
. 27 ſo. o48293 100.05 137690. 054564 2ſo. 0578524 
| 28 [0.0469897[0.050087910.0532932[0.0566027 
| 29 ſo.0457784(0.0458913[5.052114710:0554454 
30 [0.0446499109.047777610.051019310.0543713 


| 31 [0.0435964[0.0467390 0.0499989| 0.05 33724 
32  [0.0426106[0.045768310.0490460f0.052441 5; 
33 ſo.o416865 0.04485 940.048 15610. 05 15724 
34 Jo. 0408 1870.440068. 47322 [0.0507 597 
35 ſo.og4ooO 2200. o43 205 60. 0465 3930. 0499984 


„ 


_ 
" 


36 ſo.o392 32900. 04245 1600. 045 8038.492842 
37 o. 3850680. 04 174090. 0451 116.0486133 
38 Jo. o37 82060. 04 1070 2.044459319- 0479821 
| 39 ]0-0371711f0.040436210.043843910.047 878 
| 40 9.0365 55810.0398362[0.0432024[0.0468273 


— — 

41 fo. o3 5971900. 039267910. 0427 12400. 0462982 

0.0 3541730O. 038728800. 04219170. 0457983 | 

ſo. oz 488990. o3 82 169.0. 04 1698 10.045 32544 
o. 343879 fo. 03 304.4122990. 0448777 

o. o 39096 0.037267 519-040785 210. 2.0444534 


46 [0.033453410-0368268[0.040362510.0440511| | 
47 s. oz 301790. 36406099605 fo. o4 36692 
48 ſo. o 260180. 036006000. 039577 80.043 3065 
49 ;o. oz a2040 o. o3 56235 0.0392 13 100.0429617 
50 10,0318032[0.0352581[o. OY aig! | 


* 


TABLE 
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TABLE VI 


_—— 


\ 


4 fer C.] 4 f per C 


o. 0525 674. 06602 14 
o. 06 12385 [0.0647 195 
0.06001 300.0635 208 
o. 5 887990. 0624146 
0.05 78301. 613915 


0.053577 


0.05685 5410-<604435 
o. o5 594860. 0595632 
o. o5 5 10ʒt p. 587445 
0543145037981 
0.057705 


0. 0522390 


[0.0495 4 


o. 05 28869 0,9566258 
2.0559840 
0.05 54017 
0.0548557 
0.0543431 


o. o5 16319 
0.05 10008 
0.0505235 


0.0538616 
0.05 34087 
0.0529824 
0.05 25 807 
0.052202C. 


O0. 0500174 


o. 490899 


d. 0486645 
0.048262 J 


0.0518447 
0.0515073 


0.0478821 
0.0475219 


5 per C. 


o. 0695643 
o. 682919 
0.671225 
o. 66045 5 
0.06505 14 
1 


0.064 1321 
o. o63 2804 
o. 624900 
0.617554 
o. o6 10717 
o. 0604345 
9.598398 
0.0592842 
0.0587646| 
o. 5 82782 


— 4 — | 


0.0578223[9. 
905739470. 


0.569933 


o. 5 59282 
Q.05 56142 


o. 47 Soo. oy 11886 


0.046857 


o. 0465 50 


0.050887 215.05 50397 
0.050602 i. 547767 


d. os 53184 


o. 05661630. 
o. 05626 170 


6 per C. 
0.0769044 


0.075697 2 
0.0745926 


0.0735796 
0.0726489 


eee 
o. o 10023 


o. 702729 


9.695984 
o. o6897 39 


0.0683948 
0.00785 74 
0.0673581 
o. 0668938 
0.066491 5 


9. 0544149 
0.064 1477 
0.0638977 
0,0636636 


0.0634443 


— 


| 


| 


* 


—— — 
* - 


— 


9 Li 
- 
i 


— 
— 
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The Annuity which one Pound will purchaſe Compound- 


Intereſt 


428. By 


E 
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428. By Theorem III. (417.) you find the Time for which i 


a propoſed Annuity may be purchaſed, for a given Sum, at a 
given Rate of Intereſt, as in the following Examples. 


QUESTION m. 


For what Time will 1671. gs. 54 purchaſe an Annuity of 
gol. per Ann. at 6 per Cent. Compound Intereſt ? 


| P = 167,4716) | 
Here is given} = = 20 fro find t, per Theor. III. 
| K == $900 -- 


To the preſent Worth - PS 167,4716 
Add the Annuity +- = U= =30 


The Sum is P 4 "Wo n 
Then multiply the © oa mn P = 167,4716 = 2,223928 
By the Rate - Cg= La= 9025305 


The Product is 4 P R = I77,5199 = 2,249233 
Which ſubtract from Sum of Þ + U 1974716 16 


The Resi der is P + U—P R = 19,9517, the Diviſor. 


Then divide the Annuity - < U=3o=u 1,477121 
By the Diviſor - P+ U—PR = 19,9517 = 1, 299986 


The Quotient is — 'Rt=1,50361 = 0,177135 


Then in Table II. under 6 per Cent. you find the Number 
1,5036303, againſt which, in the Side is 7 Years, the An- 


ſwer. 3 
QUESTION IV. 


429. Suppoſe I purchaſe an Annuity of 21/. 10s. 94d. to 
continue 7 Years, for 120/. 5s. ready Money; at what Rate 
per Cent. Compound Intereſt, was the Purchaſe made ? 


P == 120,25. / 
Here is given] U= 21,540 57h find R, per Theor. IV. 


r= 7 
Firſt, 


: of ALGEBRA ay 


ul, divide the Annuity — — 21, 54057 2 1, 333256 
By the preſent Worth = P = 120,25 = 2,080084 


— 
— 


The Quotient is - = 5 = 0,17915 = 9253172 


Then multiply it into the given Power of the Rate, to which 
add the Power, &c. as per Theorem; and you have this Equa- 
tion, viz. O,I7915 R? + R7 R“ = 0,17915; or 1,17915 
R R = , 17915; whence R will be found (by Table II.) 
after the ſame Manner as in (414.) to be 1,06, or that the Rate 
is 6 | per Cent. 


CHAP. XX. 
THEOREMS reſolving all Queſtions relating to the FIR 
chafing of Freehold, or Real Eſtates, af Com- 
pound-Intereſt. 


430. 1 purchaſe a Freehold Eſtate is evidently nothing 
more than to find the preſent Worth of an Annuity, 

to continue for ever; and conſequently the Theor. (416. PR 

UR — U 5 
_ 
the Index (t) infinite (as in this Caſe the Time really is ;) for 
then (ſince a finite Quantity, U, ſubtracted from an infinite 
one, makes no Alteration) we have | 


| | od: 
PR =p; on, PEP x NEUE. 


„ will alſo ſerve our Purpoſe here, if we make 


That is, PR—P = U, Theorem I. 


11 


R—1 
E e 2 And 


a 


208 INSTITUTIONS 


And = R. Theorem II. 


By theſe Theorems, the following uſeful Queſtions are 
ſolved. 


QUESTION I. 


431. Suppoſe a Freehold Eſtate of 257. per Ann, were to be 
fold, what is the Worth, allowing 51. 10s. per Cent. &c. Com- 
pound-Intereſt to the Buyer? 


Here is given 3 Fl 5 5 To find P, per Theorem II. 


15055 
Divide the annual Rent U 25 = 1, 397940 


% 


By the Rate leſs Unity - R—1 = 0,055 = 8,740362 


The Quotient is the Worth - P = 454,5 = 2,657578 
The Value of that Eſtate therefore is 4540. 10s. 1034. Q. E. I. 
QUESTION n. 


432. Suppoſe a Perſon would lay out 4161. 13s. 4d. on a 
Freehold Eftate, and fo as to be allowed 61. per Cent. for his 


Money, e what muſt be the annual Rent of 
ſuch an Eſtate? 


Here is given 1 — 3 To find U, per Theorem I. 
ä j 


Multiply the preſent Worth - P = 418,6 = 2,619789 
By the Rate - - R = 1,06 = 0,025305 


—— 


The Product is — PR 441, = 2:645094 
From which ſubtract the Worth P= 41,6 


— 


There remains the _—_— Rent. : ts 
The Anſwer. U = 235l. per Ann. 


QUE S 


of? 
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QUESTION II. 


433- * one give 4161. 13s. 4d. for a Freehold Efate 
of 251. per Ann. what Rate per Cent. Compound-Intereſt, has 
the Purchaſer for his Money ? 


Here is given 3 as "eg To find R, per Theor, II. 


To the preſent Worth — Pg 418, 6 
Add the annual Rent — U.z= 25.0 


Divide their Sum - P U = 441, f = 2, 645094 
By the preſent Worth P 418, 6 2, 619789 


The Quotient is the Rate ſought R = 1, 06 r 0,025305 
Then fay, As 1/. : ,06/. :: 100. : 61. per Cent. the Anſwer. 


434. That nothing may be wanting to facilitate the Com- 
putations of Simple and Compound-Intereſt, I ſhall here ſub- 
join two Tables, to expreſs the Time in Parts of a Year, with- 
out any Trouble. One of which will ſhew the Number of 
Days from the Beginning of the Year to any Day of a Month 
propoſed; and the other will new what Decimal Part of a Year 
they make. The firſt here follows, with its Uſe. 


| 435. A TaBzet 


INSTITUTIONS 


435. A TABLE 


of Dars for any given Time leſs 
than a Year. 


av 
Aaonuvſ, 


8 
It 


we | 


mm OO Ow Ow + uw 


© wy On + vv = 


— — 


8711180148 


8811191149 
89]120[150 


244 2740305 
24512751300, 
24612761307 
24712771308] 
248]2781309 


2501280311 
25112811312 
2522820313 
25312831314 
25412841315 
25512851316 
25612861317 
256712871318 
25812881319 
25012891320 
26012901321 
26102910322 
26212920823 
26312931324 
204[294[325 
26512951326 
26612960327 
2672970328 
2680298329 


497983198345 


— ww 


»„— 


2692993300360 
2700300033 10361 
27 1030103320362 
272|302(333[363 
2731303[3341304 
304! 1365 


— 
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The UsE of the TABLE. 


436. Firſt; To know the Number of Days from the Begin- 
ning of the Year, to any given Day of any Month. 


This is obtained by Inſpection only; thus from January the 
iſt, to September the 7th, is 250 Days; to November the 27th 
are 331, c. 


Secondly, To know what is the Number of Days from any 
given Day of any Month, to the End of the Year, | 


Suppoſe September 7, then from - 365 
Subtract the Number anſwering to September 7 250 


There remains the Number of Days ſought, v:z. 115 Days. 


Thirdly, To find the Number of Days between the given Day 
of any one Month, and any given Day of any other Month, 
in the ſame Year. 


For Inſtance, To know how many Days there are between 
April the 17th and October 23. 


Thus, from the Number anſwering to October 23 - 296 
Subtract that anſwering to April 117. 107 


The Remainder is the Number of Days ſought. 189 


Fourthly, To find the Number of Days from any given Day 
of any Month in one Vear, to any given Day of any Month 
in the next Vear. 


How many Days is it from September the 7th in one Vear, 
to April the 19th in the next? 


From 
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From the Days of a whole Year - 3065 
Subtract the Number to September }F = 250 
Remains the Number to the End of the Year 11 5 
To which add the Number to April ig 109 


The dum is the Number of Days required. a 2324 


And thus is the Number of Days readily found for any In- 
terval of Time given, in the ſame Vear compleatly; or which 
is Part of one, or Part of another Vear. 


437. Having then the Number of Days, it is eaſy to find 
what Decimal Part of the Year they make, in the following 
Table; and having found that, you have the Symbols, T, f, 
in the foregoing Theorems, repreſenting any Part of a Year. 


458. A Decimal TABLE of Days and Months in 4 Year. 


. 4. 


em ih 


” * 
+ 
4. 


n Gin | > ww DO « © | 


02740 


005479 
08219 


010959 
013699 
016438 
019178 
021918 
024658 


Months. 


1 


1 


2 
3 


— 


» 4 
4 


10 Days 
027397 
030137 
032877 
035616 
038356 


41096 


. 0438 36 
046575 


049315 
052055 


— — 


Decim. 


083333 


166667 
25 


* 


20 Days f 


054795 
057534 
060274 


1 


065753 


068 493 
1.071233 
073973 
076712 
1079452 


Months. 


4 
5 


063014 


— 


| 6 


30 Days | 40 Days 
.082192 1.109589 
084932112329 
87671115068 
.090411 | 117808 
0931514120548 
095890 123288 
098630 f. 126027 
101370 [128767 
104110 J.131507 
106849134247 
Decim. | Months. 
333333 4 
4166674 8 
5 | 9 


2 


136986 
1.139720 
1424066 
145205 
147945 


— ͤ ——qb 


1.150685 


| 
1.156164 


158904 
161644 


— — 


* 
868887 
75 


| 


i 


| 50 Days 


153425 


| 


60 Days 
164384 
167123 
169863 
172603 

175342" 


178082 
180822 
183562 
186301 
189041 
Months. 
10 
11 


; 5 
1 
* 


70 Days 80 Days 
191781 219178 
194521 221918 
197260 224658 
2 1227397 
202740 [230137 
205479232877 
208219 4-42g561Þ 
210959 | 238350 
| .213699 . 241096 
2164384 243830 
Decim. | _ 100 
833333] 200 
. 2300 
I. | 


12 


| 36s 


a 


— 


| go Days 


A 


246575 
249315 
252055 
254795 
257-534 


260274 
203014 
268753 
«208493 
27233 
273973] \ 
4.7218 | 
821918 | 
I. | 


— 


— 
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5 


— 
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The Uſe of the foregoing Table. 

439. The decimal Part of a Year for Days under 10, is 
contained in the firſt Column; thus, for ſeven Days it is 
0.019178. 

For any Number of Days from 10 to 100, look for the 
even Tens on the Top, and the Units on the Side of the Ta- 
ble; and where they meet in the Table is the Number expreſ- 
ſing the decimal Part of the Year; thus the Decimal of 47 
Days is found under 40 on the Top and againſt ſeven on the 
Side, to be 0.128767. The Decimal of 73 Days is 0.2. 

In the lower Part of the Table are the Decimals of a Year 
for Months; and 100, 200 or 300 Days. So that for three 
Calendar Months and 27 Days, the Decimal of a Year is 


0,25 + 0.073973 = 0.323973- Or for 275 Days, it is 


0.547945 ＋ 0-205479 07503424. 
440. As it is impoſſible to avoid the Uſe of Decimals in 


Money as well as in Time, in the Computations of Intereſt, 
as appears in all the preceeding Caſes and Examples; there- 
fore it is expedient to ſubjoin the following Table of the 
dicimal Parts of a Pound Sterling, anſwering to any Number 
of Shillings, Pence, and Fathings, propoſed. 


Thus, ſuppoſe it is required to expreſs 57 l. 175. 9 d. Z in 
Decimals. Vou take from the Table the correſponding Deci- 
mals for the reſpective Parts, and then add them 9 
below. | 


The 1 Par a. 
175. is o. 8 
init 1 94. 1 0.040625 
The Sum in Decimals 57. 890625 


441. Again, by the ſame Table any given decimal Sum may 


be reſolved into the common Species of Money; as the Sum 
67,185418. 


The 


F ALGEBR A; 


fe 
The integral Part is 67. 
From the Decimal o, 185418 
Take the next leſs for 3 5. = ,„15 


Therefore the Sum C. 67, 185418 = 67 l. 3s. 8 d. 4 


The Remainder anſwers to 84 = 9035416 E i 


— 
* 


T— W — 22 — 
. 
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442. A Table of the Decimal Parts of a Pound Sterling. 
A Decimar TABLE 
Of Money; ; one Pound t be Integer. 
* $. | Decimals. IP. g. | Decimals. || P. q- | Decimals. 
— 8 11 — — 
| 11505 O x ,0005 208 650 „5025 
| 21>! 9 4 20010415 6 ＋ 5e 
31715 [| © 25 o 2083 [ 6 4, 270083 
1442 4,5% 6 2 "_—__ 
| 5125 | I ,0|[,00416 || 7,0 5 
„ I 31,0052 7 4|,030208;z 
| 7135 1 2 500625 7 4103125 
18.4 1 3|,00729 5 2,0322918 
| 91,45 2 ,0|,00833 20 | ,033333 
110,5 2 45009375 8 x1,034375 
111,55 2 4,0104189 || 8 2, 035415 
12,0 2 40114583] 8 4,0304583 
[73 565 3500125 950150375 
147 3 40135418] 40385418 
15 35 3 2014583 || 9 +|,03958z 
16, | 3 3|,015625 9 3|,040625 
117,85 4,0 018066 10,0, 041866 
118,9 44⸗0177083 10 4,0427083 
19595 4 £|,01875 10 4,4375 
1 67293961 41,0447918 
550 „02083 1150 5045833 
| 5 215021875 1 4, 046875 
| 5 45022918 f :1,047916 
If 5 1,0230583 [11 1,0489583 
Ff 2 
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443- An Example in Simple and Compound Intereſt, will 
make the whole Matter eaſy and confpicuous. 


EXAMPLE I. 


What will 6 4 amount to, being lent from Marcb the 7th, 

to November the 3d, at 51, per Cent. per Annum, Simple-ln- 
tereſt ? 
"F rom March the 7th to November the 3d are 241 Days, by 
(435); ; thoſe make 8 Months, 2 Weeks, and three Days, = 
o, 66 Decimals of a Year, by (438.) Then by Theorem I, 
(270) 


Multiply the Time OD OE ORTED. © bog 3 
By the Ratio of the Rate „ 0,05 


And that Product t TR 0,03301365 
Multiply by the n 65 


The Product is - TAY 2 8 
To which add the Principal E 


The Sum is the Amount ſought - = 67,1458, Sc. 
EXAMPLE II. 


What is the Amount thereof at Compound-Intereſt, the 
Rate and Time being the fame? 


The Logarithm of the Rare R = 1,05 = 0,0211893 
Multiply by the Time - 1 ä 56603 
The Product is the Logar. of Rt =R2:5503 = 0,0139912 
To which add the Log. of the Pain. P = 63 1, 8129133 


—ͤ — — 


The Sum is the Log. of Amount A = 65,1281 = = 1,8269045 


And thus the Theorems ſerve to anſwer Queſtions, when the 
Time is only Part of a Year, as well as when complete Years. 


L 444. I ſhall now add a few Queſtions of a mix'd Na- 
L ture, and which frequently happen, in order to ſhew the more 
| extenſive Uſe of the Tables. 


QUE+- 
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QUESTION I. 

Suppoſe I have 79ol. to be paid me within ſeven Years, in 
this Manner; at the End of the firft Year gol. of two Years 
100/. .of four Years 200/. and of ſeven Years 40ol. Query, 
what the prefent Worth of "thoſe ſeveral Payments is in ready 
Money, allowing 4; per Cent, Compound Intereſt ? | 


In Table III. the preſent Worth of 11. at 41 per 
Cent. due at the End of one Year, is 5 2 5 0.9569378 
Which multiply by the Principal!!! 90 


„ — 


The Product is the preſent Worth of gol. = 86.124402 
Thus the preſent Worth of 1ool. due at the? 

End of two Years, is found - = : . 
Alſo, of 2007. at the End of four Years . = 167.71226 
And of 400. at the End of ſeven Years = 293.93140 


The Sum of all theſe is.. 1. 639. 341052 
Which anſwers the Queſtion, Viz. 639/. 65. 9. 


QUESTION u. 


445. A owes to B 4551. to be paid in 14 Years, viz. at 
the End of every two Years 65 /. But he would agree to pay 
him in ſeven Years, by equal Payments each Year; which B 
agrees to, and at the Rate of 6 per Cent. Compound Intereſt. 
Query, what the annual Payment muſt be? 


I. Find the preſent Worth (by Table III.) of the ſeven ON 
ments which were at firſt to be made, as per Queſt. I 
which you will find to be 293 J. 55. 2d. 


2, Then find (by Table VI.) what Annuity, to continue 
ſeven Years at the given Rate, 293/. 55. 2 d. will pur- 
chaſe; which you will find to be 52 J. 103. 8 d. and i is 

the Anſwer to the Queſtion. 


QUESTION Il. 


446. A has a Term of ſeven Years in an Eſtate of 35/7. 
er Annum. B has a Term of 14 Years in the ſame Eſtate in 
Reverſian after the ſeven Years; and C has a farther Term of 
8 


"Pare VT ER any 


— 


, r 
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20 Years in Reverfion after the 21 Years, Query the preſent 
Values of the 1 Terms, at the Rate of 5 per Cent. per An- 
aum? 


By Table V. the preſent Vale of 35 J. per Annum, may be 
4. 8. d. 

found, for 41 Years, tobe www — bog 6 01 
for 21 Years, to be— — — 448 14 91 


\ 


for 7 Years, to be — 202 10 5 
| Which ſubtract from each other, and it will appear, 
& 1 


That the prefer Value of 4's Term is 202 10 & 
of B's Term 246 4 4 
of C's Term 1 156 11 3 


— * — A. » 


023" eee J. 605 »& oz 


" — 


QUESTION . 


447. Which is moſt advantagious a Term of 1 5 Years in an 
Eftate of 100 J. per Ann. or the Reverſion of ſuch an Eſtate for 
ever after the Expiration of the ſaid 15 Years; computing at 
the * of 5 per Cent. * Ann. Compound Intereſt? 


An Eftate of 1000. per Ann. in F ee Sunple, at 


5 per Cent. is worth - 2009 
In Table V. the preſent Value of hs fame Eftate 688 
_ at the fame Rate, for 15 Years, is 1037995 


The Difference is 3 


Now this Difference being the Value of the Reverſion, it 
appears that the firſt Term of 15 Vears is better than the Re- 
verſion for ever afterwards by 75,9316. = 751. 18s. 74 d. 
Anſwer. | 


QUESTION. v. 

448. A Perſon having 12 Years to come in a Leaſe of an Eftate 
of 6ol. per Ann. for 40 Years, would know what preſent Mo- 
ney he muſt pay in order to renew or complete the Leaſe, by 

adding 


= fs TR 


t 


e 
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adding 28 Vears * computing at 6 per Cent. Compound 
latereſt? 


3 
By Table V. the preſent Value of 11. per Ann. 
_ 6 per Cent. for 40 Years, is 8 15.046297 


By the ſame Table the Value of 11. per Ann. at) 
hat Rate, for 12 Years to come, is 5 8.383844 


The Difference is 6.662453 
Which multiplied by 60 


The Product is the Anſwer, viz. 309.747 180 | 
In Money, 399“. 14s. 114. 


QUESTION VI. 


449. A. gives 1550/7. for an Annuity of 100 J. per Annum for 
50 Years. B. puts 1550l. out at Intereſt. It is required to 
know which will amount to the greateſt Sum at the End of 


the 50 Years, at the Rate of 6/, per Cent. &c. Compound 
Intereſt ? 


By Table IV. the Amount of 1001. An- * 


nuity, in 50 Years at 6 per Cent. may 4 29033, 904 
found to be — 


By Table II. it may be found, that the A- | 
mount of 15501. for that Time and * wil 28557, 23885 


tits, Bio n " _ ” \ 


Hence A's Annuity is more than B's 1550 l. by 482,35161 


at the End of 50 Years. The preſent Value of which Diffe- 
rence is found, dy Table ll. to be 261. 35 82 d. and ſo much 
was A's Caſe better than B's. 


QUESTION vn. 


450. What Annuity, to continue 14 Years, wy be .pur- 
chaſed with 1000 l. due at the End of five Years ;- the ' Annuity 
to commence preſently, at 5. per Cent.? 


By 
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By Table III. the preſent Worth of £6601. = 2 V+ +: 
due five Years hence at 5 per Cent. may be found & 78355202 


By Table VI. it may be found, that the An- 


nuity which . will purchaſe for 4 79,151 
Years, at the Rate of 5 per Cent. is ñ | 


| in Money, 794 35.044. per Annum, the Anſwer. | . 


err vi. 


451. For 4 Leas ef certhin Profits for ſeven Years, A, 
makes two Offers, either to pay 1 50 J. as a Fine, and 3001. 
per Annum; or 17001. Fine, without any Rent. B, bids 650/, 
Fine, and 200 J. per Annum. And C, offers 2001. Fine, and 
405 l. per Annum. Query which is the beſt Offer, and what 
the Difference, . at 5“ * Cent, Kec. Compound In- 


1 ? . 
15 By Table I. the Amount of 1 EY in = 2 , obey 


Years, at 5 per Cent. may be found to be 


By Table IV. the Amount of 300. Ann. 
in ſeven Years at the given Rate — be wo * 24246025 


on” —__— 


. A's Offer at the End of een 
Vears would be —— 


ee 


1 


A. 
Lad — 
* 


2. By Table I. Ihe Amaunt of. 1 17000. in en x 98 ben 
. (As ſecond Hin at ws fad Oe 18 1 dees 
found to be . TH A , Io A oY 


3. By Table I. "the Amount of 6 gol. in ſeven a 
Lears, at the given Rate, will be found to be 3 7161 


By Table IV. the Amount of 200l. per Ann. in: 


7 Tears, at that Rate, will be foynd't to be 0 —3 16284016 


Therefore B's Offer will, in 7 Years amount to 2 $43,0205 


4. By Table II. the Amount of 2000. in ſeven 1 
. - Years, at the given Rate, will be found to be 7 28 8 


By Table IV. the Amount of 405/.. per Ann. for 
the given Time and Rate, will be found to bes 3297 5132 


So that C's 8 in 7 Vears, will amount to 3 5789300 
| The 


Tl 
the |; 
ſever: 
follov 


Ther 
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The Amounts therefore of the ſaid Offers, at the End of 
the ſaid Term, being thus known, the preſent Worth of the 
ſeveral Amounts, may be found by Avvo III. which ate as 


follow. 


EE 

The preſent Worth of A's firſt Offer will be 1885 18 3 
A's ſecond Offer 1700 O0 o 

B's Offer -- - 1807 5 6 


C's Offer - - - 2543 98 


Therefore the preſent Worth of what C. offers is more than 
3 
A's firſt Offer, by 657 11 5 
A's ſecond Offer, by 843 9 8 
| B's Offer, by - 736 4 2 
Which fully anſwers the Queſtion. 


N. B. This Queſtion might be more readily anſwered by 
finding the preſent Worths of the ſeveral offered Annuities (as 
jer Table V.) and adding to them the ſeveral Fi ines, a8 the 
Reader may try at his Leiſure. 


QUESTION IX. 


452. What Annuity is ſufficient to pay off a Debt of 50 
Millions in 30 Years, at 44. per Cent. Compound Intereſt ? | 


In Table IV. againſt 30 Years, under 4 per C. is 0,0578301 
Which multiply by the Debt - - - 50000000 


The Product is the Annuity ſought, viz. J. 2891 505 


per Annum. 


80 that ſuppoſing the National Debt to be 50 Millions, and 
the Intereſt paid to be two Millions per Ann. or 4. pet Cent. 
then will a Sinking Fund of 8915057. per Ann. clear the whole 
Debt in 30 Years. 

N. B. By this Example appears the Neceſſity of continuing 
the tabular Numbers to ſo many Places of Decimals. 


G 9 QUES- 
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45 3 Suppoſe one Farthing had been lent at Compound In- 
tereſt at 5 per Cent, in the firſt Year of the Chriſtian Ara, or hve 
Birth of Chriſt, and fo continued to the Year 1750; Query, hne 
the Amount thereof? | ſtra 


N. B. Having ſaid enough about the Uſe of the Tables, 1 Rat 
here intend cally to give the Reader a Hint of the ſurpriſing 


Nature of Numbers in geometrical Proportion. (See Then 4 

I. Art. 290.) wh 

| 1 | Oc 

Therefore, the Logarithm of the _ 1,05 = o, o211893 o 

Multiplied by the Time F 

| | r 8 

The Product iss 3597081270 N 

To which add the Logarithm of one Far- | 

thing, or the ,0010416 Part of a Pound, £ = 5750177280 II 

iz. - 2 - , 55 8 

The Sum is the Log. of the Amount fought = 34,0990041 N. 

G 

Now the Index of this Logarithm being 34, ſhews the Num. Ki 

ber of Figures, of which the Amount of one Farthing in the We 
' given Time doth conſiſt, to be 35, of which let it be ſufficient th; 
to expreſs the five firſt in Figures; the reſt in Cyphers ; then ha 

will the ſaid Amount be o 

12 56 10000000000000000000000000000001. | wn 


Now the Value of a ſolid Body, perfectly ſpherical, whoſe th 
Diameter is 8000 Engliſh Miles, (which is ſomewhat bigger be 
than the Diameter of the Globe of our Earth.) - I ſay ſuch : uf 


ſolid Body of fine Gold would be in Value about af 
238660000000&0000000000000001). 0 

Now if from each of theſe great Numbers be cut off 2} b. 
Cyphers, the remaining Figures will be 125510000000 in tb m 


Amount of the Farthing; and 23866 in the Value of the by 
Globe of Gold. But 23866) 125610000000 ( = 5260000 0 
nearly. | v 


# 5 * 
| | Hen ly 


ole 
ger 
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Hence it appears, that one ſingle Farthing put out ts Uſe 
in the Manner aforeſaid, would amount to more in Value than 
five Millions and two hundred and ſixty thouſand Globes of 
fine ſolid Gold, each bigger than the Globe of the Earth! A 
frange and ſurpriſing, but no leſs certain Truth! And this 
immenſe Amount would be greatly increaſed by inlarging the 
Rate of Intereſt. | 


454. As it may be ſome Curioſity to the Reader to know 
when theſe wonderful Queſtions firſt came in Uſe, and on what 
Occaſion, I ſhall conclude this Subject with an Account there- 
of from the learned Dr. Wallis, and in his own Words, which 
he ſubjoins to his Solution of the Queſtion of buying a Horſe by 


| giving a Farthing fer the firfl Nail, and doubling the Sum for every 


Nail in his Four Shoes. His Words are: 


« The firſt Occaſion of which Queſtion, I believe to be what 

[ have cited, Cap. 13. of my Opus Arithmeticum, from Alſcphad 
(an Arabic Writer) in his Commentaries upon Tograius's V erfes : 
Namely, That one Seſſa, an Indian, having firſt found out the 
Game at Cheſſe, and ſhewed it to his Prince Shebram : The 
King, who was highly pleaſed with it, bid him aſk what he 
would for the Reward of his Invention ; whereupon he aſked, 
that for the firſt little Square of the Chefle-board, he might 
have one Grain of Wheat given him; for the ſecond, two; and 
ſo on doubling continually, according to the Number of Squares 
in the Cheſſe-board, which was 64. And when the King, 
who intended to give a very noble Reward, was much diſpleaſed, 
that he had aſked ſo trifling a one; Sęſſa declared, that he would 
be contented with this ſmall one. So the Reward he had fixed 
upon, was ordered to be given him: But the King was quickly 
aſtoniſhed, when he found that this would riſe to fo vaſt a Quan- 
tity, that the whole Earth itſelf could not furniſh out ſo much 
Wheat. But how great the Number of theſe Grains is, may 
be found by doubling one continually 63 Times, ſo that we 
may get the Number that comes in the laſt Place; and then 
one Time more yet to have the Sum of all. For the Double 
of the laſt Term (leſs by one) is the Sum of all. Now this 
will be more expeditiouſly done by Logarithms, and accurate- 
ly _— too for this Purpoſe. For the Log, of 2 (which is 
. | Gg 2 o. 3010300) 
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©.3010300) multiplied by 64, is 19.2659200; the abſolute Number 
agreeing to this, will be greater than 18446.00000.00000.00000 
and leſs than 18447.00000.00000.00000,” 

Then by allowing 7680 Wheat Corns to a Statute Pint, and 
Wheat at 45. per Buſhel, the Reader may find, at his Leiſure, 


to what an immenſe Sum the Value of the above-mentioned 
Grains will ariſe. 


— 4 * — — I Hi... ts. 4 


C'H AP. XXI. 


The Valuation of Annuities upon Lives. 


455. A this is a very neceſſary Subject, we ought not to 
paſs over it in this Place; and tho' it has been 


handled by learned Pens, yet, as ſome have given Rules and 
Solutions to Queſtions and Caſes of this Sort, without any 
Theory or Demonſtration at all; and others have given The- 
orems too tedious and perplexed; we ſhall here endeavour to 
ſteer a Courſe between both ; and propoſe ſome of the. moſt uſe- 
ful Caſes, with as plain a Rationale thereof as we can. 


456. And it is firſt to be obſerved, that before the Value of 


any Annuity on a Life of any propoſed Age can be at all aſ- 
certained, it will be previouſly neceſſary to conſider, how we 
are to eſtimate the Probability of the Continuance of a Life 
for any given Time; and it is evident this can be done no 
other Way but from Obſervations made from the Bills of Mor- 
zality, for a Series of Years together, and ſuch as are proper 
to the Country where thoſe Computations are to be made. 
For the Bulls of Mortality at Breflaw will by no Means ſuit 
the Meridian of Londen; and therefore we ſhall firſt exhibit a 
Table of the Number of Perſons who have died in every 
Year from 1728 to 1747 incluſive, or 20 Years, as taken from 
the yearly Bills of Mortality of this Metropolis, for the Ages 
mentioned at the Top of the reſpective Colums. 


457, The 
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457. The Bills of Mortality alſo mention the Number of 


Perſons born in each Year; and from a Mean of the Whole, 
for 1000 Perſons born, there die the Numbers mentioned in 


the firſt Table at the Bottom, for the ſeveral Intervals of Age, as 


there ſpecified ; where *tis obſervable, that the leaſt Number 
die (viz 31 in 1000) between 10 and 20; and the greateſt 
Number (viz. 96 in 1000) between 40 and 50 Years of Age. 


458. From the firſt Table the Second is conſtructed, where 
the Numbers of the ſeveral Intervals of Age are diſtributed 
into Numbers proper to the Years of thoſe Intervals ; for In- 
ſtance, between 10 and 20 Years there die 31 Perſons; but 
theſe in the following T able are divided and allotted to each 
ſingle Year as follows; 4, 4, 3, 2, 2, 2, 2, 3, 4, 5 the 
Sum of which makes 31. From hence the Probability of 
Living any propoſed Number of Years, at any Stage of Life, 
may be very eaſily deduced, as we ſhall ſhew. 


459- TABLE 


a 
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TABLE 1 


459. An Account of the Number of Perſons that 
Twenty Years, taken from the Yearly 


Bills of 


. 


se 0 


| 


1728 
1729 
1730 
F731 
I732 
1733 
1734 
1735 
1736 
1737 
1738 
1739 
1740 
1741 
1742 
1743 
I 744 
1745 
1746 
1747 


Totals of 
each Age. 


Year. 


the mean 


| 1000 in 
the ſame 
| Pro portion 4 


„ 


Under 


2 Years' 
of Age. 


9851 
10735 
10368 
9907 

9502 
11738 
10752 

9672 
10580 
10054 

9600 

9687 
10705 
10456 

9030 

8621 

7394 

7089 


2503 


8741 


194645 


9732 


368 


— 


(oh 
@ 
oy} 
O 


1038 
1056 


1092 


932 
716 


957 
1228 
755 
993 
1008 
784 
844 
1235 
1072 
1035 
947 


1 
| 


V ALGEBRA, | 
TABLE L 


have died at the ſeveral Ages undermentioned, for 
Mortality of the City of London. 


41311 


— —— — 


2066 


1 
35 Totals 
2. Flof each 
A D 


5 

2 

2 
4 26062 | 
2 

4 


Vear. { 


o 27810 
6] 29722] 
26761 
25262 
23350 
29233 


227 


223 INSTITUTIONS 
TABLE I. 


460. Exhibiting the Probabilities of Cie, from the 
Bills of Mortality of the City of London. 


erer *[=f| er ss 
S „ |=23[s3| [=31Z3] |=3]E3 
FSF ss A 
2482 2|8|82| 2888 8880 
„ „ e 219["71-7 
Fee 
Þ=|— — — — — 1 — — 
0 1000024] 7 1452148] 9 22972] 5 61 
1276 724/25 8 [44449 9 220730 5 [56 
2 92 632126] 8 [43650 9 [211]74| 5 [51 
3 49] 583/27 8 4280510 9 20275 5 46 
4 25 5580260 9 4190529 193/76 4 42 
5 13] 545129] 9 410530 8 185077 4 |38 
6 10 35351030] 9 [401154] 8 [177178] 4 [34 
7 8 527131] 9 [392]55] 8 [169]79] 4 [30 | 
7] 520[32] 9 [383]56] 8 [161]80| 3 [27 | 
9 ®| 514133] 9 [374[S7] 7 [15481] 3 [24 | 
10] 5 599134] 9 [395158] 7 [147]82] 3 [21] 
rx] 4 505135] 9 [350159] 7 140830 3 [18 | 
12 4 501/30 9 34760 7 [133]84| 315 | 
113] 3] 498]37]10 [337|61] 7 [126|85] 2 [13 
14 2 496138110 |327[62| 7 119860 2 [11 | 
15 2] 494139110 [317163] 6 [113]87] 2 | 9 
16] 2 492]40|10 30/64] 6 l107 [880217 
17] 2 490[41]1o0 [297/65] 6 [10189] 251 
18] 3 487[42|10 [257]66] 6 | 9590 14 
190% 4] 483]43]10 [277167] 6 | 8gſgr] x | 3 | 
20] 5] 478]44|10 [267]68| 6 | 8392] 1 | 2 | 
216 / 472[45|10 [257169] 6 | 77193] x | 1 | 
22] ©] 4664/10 [24770] 5 | 71194] 1 | © 
123! 71 459/471 9 (2381 5 | 65/5 o | | 
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461. Shewing the Probabilities of Life, from the 
Bills of Mortality, according to Mr. S1MPs0N. 
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n 


] N®. of 


No. of Noe. of No. of 

Ape. | Perſons. | Age. Perſons. | Age. Perſons. | Age. Perſons. 
born 1280 20 462 40 294 60 130 
et Je. „„ 

I 70 21 455 41 284 I 123 
—170 = —10 p Me 

2 700 22 44 42 274 2 17 
—65 — —10 —6 

3] 635 23] 441 43] 264 | 63] 111 
— —7 — 2 

44 6co 24] 434 | 44] 255 | 64] 105 
— 20 —8 9 — 

5 5 80 25 426 451 246 3 
—16 —-3 —9 —6 

6] 564 26 | 418 46] 237 66 93 
—13 —y — | | — 

7 551 27 410 [ 47] 228 67 87 
| nl of af at wt 3 
541 2 402 4 220 I 

9 532 29 394 2 9 7 
= A 85 2 

10 $24 | 30 385 | 5of 204 | 70 69 
— —9 =— —_ 

11 517 31 376 511 196 71 64 
—7 — gas. —_ 
I2 5 0 32 367 52 188 72 59 
—6 2 _ 3 

13] 594 33] 358 $34. 180 | 73 54 
— —9 —8 9 

14] 498 34 | 349 544 172 74 49 
_ _ up —" 

57 42 | 38] 7 554 300 F250 2 
pon —_— my —_— 

16] 486 36 331 56 158 76 41 
—6 _ ny 1 

17 480 37 322 . 77 38 
—6 —9 — 2 

18 474 | 338] 313 $6} 2144: } 781-86 
350 _ _—_ —_— 

19 468 39 304 „ 79 32 
—6 —10 —7 _ 

20 | 402 40 204 60 130 80 29 
: Hh 402. 
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462. I have thought it proper to give both theſe Tables of 
the Probabilities of Life, but in the future Computations ſhall 
confine myſelf to that of Mr. Simpſon, becauſe his Tables of 
Annuities on Lives, will beſt ſuit my Purpoſe ; but before any 
Thing on this Subject can be well underſtood, we muſt premiſe 
the following lemmatical Propoſitions. 

463. The Probability of the happening of any Event is in Pro- 
portion to the Chances which that Event has to happen to the 
Number of all the Chances which it has both to happen and to fail, 
Thus ſuppoſe one Die was to be caſt, there is but one Chance 
that any one Number of Spots on it ſhall come up; and it is 
evident there are five Chances for it to fail, therefore the Pro- 
bability that any particular Number ſhall come up, will be as 
1 to 1 4 5, that is, as 1 to 6; and may be thus expreſſed, 3. 
Thus if the Octabedron, or Body of eight Sides, had the eight 
Digits on them reſpectively, then the Probability of any one 
coming up on a Caſt, would be as 3. 

464. Therefore, if the Die and OXahedron were both caſt 
up together, the Probability that any two Numbers you ſhall 
name, come up together, will be as 4 X g, or 2g. Again, 
if a Dodecahedron, or Body of 12 Sides, were added to the two 
former, with the proper Numbers on it; and all three were 
thrown together, the Probability that my three Numbers ſpe- 
cified, come up together, will be, as 3 X 1 * 2 or . ; and 
ſo of any other Number. 

465. Hence, if a Sum of SEW was to be expected on the 
coming up of any Number on the Die, *tis plain the Value of 
ſuch an Expectation would be but a + Part of that Sum; or if 
the receiving a Sum depends on the happening of any two Num- 
bers on the Die and Odtahedron together, the Value of the Ex- 
pectation would be but g Part of that Sum. 

466. If, in the ſecond of the foregoing Tables, we find at the 
Age of 25 Years there are 444 People living out of 1000, and 
againſt the Age of 60, there are but 133, it appears that in 
that Interval there have died 311: So that the Number of 
Chances which a Perſon of 25 Years of Age has to live to 60, 
will be as 133, and the Chances he has to fail will be as 311; 
therefore his Probability of living to the Age of 60 Years. will 
be as 133 to 133 + 321, or as 443. (by 463.) 

467. Let 
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467. Let a = Number of Chances any Event has to happen, 
and þ = the Number of all the Chances there are for it to 
happen and fail; and put p = to the Probability of it hap- 
pening ; then by what we have premiſed, we have this Theo- 
=, therefore ph =a = a X 1; whence we have 
1: :: h: a; and then 1—p:p::b6—a: 4 (as will appear 
by multiplying Extremes and Means.) In the above Example, 


rem, 12 


a= 133, b = 444, and p = = = 0,3- The Chance there- 


fore a Perſon of 25 has to live to + is as o, 3 to 1, and not as 
0,4276 to 1, as ſome have aſſerted. 

468. If any Sum 8 be expected on the happening of any 
Event, the Value V of that Expectation will be in Proportion 
to the Sum depending, and the Probability of the Event's hap- 


pening, that is, V will be as p S; therefore V: 28 * and 


ſo we have 5 Vg 48; and V: S:: 4:3 

469. Suppoſe a Perſon A was to receive 100 J. upon this 
Condition, that another, B, of 20 Years Age, ſhould live one 
Year; Query the Value of A's Expectation? In Table III. 
(for we ſhall uſe Mr. Simpſon's Numbers for the future) againſt 
the Age of 20 and 21, the Numbers are 462, and 455; whence 
4: b:: 455: 462. Now the preſent Value S of 100 l. due at 
the End of one Year, allowing (ſuppoſe) 40. per Cent. is g6,1 5. 


See Table III. p. 179.) Wherefore V = = 455 — 15 


= 94.71. the true Value required. 1 

470. In like Manner the Probability a Perſon of 20 Years of 
Age has of living 2 Years is 442; and the preſent Worth of 
1007. due at the End of 2 Years (at 4 per Cent.) is 92, 45; 
therefore 443 x 92,45 = 8, 65 . the Value of A's Expecta- 
tion to receive 100 J. at the End of the 22d Year of B's Life. 
And thus you proceed for all the other Years of his Life to the 
Extremity of Age; and the Sum of all theſe being found, and 
added together, will amount to 1480 /. very nearly. But if 
Table II. of Mr. Stonehouſe be uſed, then the Value of an An- 
nuity for ſuch a Life will amount to 1485 /, 


Hh 2 471. Since 


) 
; 
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5 
471. Since N. = P (402.) and putting : = I, 2, 3, 4, 5, 


Oc. and A = 11. tis plain the Sum of the Values of 11. for 


the * 5 88 155 a 1 8 Life will be expreſſed by this 


Series — N. E. + +: = + — — = » &c, were there no Contin- 


gency in 2 Caſe. But as we muſt allow for that; let Q be 
the Number in the Table, correſponding to the given Age of B, 


and Q. 2 Sc. be thoſe anſwering to the next ſucceeding 


Ages reſpectively; then we ſhall have S + G S 
_ Gigs," AY ii, 


1 
Sc. W * N * N- Ec. equal to the Value of an 


Annuity of 1 /, on the Life of 8. 
472. When the Value (V) of any one Life is computed or 
given, the Value (v) of the next younger Life will be eaſily 


deduced from thence; for let 7 be the Number in the Table 
found againſt the next gh Age; then (by 471.) for the 


_ ſame Reaſon that V = . * © 2 * Q Sc. will v 


R. 
a . N 8 2 
——, 2 — X + + = 
—Rp "Reg . R9 3 


Ec. Whence tis plain, by multiplying the former Series by Q, 


and OY Ra, we get QV = 4 FT R Q + oY He. 


and v R = TTR 3 „Oc Therefore vk? —Q 


= v; and ſo as + 5 v R 4; conſequently v = 
QV - Q VT, Q — I 


I —} = 
R W 


473. This laſt Theorem is hw expreſſed in Words; To the 
Value of the given Life ( * add one Year's Purchaſe, and mul- 


tiply 


a _ 


tply that Sum * + 1) by + 1 (which is the ſame Thing as to 


diſcount it for one Year,) and that Product again multiply by 
the Probability of a Life of Nineteen continuing one Year (viz, 


2) ; this laſt Product will be the Value (V) of an Annuity up- 


1 this Liſe. For Example, The Life of 20 being 1480 J. this 
encreaſed by one Year's Purchaſe is 15801 which diſcounted 
at 4 per Cent. is 1519.2; this multiplied by the Probability of a 
Life of Nineteen, viz. 43x gives 1499,8, or 1500/. for the 
required Value of ſuch a Life. 

474. If the Annuity was but 17. inſtead of 100] the Value 
of ſuch an Annuity on a Life of 20, would have been 14,8 /. 
and for a Life of 19, it would be 151. and in ſuch a Manner 
are the Numbers in the following Table IV. computed, which 
ſhews the Value of an Annuity on any ſingle Life from fix Years 
of Age to 75 (according to Mr. Simpſon,) at the Rate of 3, 4, 
5, per Cent. 

N. B. Compound Intereſt is always allowed in theſe Caſes. 
And the Value of an Annuity on any Life, is called fuch a 
Number of Years Purchaſe, as it is the preſent Value of the An- 
nuity to continue for ſo many Years certain. Thus the preſent 
Value of an Annuity of 100 J. per Annum on a Lite of 20 Years 
of Age, diſcounting 4 per Cent. is equal to TY * 100 = 
1480 J. as per Calculation (470.) 


TABLE 
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TABLE I. 


For the Valuation of Annuities upon one 


LIFE. for 
Z Ia <p =] To =o <p = 
2 <| > . | ! | 
eee * 
FRN F e r of of ſa 
Sede es ssd d of oro? in 
Se e [28/3686 le 
[| — — — — * de 
(14.1016. 218.8˙31]11.412.914.8 56 8.4 9.1[10.1 he 
714.216. 3018.932011. 3012.7 14.657] 8.2] 8.9 9.9 ju 
; 8114.3/16.4 19.033 11.212. 6014. 458] 8.1] 8.7 9.6 
914.316.419. 0034/11. 012.414.250 8.0] 8.6! 9.4 le 
16 14.3 16.4 19.035/10. 912.3014. 1060 7-9] 8.4 9.2 tl 
— — — — — (?V2 — — — — —e a 
11114.3/16.4 10.036 10. 8012. 113.90 1 7.7] 8.2 8.9 y 
12114.2|10.3|18.9]|37|[10.6|[11.9]13.7]|62| 7.6} 8.1] 8.7 
13/14.1]16.2 18.738 10.511.813. 50/03] 7.4] 7-9] 8.5 1 
14,14. 016.0018. 53910. 4% 1.613.304 7.3] 7.7] 8.3 
1513.91 5. 818.3040010. 3011.5 13-2 65 7.1] 7.5] 8.0 
16 13.715.618. 1041010. 211.41 3.0% 6 5.9] 7.31 7.8 
1711 3-5115-4[17-91[42|10-1[11.2|12.8 |o71 6.7 7.1] 7.6 
1813.415217. 604310. 0011. 112.6068 6.6 6.9 7.4 
19.13.2501). 444 9 911012. 69] 6.4] 6.7] 7-1 
20013. 0014.8 17. 2045 9.8010. 8012.3 70 6.2] 6.5! 6.9 
2112.9 14.7 17.0046 9.710.712.1471 6.0 6.3] 6.7 
2212.7 14.5 16.847 9.5010. 511.9 |72| 5.8] 6.1] 6.5 
2312.614316. 548 9.410.411.8730 5.0% 5.9] 6.2 
2412.4 14. 116. 3049 9.3010. 2 12.6% 5.4] 5-6| 5-9 
25112.3/14.0|16.1]}50| 9.2[10.1|11.4\|75| 5.2] 5.41 5-6 
26{12.1'13.8]15.9}|51] 9.00 9.91 1.2 5 
2712.0 13.601 5.652] 8.9 9.811. o 
2811.8 13.4% 15,453 0.8] 9.60610. 7 
2911.7 13.215.254 8.6 9.410. 5 
3011 1.6 13-1 15.0ʃU55 8.5] 9.3010. 3 


476. We 
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476. We might now proceed to compute the Value of An- 
nuities on two, three, or more joint Lives, or on the longeſt Liver 
of them, on the ſame Principles as before; but we ſhat deſiſt 
for the preſent, from any further Inveſtigations of this Kind, 
for two Reaſons; firſt, becauſe of the great Difficulty and In- 
tricacy of them; and, ſecond, becauſe they are not ſo neceſ- 
ſary, or ſo often in Uſe as Annuities on a ſingle Life. And to 
ſay, what I think is Truth, the whole Affair of buying and ſell. 
ing Annuities on ſeveral Lives, ſeems to be a So:t of gaming, at 
leaſt a Matter of great Uncertainty after all; for general Rules 
deduced from the beſt Bills of Mortality that could be had, muſt 
be very fallacious, and ſhort of aſcertaining the preſent real Va- 
lue of an Annuity on any particular Life or Lives, and can be 
looked upon only as affording Mediums and Approximations 
thereto. As we have ſhewn the general Nature of this Calculus, 
and given the moſt uſeful Part, we ſhall next proceed to 
what remains of the Algebraic Inſlitutions. 


CH A'S AM 


Of the Nature, Geneſis, and Roots of Cubic Equations, 
and thoſe of higher Dimenſions. 


S we have been ſufficiently prolix on the Nature and 

Geneſis of Quadratic Equations (in Chap, XIV.) the 
leſs will be neceffary to be ſaid here in regard to Cubic Ones, and 
thoſe of higher Powers. For the Nature and Rationale of all 
depend on that of the component, or generating Roots. Thus, 
ſuppoſe the Value of the unknown Quantity x in any Equation 
were to be expreſſed by a, b, c, d, &c. that is, let x = @, x 
= , x = c, x = d, &c. then will „„ = , x. —# DV & 
x—c£=0, x—d = 0, &c. be the ſimple radical Equations, 
of which thoſe of higher Orders are compoſed ; and as the Pro- 
duct of any two of theſe gives a Quadratic Equation, or one of 


two Dimenſions; ſo the Product of any three of them as x — 4 


477. 


Xx—bX#x—c = 6, will give a Cubic Fquation or one of 
| three 
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three Dimenſions. And the Product of four of them will con. 
ſtitute a Biguadratic Equation or one of four Dimenſions; and ſo 
on. Therefore, in general, the highe/t Dimenſion of the unknown 
Quantity x is equal to the Number of fimple Equations that are mul. 
tiplied together to produce it. 

478. When any Equation equivalent to this Biquadratie 
x—aXx—bXx—cXx—d=0 is propoſed to be re- 
ſolved, the whole Difficulty conſiſts in finding the ſimple Equa- 


tions Xx — 4 =0, x—b=0% x—Cc= o, x—d = 0, b 
whoſe Multiplication it is produced ; for each of theſe ſimple 
Equations gives one of the Values of x, and one Solution of the 
propoſed Equation. For, if any of the Values of x deduced 
from thoſe ſimple Equations be ſubſtituted in the propoſed Equa- 
tion, in place of x, then all the Terms of that Equation will va- 
niſh, and the whole be found equal to nothing. Becauſe when 
it is ſuppoſed that x = a, orx=b, orx = c, or x = d, then 
the Product x —aXx—bXx—cx x—4d does vaniſh, 
becauſe one of the Factors is equal to nothing. There are there- 
fore four Suppoſitions that give x—a Xx x —b X x—c X x —d 
= © according to the propoſed Equation ; that is, there are four 
Roots of the propoſed Equation. And after the ſame Manner 
any other Equation admits of as many Solutions as there are ſim- 
ple Equations multiplied by one another that produce it, or as 
many as there are Units in the higheſt Dimenſion of the un- 
known Quantity in the propoſed Equation. 

479. But as there are no other Quantities whatſoever beſides 


theſe four (a, b, c, d,) that ſubſtituted in the Product x — 0 
Xx—bXx#—cX x—d&d, in the Place of x, will make the 
Product vaniſh ; therefore, the Equation x — a X x — b x 


c XK A o, cannot poſſibly have more than theſe four 
Roots, and cannot admit of more Solutions than four. If you 
ſubſtitute in that Product a Quantity neither equal to a, nor 


ö, nor c, nor d, which ſuppoſe e, then ſince neither, e —a, 


e —b,e—c,nore —dis equal to nothing; their Producte — 4 


Xe—bXe—cX e—d cannot be equal to nothing, but 
muſt be ſome real Product: And therefore, there is no Sup- 
| poſition 


of ALGEBRA 237 


poſition beſide one of the foreſaid Four, that gives a juſt Va- 
lue of x according to the propoſed Equation. So that it can 
have no more than theſe four Roots. And after the ſame Man- 
ner it appears, that no Equation can have more Roots than it con- 
tains Dimenſions of the unknown Quantity. | 

480. To make all this ſtill plainer by an Example, in Num- 
bers; ſuppoſe the Equation to be reſolved to be x* — 10x* + 
35 * — 5% + 24 = o, and that you diſcover that this Equa- 


tion is the ſame with the Product of x— 1 X x— 2 X x— 3 
X x — 4, then you certainly infer that the four Values of x_ 
are I, 2, 3, 4; ſeeing any of theſe Numbers, placed for x, 
makes that Product, and conſequently “ — 10 x* + 35 * — 
50 x + 24, equal to nothing, according to the propoſed Equa- 
tion. And it is certain that there can be no other Values of x 


| beſides theſe four: Since, when you ſubſtitute any other Num- 


ber for x in thoſe Factors x — 1, x — 2, x — 3, x — 4, none 
of the Factors vaniſh, and therefore their Product cannot be 
equal to nothing, according to the Equation. | 

481. The Number of Terms is always greater than the highef! Di- 
menſion of the unknown Quantity by Unit. And when any Term 
is wanting, an A/teriſk is marked in its Place. The Signs and 
Crefficients of Equations will be underſtood by conſidering the fol- 
lowing Table, where the ſimple Equations x — a, x—b, &c, 
are multiplied by one another, and produce, ſucceſſively, the 
higher Equations. 
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4 — 4 2 o | 
Xx—b=0 


e ene 
2 1 4 : = o, a Quadratic. 
Xx —£c=0 
=x* — 2 + ab 
f X x— abc = ©, a Cubic. 
+ be 


"FT 2 PT 
bd 
cd 


* — 42 + ab? —abc) + abcdy + 
— bf —+ac|\. —abd| + abcef * 
— c Xr ad —abe + abdeS| 
— 4 + ae | —acd + acde a 
— 4 bc — a4 de 

15% * e cc E:Et 8 
+be —bcd} 11 
+ cd —bcel 0 
Tce —bdel © 7 
+ de) —cde} (a Surſolid,) 
> 


482. From the Inſpection of theſe Equations it is plain, that 
the Coefficients of the firft Term is Unzt. 


The Coefficient of the ſecond Term is the Sum of all the Roots 
(a, b, c, d, e,) having therr Signs changed. 
The Coefficient of the third Term is the Sum of all the Pre- 


duct, that can be made by multiplying any two of the Roots (a, b, c, 
d, e,) by one another. 


The Coefficient of the fourth Term is the Sum of all the Pro- 


dutts that can be made by multiplying into one another any three of the 


Roots, with their Signs changed. And after the 1 Manner all 
the other Coefficients are formed. | 


The laſt Term is always the Prada F all FY Roots having their 
Signs changed, multiplied by one another. 
483. Altho' 


+ ab — abc | 

, + a | -a Xx+ abcd =o, 2 
+ #d 2 — 4 0 Ria. | 

+ 

=y 

+ 
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483, Altho' in the Table ſuch ſimple Equations only are 
multiplied by one another as have poſitive Roots, it is eaſy to 
ſee, that the Coefficients will be formed according to the ſame 
Rule when any of the fimple Equations have negative Roots,” 
And, in general, if & —px* + qx — r = © repreſent any 
Cubic Equation, then ſhall p be the Sum of the Roots; q the 
Sum of the Products made by multiplying any two of them; 
the Product of all the three: And, if — p, + q, — r, + 5 
-t, Tu, &c. be the Coeflicients of the 2d, 3d, 4th, 5th, 
bth, 7th, &c. Terms of any Equation, then ſhall p be the 
Sum of all the Roots, q the Sum of the Products of any two, 
r the Sum of the Products of any Three, 5s the Sum of the Pro- 
ducts of any Four, f the Sum of the Products of any Five, « 
the Sum of the Products of any Six, &c. 

484. When therefore any Equation is propoſed to be reſolved, 
it is eaſy to find the Sum of the Roots, (for it is equal to the Co- 
efficient of the ſecond Term having its Sign changed:) or, to find 
the Sum of the Products that can be made by multiplying any de- 
terminate Number of them. 

48 5. But it is alſo eaſy to find the Sum of the Squares, or 
of any Powers, of the Roots.“ 

The Sum of the Squares is always p* — 29. For calling 
the Sum of the Squares B, ſince the Sum of the Roots is p; 
and © the Square of the Sum of any Quantities is always equal 
to the Sum of their Squares added to double the Products that 
can be made by multiplying any two of them,” therefore, 
b = B J 24, and conſequently, B = p* — 29. For Ex- 
ample, a +b A c =a* +b* + * ＋ 22 + 2ac + 2bc. 
That is p* =B+29. Anda+b+c+d4d =a* + b* þ & 
+ d4* +2 Xab+ac+ad+bc+ bd + cd, chat is again 
p = B 24, or B p- 29. And fo for any other Num- 
ber of Quantities. In general therefore, << B the Sum of the 
Squares of the Roots may always be found by ſubtracting 2 9 
from p* ;” the Quantities p and g being always known, ſince 
they are the Coefficients in the propoſed Equation. 

486. < The Sum of the Cubes of the Roots of any Equa- 
tion is equal to b — 37 + 37, or to Bp—pg + 3r.” 
For B — 9 X p gives always the Exceſs of the Sum of the 
Cubes of any Quantities above the triple Sum of the Products 

a 11 2 that 
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that can be made by multiplying any three of them. Thus 


2 + b* + cf —ab—ac—bexa+b+c(=B—1y 

p. = a® + b3 + e3 —Zabe. Therefore, if the Sum of the 
Cubes is called C, then ſhall B-qxp=C—3r, and C 
= Bp—qp + 3r = (becauſe B =p* - 29) =p3 — 327 

+ Zr. | 

After the ſame Manner, if D be the Sum of the 4th Powers 
of the Roots, you will find that D =pC—qB+pr—4s 
and if E be the Sum of the 5th Powers, then ſhall E —= þ D—q 

C+rB—þps+5t. And after the ſame Manner the Sum of 

any Powers of the Roots may be found; the Progreſſion of 

theſe Expreſſions of the Sum of the Powers being obvious. 
487. As for the Signs of the Terms of the Equation 
produced, it appears from Inſpection that the Signs of all 

the Terms in any Equation- in the Table are alternately + 

and —: Theſe Equations are generated by multiplying con- 

tinually x — 4, x—b, x—<, #x— d, &c. by one another, 

The firſt Term is always ſome Pure Power of x, and is poſi- 

tive; the ſecond is a Power of x multiplied by the Quan- 

tities —a, —b, c, &c, And ſince theſe are all negative, that 

Term muſt therefore be negative. The third Term has the Pro- 

ducts of any two of theſe Quantities (= a, — 5, — c, &c.) for 

its Coefficient z which Products are all poſitive, becauſe — x — 
gives +, For the like Reaſon, the next Coefficient, conſiſting 
of all the Products made by multiplying any three of theſe Quan- 
tities, muſt be negative: And the next poſitive. So that the Co- 
efficients in this Caſe, will be poſitive and negative by Turns. But 

ce in this Caſe, the Roots are all poſitive ;” ſince x = a, x = b 

S K* d, x = 6, &c. are the aſſumed ſimple Equations. 

It is plain then, that, “ zwhen all the Roots are poſitive, the Signs 

. gre alternately + and — .” 

488. But if the Roots are all negative, then x +a X x +6 
Xx + c©Xx + d, &c. = o will expreſs the Equation to be 
produced; all whoſe Terms will plainly be poſitive; ſo that 

$6 tuhen all the Roots of an Equation are negative, it is plain there 

will be no changes in the Signs of the Terms of that Equation.” 
489. In general, © there are as many poſitive Roots in any 
Equation as there are Changes in the Signs of the Terms from 


+ tg 
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+ to <=» or from 20 + ; and the remaining Roots are 
negative.” The Rule is general, if the impoſſible Roots be 
allowed to be either poſitive or negative. 

490. In Quadratic Equations, the two Roots are either both 


poſitive, as in this 


(x—8 Xx—b=) x#*—axþ+ab=0o, 


„ 


where there are two Changes of che Signs: Or, they are boch 
negative as in this 


Fri = 3 1 
+ 6 x +ab=—=0o, 


where there is not any Change of the Signs. Or there is one 
poſitive and one negative, as in 


s Xx+b=)x*—a 


417 x —ab=— O, 


where there is neceſſarily one Change of the Signs; becauſe the 
firſt Term is poſitive, and the laſt negative, and there can be 
but one Change whether the 2d Term be + or —. 
Therefore the Rule given (Inſt. 489.) extends to all 9 | 
Equations. 
491. In Cubic Equations, the Roots may be, 


19. All poſitive as in this, x — 4 X Xx - n x—c = 0, 


in which the Signs are alternately + and —, as appears from 


the Table; and there are three Changes of the Signs. 
2%. The Roots may be all negative as in the Equation 


i FIX Ie =0, where there can be no Change 


of the Signs. Or, 
30. There may be two poſitive Roots and one negative, as 


in the Equation x — aX x—bX x +c = ©; which gives 


x3 —a +ab 
2184. x+abc= 0. 
+ c 2 


Here 
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| Here there muſt be two Changes of the Signs, becauſe if @ 4 
$ is greater than c, the ſecond Term muſt be negative, its Co- 
efficient being — a —b + c 

And if a + bis leſs than c, then the third Term muſt be ne. 
gative, its Coefficient + ab —ac— bc (ab —cX a + b)* 
being in that Caſe negative. And there cannot polibly be three 
Changes of the Signs, the firſt and laſt Terms having the ſame 
Sign. £ 

492. 4. There e may be one poſitive Ro Root and two negative, 
as in the Equation x TA x x + b x F—c =0, which gives 


** ＋ 2 + ab 
+ phat 4 ——— =O 
— — bc 


Where there muſt be always one Change of the Signs, ſince the 
firſt Term is poſitive and the laſt negative. And, there can be 
but one Change of the Signs, ſince if the ſecond Term is 
negative, or a + 6 leſs than c, the third muſt be negative 
alſo, ſo that there will be but one Change of the Signs. Or, 
if the ſecond Term is affirmative, whatever the third Term is, 
there will be but one Change of the Signs. It appears therefore, 
in general, that in Cubic Equations, there are as many affirma- 
tive Roots as there are Changes of the Signs of the Terms of the 
Equation. 

The ſame Way of Reaſoning may be extended to Equations 
of higher Dimenſions, and the Rule delivered in Inſt. 489. ex- 
tended to all Kinds of Equations. 

493. There are ſeveral Conſectaries of what has been alrea- 
dy demonſtrated, that are of Uſe in diſcovering the Roots of 
Equations. But before we proceed to that, it will be conve- 
nient to explain ſome Transformations of Equations, by which 


they may often be rendered more fimple, and the Inveſtigation 
of their Roots more eaſy. 


CHAP. 


* Becauſe the Rectangle a x 6 is leſs than the Square 2 Pö x a+0, 
and therefore much leſs thaw a + b x c. 


of ALGEBRA 243 


C HAP. XXIII. 
Cf the Transformation of Equations ; and extermi- 
nating their intermediate Terms. 


404. W E now | proceed to explain the Transformations of 
Equations that are moſt uſeful : And firſt, The Af. 


firmative Roots of an Equation are changed into negative Roots of the 
fame Value, and the negative Roots into affirmative, by only changing 


the Signs of the Terms alternately, beginning with the Second, Thus, 
the Roots of the Equation x* — x3 — 19x* + 49 x — 30 = 
o are + 1, + 2, +3, — 53 whereas the Roots of the ſame 
Equation having only the Signs of the ſecond and fourth Terms 
changed, viz. x* + & — 19 —49x* — 30 S o are — 1, 
— 2, — 3, + 5. | 

To underſtand the Reaſon of this Rule, let us aſſume an Equa- 
tion, as x —a * - MCA NK -A XK x—e, &c. S o, 
whoſe Roots are + a, + b, + c, + 4, Te, &c. and an- 
other having its Roots of the ſame Value, but affected with 


contrary Signs, as x +aXx+bXx+cxx+dXx+e 
&c. = ©. It is plain, that the Terms taken alternately, be- 
ginning from the firſt,* are the ſame in both Equations, and have 
the ſame Sign, © being Products of an even Number of the 
Roots; the Product of any two Roots having the ſame Sign as 
their Product when both their Signs are changed; as + a X — 


b=—aX +6. 


But the ſecond Terms, and all taken alternately from them, 
becauſe their Coefficients involve always the Products of an 
odd Number of the Roots, will have contrary Signs in the two 
Equations. For Example, the Product of four viz. abcd, 
having the ſame Sign in both, and one Equation in the fifth 
Term having abcd x + e, and the other abcd X -e, it 
follows, that their Product a b cde muſt have contrary Signs in 
the two Equations: Theſe two Equations therefore that have 
the ſame Roots, but with contrary Signs, have nothing different 
but the Signs of the alternate Terms, beginning with the ſe- 


cond. From which it follows, © that if any Equation is given 


and 
See the Table in Page 238. 
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and you change the Signs of the alternate Terms, beginning 
with the ſecond, the new Equation will have Roots of the ſame 
Value, but with contrary Signs.” 

495- It is often very uſeful . 10 transform an Equation int 
another that ſhall have its Roots greater or leſs than the Roots of 
the propoſed Equation by ſome given Difference.” 

Let the Equation propoſed be the Cubic x3 — P ＋ K* 
rg o. Aud let it be required to transform it into another Equa- 
tion whoſe Roots ſhall be leſs than the Roots of this Equation 
by ſome given Difference (e), that is, ſuppoſe y = x— e, and 
conſequently x =y + e; then inſtead of x and its Powers, 
ſubſtitute y + e and its Powers, and there will ariſe this new 


Equation 
(OY +3ef +30 y +6 


e ? 


＋ 25 + 7 


— 7 


whoſe Roots are leſs than the Roots of the preceding Equa- 

tion by the Difference (e). 

Ĩ it had been required to find an Equation whoſe Roots ſhould 
be greater than thoſe of the propoſed Equation by the Quan- 

tity (e), then we muſt have ſuppoſed y = x + e, and conſe- 

quently x = y— e, and then the other Equation would have 

had this Form 


(B) * —3ey* + 2 
0 


If the propoſed Equation be in this Form x* + p x* + 42 
Tro, then by ſuppoſing x + e=y there will ariſe an E- 
quation agreeing in all Reſpects with the Equation (A), but 
that the ſecond and fourth Terms will have contrary Signs. 

And by ſuppoſing x — e =}, there will ariſe an Equation 
agreeing with (B) in all Reſpects, but that the ſecond and 
fourth Terms will have contrary Signs to what they have 
in (B). 

The firſt of theſe Suppoſitions gives this Equation, 


(C) 


ſhe 


out 


Q w I 1 
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(C) 3 + 34% — „% 
+ py —2pey+pe{(_, 
+ 77 — 7 
' + r 


The ſecond Suppoſition gives the Equation, 


 JOLE +307 + 3451 0 | 
+75 +2epy+pel_, 

'; + £7 5+: Fe 

+ r 


496. The firſt Uſe of this Transformation of Equations is to 
ſhew how the ſecond (or other intermediate) Term may be taken away 
out of an Equation. 

It is plain that in the Equation (A) whoſe ſecond Term is 
Je — 3e— XK, if you ſuppoſe e = 4 p, and conſequently 3 e — 
p = ©, then the ſecond I'erm will 1 

In the Equation (C) whoſe ſecond Term is — 33 X 5 
ſuppoſing e = 3p, the ſecond Term alſo vaniſhes. 

Now the Equation (A) was deduced from & — þ x* + 9q x 


Ero, by ſuppoſing y= x —e: And the Equation (C) 


was deduced from x* + px* + qx + 7 o; by ſuppoſing 
Se; From which this Rule may eaſily be deduced for 
exterminaticg the ſecond Term out of any Cubic Equation. 


RULE. | | 
407. 400 to the unknown Quantity of the given Equation the 
third Part of the Coefficient of the ſecond Term with its proper Sign, 
viz 4p, and ſuppoſe this Aggregate equal to a new unknown 


Quantity (y). From this Value of y find a Value of x by Tranſpo- 


ſition, and ſub/iitute this Value of x and its Powers in the given 
Equation, and there will * a new 2 2 that ſhall want the 
ſecond Term. 


EXAMPLE. 4 
Let it be required to exterminate the ſecond Term out of 


this Equation, x? — 9 x* + 26 x — 34 = o, ſuppoſe x — 3 
=» ory+3= x; and ſubſtituting according to the Rule, 


you will find 
No, 32. K K 7* + 
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* + gf Þ 279 +273 (2) 
=" 2 
+ 20% + 78 
„ hs 


In which there is no Term where y is of two Dimenſions, and 
an Aſteriſk is placed in the room of the ſecond Term, to ſhew 
it is wanting. 


498. Let the Equation propoſed be of any Number of Di. 


menſions repreſented by (1); and let the Coefficient of the 


ſecond Term with its dign pre fixed be — p, then ſuppoſing x— 
Z =y, and conſequently s=y + 35 and — this Va- 


Jac for-x in the given Equation, FO, will ariſe a new Equation 
that ſhall want the ſecond Term. 

It is plain from what was demonſtrated in Chap. 2. that te 
Sunn of the Roots of the propoſed Equation i is T P. and finee 


(ve ſuppoſe y = = „ it follows, char, in the new Equazion 


each Value of ! will be leſs ban the \refpeAtive Value of # by 
* - 3. and, nee; we Number of:abe Rants: is , it tales that 
* Sum of the Values of y wil} be leſs than + p, the Sum of 


' the Values of 8. by n N 2 fy "that f WH by + 5.  Pherefobs the 


" ah of the Values of) al be + 2 — 9 2 == Ee 5 
But the Coefficient of the ſecond Term of tho TER of 
7 is the Sum of the Values of y, dix. + þ — p, and therefore 
that Coefficient is equal to nothing; and conſequently, . in the 
Equation of y, the ſecond Term vaniſhes. It follows then, 
that the ſecond Term may be exterminated out of any given 
po by the following 4. 


- * 1 


R UI. E. 9 


D the Coefficient HF the ſecond Term of the propoſed Equation 
_ by the Number of Dimenſions of the Equation ; and aſſuming 4 nw 
unknown Quantity y, add to it the — having its Sign changed: 

Then 


hew 


Dj. 


Nen ſuppoſe this e aa a to x the unknown * $9 in ; the 
propoſed Equation ; and for x and its Powers, ſubſtitute the degre- 
gate and its Powers, fa that the new E quation that ariſes want its 


ſecond Term. 


499. If the propoſed Equation is a Quadratic, as x —75 + 
— ©, then, according to the Rule, ſuppoſe b + x? = 
and ſubſtituring this Value for x, you will find, 5 


* pYT T2 g 
— 7 — 2 2 


2 
y * 


— 2 0 +q = 0. 

And from this Example the Uſe of exterminating the 24 Term 
appears : For commonly the Solution of the Equation that wants 
the 2d Term is more caſy. And, if you can find the Value of 
y from this new Equation; it.is eaſy to find the Value of x by 
Means of the Equation p. For Example, 


| vince 1 - 4 o, it follows that 
=. and y = T 4 . — 9, ſo 
hats S 11% 


which agrees with what we demonſtrated (Inſt. 339.) 

If the propoſed Equation i is a Biquadratic, as x* — p X + 
qx*—rx +5 = o, then by ſuppoſing x - 2 y or æx 
+ + þ, an Equation ſhall ariſe having no ſecond Perm. And if 
the propoſed is of five Dimenſions, then you mult ſuppoſe x = y 

Typ. And ſo on. \ 

500. When the ſecond Term i in any Equation is wanting, it 
follows, that & the Equation has both affirmative-and negative 
Roots,” and that the Sum of the affirmative Roots is equal to the 
dum of the negative Roots.” By which Meahs the Coefficient 
of the ſecond Term, which is the Sum of all the Roots of both 
Sorts, vaniſhes, and makes the ſecand Term vaniſh. 

In general, ** the Coefficient of the ſecond Term is the Dit 
ference between the Sum of the Affirmative Roots and the Sum 
of the negative Roots :” And the Operations we have given 
ſerve only to Cimiviſh all the Roots when the Sum of the Af- 

K k 2 N firmative 


* 


| R 
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firmative is greateſt, or increaſe. the Roots when the Sum of 
FD the Negative is greateſt, fo as to balance them, and reduce them 
| to an Equality, | 
It is obvious, that in a Quadratic Equation that wants the 
ſecond Term, there muit be one Root affirn;ative and one nega- 
tive; and theſe muſt be equal to one anothe-. 
In a Cubic Equatian that wants the ſ-cond Term there muſt 
be either two affirmative Roots equal, taken together, to a third 
Root that muſt be negative; or two negative eqn to a third 
that muſt be poſitive, 
501. Let an Equation & —px* + qx—r o be * 
and let it be now required to exterminate the third Tem. 
By ſuppoſing y SK -e, the Coefficient of the chu Term 
in the Equation of y is fourd. (ſee Equation A to be 34 — 
2p ＋ . Suppoſe that Coefficient equal to nothing, and by 
reſolving the Quadratic Equatian 38 —2pe + q = o, yu 
will find the Value of e, which {ubſttuted for it in the Equation 
y- e, will ſnew how to transform the propoice Equas 
tion into one that ſhall want the third Term. | 


| 12 
The Quadratic 30 — 2pe + q = o givese= © WII 
4 
So that the propoſed Cubic will be transformed into an Equation 


wanting the third Term by ſuppoſing J=x— os = VER _ —=3f 
1 : 


ory = x — 


3 
502. If the propoſed Equation j isof x Dimenſions, the Value of 
by which the third | erm may be taken away, is had by te- 


ſolving the Quadratie Equation e* + 1 Xe+ 1 
0 n * 5 _ ] 
o, ſuppoſing — p and + q to be the 1 of the ſecond 
and third Terms of the propoſed Equation. 
The 4th Term of any Equation may be taken away by folv- 
ing a Cubic Equation, which is the Coefficient of the 4th Tem 
1 in the Equation when transformed, as in the ſecond Article of 
| this Chapter, The th Term may be taken away by ſolving a 
Biquadratic z and after the ſame Manner the other Terms can 
pe exterminated if there are any. 


503. Ther 
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503. There a e other In of Equations that on 


ſome Occaſiuns are uſciul. 
An Equation as & —pa* 4. gx 1 = o, may be tranf- 


| formed inte another that ſhai have its Roots equal to the Roots of 


this Equation mudiphed by a * Quantity, as f, by ſuppoſing 
y = f *, and conſequently x = 7 and ſubllituting this Value 


2 


for x in ths propoſed Equation, there will ariſe 2. — Py 4 


9 
„o, and multi lying all by f*, we have * — fpy* + f* 
7 phiogallbyf* ) * 


gy —f*r So, where the Cocflicient of the ſecond Term of 
the propoſed Equation multiplied into F makes the Coefficient 
of the ſecond Teim of the transformed Equation ; and the fol- 
lowing Coe flicients are produced by the following Coefficients 
of the propoſed Fquation (as gy 7, &c.) multiplied into the 
Powers of /, (as f*, f*, Ke.) 
| Therefore to tran-form any Equation into another whoſe 
Roots ſhall be equal to the Roots of the propoſed Equation 
multiplied by a given Quantity“ (f), you need only multiply 
the Terms of the propoſed Fquaiion, beginning at the ſecond 
Term, by /, , f*, f*, &e. and putting) inſtead of æ, there 


will ariſe an Equation having its Roots equal to the Roots of 


the propoſed Equation, multiphed by (%) as required, 

504. The Trans!ormation menti- ned in the laſt Article is 
of Uſe when the higheſt Term of the Equation has a Coeffi- 
cient different from Unity; for by it, the Equation may be 
transformed into one that ſhall have the Coefficient of the high- 
eſt Term Unit, 

If the Equation propoſed is @ x* — p x* + 12 — 2 o, 
then transform the Equation into one whoſe Roots are equal 
to the Roots of the propoſed Equation multiplied by (a). That 


is, ſuppoſe y Ax or x == and there will ariſe 
oy pO v7 


"I — 5 — 7233 ſo that 
5 +gan—re = &% 
From which we may draw this 


RULE. 


F 
Py 
< - - . . .. r e. 2 Þ . — Y Z _ *. 
r e r N. 


LA „ 
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i e Duantity x, into auther Ya. prefix no Cochß. 


cient zo. tbe 'bigh 7 Term, paſs the ſecond, muitiphing the follwing 


erms, beginning with the third, by a, as, as, a4, c. the Poib 
ers F the Coeffictent of the highs of Term of the propoſed Equation, re. 
Jheary. 


Thus the 3 3 — 1355 + 147 + 16 = 10, is 

transformed into the Equation,y* — 13 * $,14 X 3X # + 
16 x 9 Do, or y* —13* + 42 x + 144 = ©. 
Then finding the Roots of this Equation it will eaſily be 
diſcovered what are the Roots of the propoſed Equation : Since 
3x=5, or * = + y. And therefore ſinee one of the Values 
of y is — 2, it follows that one of the Values of x is — n 

505. By the laſt Rule- an Equation ts ch cleared of Fraffiom. 


Þ 5 * + - — Xx — 5 — 
m 
= O. Multiplying all the Terms oy . Product by the De- 


nominations, you find 


Suppoſe the Equation. propoſed is 1 


nr —nepX ef x —mnr = o. 


Then, (by laſt Art.) transforming the n into one that 
ſal have Unit for he ae th of the higheſt Term, you 


: LE 0 — 2 * A 
Pune) XY +me „Kerb. So. 
* . "7 bw p 17 21. 2 [51 Th *3t4623 {3 v Y | 


x 4 4 3 


8 Or, neglecting the Denomination of the laſt Term 55 you 


need only multiply all the Equations by. mn, which will give 


7 


; be tþ . : mnn 
mn X & —up X ** ＋ m Pn WFY = O. And 1 


5 nd : 

then  —np x * + nf 1 9 ES = 5. e 
Now after the Values of FC are foupd, it wil be ealy to wiſ- 
cover 


290A 


co 
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cover the — of x3 ſince, in the firſt Cale, * r in 


the ſecond, & = =. — aocte . 


7 For EXAMPLE, , , = 
The Equation x? OL 4x —*85 = o, is firſt reduced 


to this Form 3&x * — 4K S = wy and then transform- 
EE NSA L 


B 


ain . *% F 
Go * \ 


away. ou for 5 


be Equation, i __ Va K = TE = V dusw 


putting E VN ** Ot & = . is | pansformed, into \this 


3 : * 11 75 pa mill 


Equation 2855 — 9 . X — 4 4 * 2 * | 


Which by multiplying all the Teris by „Va, bee 71 2 — 
pay + 9 -a =" O, an Equation free of Surds, Bu 
in order to make this ſucceed, the Surd ( * ö muſt enter "the l 
'd 61 
ternate Terms beginning, with the 77 | Z 
507. An Equation, as * - + . * — 7 ="0, may. be 
transformed into one Bo Roots 4 be the  Duantities xeciprocal of 


1 9988 


x; by e 92 - and _ = = (by one e 


1 boric! IVY + 4" 24 IK Veii 


To 


fs 
s * 
* 25 1 9% ers- S! o. " 


In the Equation of y, it is manifeſt that the Order of the 
Coefficients is inverted ; ſo that ifithe ſecond Term had been 
wanting in the propoſed Equation, the laſt but one ſhould have 
been wanting in the Equations of y and-z. If-qhÞ third had 
been wanting in the Equation propoſed, the laſt - rue had 
been wanting in the Equations of and x. 

508. Another Uſe of, this Transformation is, that the — of 
| Roots in the one is Nemo into the leaſt Root in the other, For _ 


7 — „and y = 8 it is plain that when the Value of 4 is 


my & 2 
greateſt, the Value vfig.io leaſt, and-convericly. d + 
; How 


7 
* 
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| | How an n Equa · jon is transformed ſo as to have all its Roots 
afirraative, {hal be Explain in the following Chapierr. 


- ” 4 
4 9 4 . P o = - 18 
| uh ; P XXIV 
- . . 
bo- * H 2 \ „ X. . 
„ P ” £ . 1 —̃ — . * 


Of finding the Roots of Equations uben two or 
more of the Roots are equal to each other. 


EFORE w wy proceed to explain how to reſolve "mg 
tions r l Sorts, we ſhall firſt demonſtrate how 
a 3 —4 that has tuo or more Roots equal, is depreſſed to 4 lower 
Dimenſion ; and its Reſolution made, conſequently, more eaſy, 
And ſha}t endeavour to explain the Grounds of this and many 
other Rules we ſhall give in the remaining Part of this Trea- 
tile, in a more ſimple and conciſe Manner than has hitherto 
been done. 

In order to this, "we muſt look back to (Inſt. 495. ) where 


we find that if any Equation, as * — p +gx—r=0, 


is propoſed, and you are to transform it into another that ſhall 
have its Roots lefs than the Values of x by any given Diffe- 
rence, a8 r, you are to aſſume y = x = e, and ſubſtituting: for 
x its Value y + e, you find the transformed Equation, 


f+ 2 +307 + | 
Afi ran If, e 
8 egy +9e 
| 7 1 21 4. 
510. Here we are to abſerve, | 
*. That the laſt Term (4? $6 4-4 wma) is the very 
Equation that was propoſed, having e in the Place of x: 


2®. The Coefficient of the laſt Term but one is 30 — 2 pe 


+ g, which is the Quantity that ariſes by multiplying every 
Term of the laſt Co-efficient e — þ & + ge — by the In- 


dex of e in each Term, and dividing the Product 3e* — 2p 
+ 44 by the Quantity that is common to all the Terms. 


7. The 
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z. The Coefficient of the laſt Term but two is 3. — p. 
which is the Qyantity that ariſes by multiplying every Term of 
the Coefficient laſt found (3 e* — 2 pe + g) by the Index of 
in each Term, and dividing the whole by 2 e. 

511. Theſe ſame Obſervations extend to Equations of all 
Dimenſions. If it is the Biquadratic &“ — p x3 + qx* —X 
+ 5= © that is propoſed, then by ſuppoſing y = x—e, it will 
te transformed into this other, 

NP + 469) + S 
* 9 — e : 
+ 7 y* + 2qey + 48> = © 


— ry —re 
| + 5 

Where again it is obvious, that the laſt Term Is the Equation 
that was propoſed, having e in the Place of x. That the laſt 
Term but one has for its Coefficient the Quantity that ariſes by 
multiplying the Terms of the laſt Quantity by the Indices of 
in each Term, and dividing the Product by e. That the Co- 
efficient of the laſt Term but two, (viz. 6 e* — 3 pe + 9) is 
deduced in the ſame Manner from the Ferm immediately gorge 
ing, that is, by multiplying every Term of 46 — 3 pe 
24e—r by the Index of e in that Term, and dividing the __ 
by e multiplied into the Index of y in the Term ſought, that is, 
be*X2—JpexI 

1 

The Demonſtration of this may eaſily be made general by the 
Theorem for finding the Powers of a Binomial, ſince the tranſ- 
formed Equation conſiſts of the Powers of the Binomial y + # 
that are marked by the Indices of e in the laſt Term, multiplied 
each by their Coefficients 1, —p, ＋ 7, — r, ＋ 5, &c. re- 
ſpectivelv. 

512. From the laſt two Articles we can eaſily find the Terms 
of the transformed Equation without any Involution. The laſt 
Term is had by ſubſtituting e inſtead of x in the propoſed Equa- 
tion; the next Term, by multiplying every Part of that laſt 
Term by the Index of e in each Part, and dividing-the whole by 
e; and the following Terms in the Manner deſcribed in the 
foregoing Article ;* the reſpective Diviſors being the Quantity e 
multiplied by the Index of y in each Term. 


LI | BY 25 313. The 


* e * 2. And the next Term is 4 e—p = 
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513. The Demonſtration for finding when two or more Roots 
are equal, will be eaſy, if we add to this, that when the unknown 
Quantity enters all the Terme any Equation, then one of its Values 
is equal to nothing.” As in the Equation #* —px* + gx = 0, 
where x — O = © being one of the ſimple Equations that pro- 
duce x3 — px* + q x o, it follows that one of the Values 
of xis o. In like Manner two of the Values of x are equal to 
nothing in this Equation & - px* = o; and three of them 
vaniſh in the Equation K — p = o. 

It is alſo obvious (converſely) that © if, x does not enter all 
the Terms of the Equation, i. e. if the laſt Term be not want- 
ing, then none of the Values of x can be equal to nothing,” 
for if every Term be not multiplied by x, then x — © cannot 
be a Diviſor of the whole Equatien, and conſequently o cannot 
be one of the Values of x. If x* does not enter into all the 
Terms of the Equation, then two of the Values of x cannot 
be equal to nothing. If &“ does not enter into all the Terms 
of the Equation, then three of the Values of x cannot be equal 
to nothing, &c... % 

514. Suppoſe now that two Values of x are equal to one 
another, and to e; then it is plain that two Values of y in the 
transformed Equation will be equal to nothing: Since y = x — 
e. And conſequently, by the laſt Article, the two laſt Terms 
of the transformed Equation muſt vaniſh. 

* Suppoſe it is the Cubic Equation of Inft. 509. that is propoſ- 
ed, Viz. x3 — pP + qx—r = 0; and becauſe we ſuppoſe 
x_= e, therefore the laſt Term of the transformed Equation, 
Viz. e — pe? + ge—r will vaniſh.* And ſince two Values 
of y vaniſh, the Jaſt Term but one, viz. 36“ y —2pey + 4y 
will vaniſh at the ſame Time. So that 3e* —2 pe + q = 0. 
But, by Suppoſition, e = x; therefore, when two Values of x, 
in the Equation & —px* + gx—r =c0, are equal, it fol- 
lows, that 3z* — 2px + q = ©, And thus © the propoſed 
Cubic is depreſſed to a Quadratic that has one of its Roots equal 
to one of the Roots of that Cubic,” 77 nth 

If 


“ Becauſe ſince x =e, therefore y= x—e =o, and conſequently 
all the Terms in which y is found will vaniſh ; and they are all but 
the laſt,” therefore the laſt Term e — pe* + ge — will be left 
equal to nothing, ſince the whole Equation was ſo at firſt, 
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If it is the Biquadratic that is propoſed, viz. x — p x3 + 
* —rx +5 o, and two of its Roots be equal; then ſup- 
poſing e = x, two of the Values of y muſt vaniſh, and the 
Equation of Inſt. 511. will be reduced to this Form, 


# +4497 SY | 
9 7 hon =o So that 
| +4 


40 — 3p $2qe—r=0; or becauſe x = & 
4* — 3 + 24x - = 0. 


515. In general, when two Values of x are equal to each other, 
and to e, the two laſt Terms of the transformed Equation va- 
niſh : And conſequently, “if you multiply the Terms of the 
propoſed Equation by the Indices of x in each Term, the Quan- 
tity that will ariſe will be = o, and will *give an Equation of a 
lower Dimenſion than the propoſed, that ſhall have one of its 
Roots equal to one of the Roots of the propoſed Equation.” 

That the two laſt Terms of the Equation vaniſh when the Va- 
lues of x are ſuppoſed equal to each other, and to e, will alſo 
appear by conſidering, that ſince two Values of y then become 
equal to nothing, the Product of the Values of y muſt vaniſh, 
which is equal to the laſt Term' of the Equation ; and becauſe 
two of the four Values of y are equal to nothing, it follows alſo, 
that one of any three that can be taken out of theſe four muſt 
be So; and therefore, the Products made by multiplying any 
three muſt vaniſh ; and conſequently the Coefficient of the laſt 
Term but one, which is equal to the Sum of theſe Products, 
muſt vaniſh, 

516. After the ſame Manner, if there are three equal Roots 
in the Biquadratic x* - n + qx* —rx +5 o, and if 
e be equal to one of them; three Values of y (= x —e) will 
vaniſh, and conſequently y* will enter all the Terms of the 
transformed Equation ; which will have this Form, 


i 7 49+ #**— o. So that here 
11 


6e - 3p e +4 = 0z or, ſince e x, therefore, 

5 — 3px I o: And one of the Roots of this Qua- 
dratic will be equal to one of the Roots of the propoſed Biqua- 
dratic. LI 2 In 
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In this Caſe, two of the Roots of the Cubic Equation 4 x? — 
32% * + 2qx —r= © are Roots of the propoſed Biquadra- 
tic, becauſe the Quantity 6x*— 3px + q is deduced from 
4X — 35%%nK +2qz—r, by multiplying the Terms by the 
Indexes of x in each Term. 

In general, „whatever is the Number of equal Roots in the 
propoſed Equation, they will all remain but one in the Equa- 
tion that is deduced from it, by multiplying all the Terms 
by the Indexes of x in them; and they will all remain but 
two in the Equation deduced in the fame Manner from That” 
and ſo of the reſt. 

517. What we obſerved of the Coefficients of Equations 
transformed by ſuppoſing y = x — e, leads to this eaſy Demon- 
ſtration of this Rule; and will be applied, in the next Chap- 
ter, to demonſtrate the Rules for finding the Limits of Equa- 
tions. : 

It is obvious however, that tho* we ates Uſe of Equations 


whoſe Signs change alternately, the ſame Reaſoning extends to 
all other Equations. 


518. It is a Conſequence alſo of what has been demonſtrat- 
ed, that if two Ropts of any Equation, as, 


** wo def + gu—r= o, are equal, 
then multiplying the Terms by any arithmetical Series, as, 
4 ＋ 3, 42 1 2, 4 4 b, a, the Product will be o.“ 
For ſince | 
4 — aps* + agz—ar=0; and 


34 —2þx+qgXbx= o, it follows, that 
4x3 + 35 * — apx* — 2bpx* + agx + bqx —ar=0. 


Which is the Product that ariſes by multiplying the Terms of 
the propoſed Equation by the Terms of the Series, a + 36, 


a + 25, 4 + h a; which may e any Arithmetical 
Progreſſion, 


CHAP, 


51 


tic 


CHAP. XXV. 
Of the Limits of Equations, 


519. * now proceed to ſhew how to diſcover the Limits 
of the Roots of Equations, by which their Solu- 
tion is much facilitated. 
Let any Equation, as #3 —p x* + * So be pro- 
poſed; and transform it, as above, into the Equation 


Y + 3.03% +3 Oe 
2% - 
+ 1% 


— 7 


Where the Values of y are leſs than the reſpective Values of 2 
by the Difference e. If you ſuppoſe e to be taken ſuch as to 
make all the Coefficients, of the Equation of y, poſitive, viz 
e —pe* + ger, 3Ze* — 2p ＋ , 3e—p; then there 
being no Variation of the Signs in the Equation, all the Va- 
lues of y muſt be negative; and conſequently, the Quantity e, 


by which the Values of x are diminiſhed, muſt be greater than 


the greateſt poſitive Value of x : And conſequently muſt be the 
Limit of the Roots of the Equation x* — px* + qx —r = o. 

It is ſufficient thereſoſb, in order to find the Limit, to “ en- 
quire what Quantity ſubſtituted for x in each of theſe Expreſſions 


* — px* + qx — 1, 3x* — 2px + 75⁵ 3 — p, will give 


them all poſitive ;” for that Quantity will be the Limit required. 
How theſe Expreſſions are formed from one another, was ex- 


plained in the Beginning of the laſt Chapter. 


EXAMPLE. 


520, If the Equation #5 - 2K — 10x? ＋ 30 * + 63x 
+ 120=0 is propoſed ; and it is required to determine the 
Limit that is greater than any of the Roots; you are to enquire 
What integer Number ſubſtituted for x in the propoſed Equation, 
and following Equations deduced from it by Inſt. 512, will 
giye, in each, a poſitive Quantity. 


5 * — 


* 
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5x*—8x3 — 30x* ＋ box + 63 
5 * —6* —15x + 15 
„ 8 I 

gx — 2, 

The leaſt integer Number which gives each of theſe poſitive 
is 23 which therefore is the Limit of the Roots of the propoſed 
Equation ; or a Number that exceeds the greateſt poſitive Root, 

521. If the Limit of the negative Roots is required, you 
may (by Inſt. 494.) change the negative into poſitive Roots, 
and then proceed as before to find their Limits. Thus, in the 
Example, you will find that — 3 is the Limit of the negative 
Roots. So that the five Roots of the propoſed Equation are be- 
twixt — 3 and ＋ 2. 

522. Having found the Limit that ſurpaſſes the greateſt poſi- 
tive Root, call it m. And if you aſſume y = m— x, and for 
x ſubſtitute n -, the Equation that will ariſe will have all its 
Roots poſitive ; becauſe m is ſuppoſed to ſurpaſs all the Values 
of x, and conſequently m — x (= y) muſt always be affirma- 
tive. And by this Means, any Equation may be changed into one 
that ſhall have all its Roots affirmative. 

Or if — x repreſent the Limit of the negative Roots, then by 
aſſuming y = x + n, the propoſed Equation ſhall be transform- 
ed into one that ſhall have all its Roots affirmative; for + u be- 
ing greater than any negative Value of x, it follows, that y= 
x + n muſt be always poſitive. 1 

523. The greateſt negative Coefficient of any Equation increaſed 9 
Unit, always exceeds the greateſt Root of the Equation. 

To demonſtrate this, let the Cubic x3 — px* — gx -r O 
be prepoſed ; where all the Terms are negative except the firſt. 
Aſſuming y -e it will be transformed into the following 


Equation, 
(4) ef bf pr” ot di 
7 5 —2pey—pe a 


— F 


1*. Let us ſuppoſe that the Coefficients p, 9, r, are equal 
to each other; and if you alſo ſuppoſe e = þ 1, then the laſt 
Equation becomes 


(B) * + 
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(B) 3* + 2 +8 3 +17 
137% 09 = 
37 
Where all the Terms being poſitive, it follows, that the Values 
of y are all negative, and that conſequently e, or p + 1, is 
greater than the greateſt Value of x in the propoſed Equation. 
2%. If gandr be not = p, but leſs than it, and for e you 
Ki ſubſtitute +1 (ſince the negative Part ( 25 —ge 
88 
becomes les, the poſitive remaining undiminiſhed,) all the Co- 
effcients of the Equation (A) become poſitive. And the ſame 
is obvious if q and 7 have poſitive Signs, and not negative Signs, 
as we ſuppoſed. It appears therefore, that, if, in any Cubic 
Equation, þ be the greateſt negative Coefficient, then p + 1 
muſt ſurpaſs the greateſt Value of x. 

$34». 3%: By the ſame Reaſoning it appears, that if 4 be the 
greateſt negative Coefficient of the Equation, ande =q + 1, 
then there will be no Variation of the Signs in the Equation of 
3: For it appears from the laſt Article, that if all the three (p,- 
q, 7, were equal to one another, and e equal to any one of them 
increaſed by Unit, as to 9 + 1, then all the Terms of the E- 
quation (A) would be poſitive. Now if e be ſuppoſed till 
equal tog + 1, and p and r to be leſs than g, then all theſe 
Terms will be poſitive, the negative Part, which involves p and 
being diminiſhed, while the poſitive Part and the negative 
involving q remain as before. 

4%. After the ſame Manner it is demonſtrated that if r is the 
greateſt negative Coefficient in the Equation, and e is ſuppoſed 
=r + 1, then all the Terms of the Equation (4) of y will 
be paſitive; and conſequently r + 1 will be greater than any 
of the Values of x. | 

What we have ſaid of the Cubic Equation x3 - D* + gx 
— r = 0, is eaſily applicable te others. 

525. In general, we conclude, that © the greateſt negative 
Coefficient in any Equation increaſed by Unit, is always a Li- 
mit that exceeds all the Roots of that Equation.” 

But it is to be obſerved at the ſame Time, that the greateſt | 
negative Coefficient increaſed by Unit, is very ſeldom the neareſt 
Limit: That is beſt diſcovered by the Rule in Inſt. 519. 

526. As 
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526. As our Plan obliges us to take in every uſeful Part of 
Science, but no more, we ſhall here leave the remaining Part of 
Mr. Maclaurins's Difcourſe on the Limits of Equation, and pro- 
ceed to the ſeveral Methods of ſokving Equations; of theſe we 
ſhall propoſe ſeveral from different Authors, ſome being prefera- 
ble in one Reſpect, and ſome in another, and the Learner will 
be thus enabled to chuſe that which will beſt anſwer his Purpoſe 
in any Caſe propoſed. , 

527. We ſhall begin again upon this Subject with Mr. Mac- 
laurin; but becauſe his Method of ſolving Equations requires 
the Learner to have a juſt Idea of Commenſurable Quantities (for 
his Method extends only to ſuch Equations whoſe Roots are 


1 therefore we muſt premiſe the following Foren 
tion, 


5 * All Commenſurable Quantities are to each other as Nuniber 


to Number, that is, their Proportion may be expreſſed by whole Num- 

bers, or they have one common Number that will meaſure them all. 
Thus for Inſtance, let a and i be two Commenſurable Quan- 

tities, then their Proportion, be it what it will, may be expreſſed 

in whole Numbers; for let c be their common Meaſure without 

Remainder, and let it meaſure @ juſt three Times, and 5 four 

Times; then will 3c = a, and 4c = ; therefore a: b:: (3c 

62:3) 3: 4 B&D. 


529. Hence (vice verſa) all Quantities that are to one ano- 


ther as Number to Number, are Commenſurable. Hence alſo 


all whole Numbers are commenſurable, ſince Unity is a common 


Meaſure to them all. 


530. Likewiſe all Factions are commenſurable, as ; and - 25 for 


if they are reduced to a common Denomination, they wil be- 


— — = ail meaſure them both. 


come 2 and -—,, and — 


bd 


531. Incommenſurable Quantities are ſuch whoſe Proportion 
cannot be expreſſed in whole Numbers or finite Fractions, or they 
can have no common Meaſure, but their Relation muſt be ex- 
preſſed by a Surd Quantity or infinite Series. Thus the Ratio of 1 to. 
V, cannot be expreſſed in Numbers, nor the Diameter (d) to 


the Circumference of a Circle (c) without an infinite Series, as 
we ſhall hereafter ſee. 
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3 


od FP Riſlition of Equati ons, all w_ Rott are 
commenfurate. d. 


532. 1* was demonſtrated, in Inſt, 482. that the laſt Term of 
any Equation is the Product of its Roots: From which 
it follows, that the Roots of an Equation, when commenſura« 


ble Quantities, will be found among the Diviſors of the laſt 


Term. And hence we have for the Reſolution of Equations, 
8 11 
Bring all the Terms to one Side of the E guatien, find all the Divi- 
fors of the laſt Term, and ſubſtitute them ſucceſſtvely for the. unknown 
Quantity i in the E quation. ' So ſhall that Diviſor which, ſubſiitited 
in this Manner, yu * e = * be the 8 of the Lale, 


Equation. 4 8 | Ru he 


For Example, ſuppoſe this Equation i is to be teſolved, * BP 
Dar +208 x—20* bY — 
— b x* + 34 K 17 


where the laſt Term is 2 4 B, whoſe ſimple literal Diviſors are 
a, b, 2 4, 2h, each of which may be taken either poſitively or 
negatively. But as here we find there are Variations of Signs in 
the Equation, we need only take them poſitively. Suppoſe x 


Da the fuſt of the Diviſors, and ſubſtituting «@ for x, the E- 


quation becomes 


45 —3a* þ24* —24*b 


— 4* 5 + 3a* 3 Or, 34 — 3a? + 30% — 2 a* 32 0. 


So that the whole vaniſhing, it follows that o is one of the Roots | 


of the Equation. 


533. After the ſame Manner, if you ſubſtitute þ in the Place 
of * the Pans! is, 


M m 32 — 


— . — 


— — 


"5 A 8 

I ron 7 era es Cn 
4 * 
r : e 3 


2 


e 
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. 


- 2 —-X — 4 
E — * 2 n = — = 
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33 — 327 4 241 v — 245 I® 
o, 


G 


which vaniſhing * to be De FE . 2 of che Equation. 
Again, if you ſubſtitute 2 4 for æ, you will find all-the Terme 
deſtroy one another IG as to > ne the cane = '&* F or ĩt will 
then be, Was | 


. W 7 
beer f. LE 5 0 J. 35 
Wpence we find, that 2 à is the third Root of the — 
Which, after the firſt two (+ a, + 6, ) had been found, might 
have been collected from this, that the laſt Term being the 
Product of the three Roots, + a, 4 h being known, the third 
Term muſt neceſſarily be equal to the laſt Term divided by the 
2 
Product ab, chat is, LIT SAR 


5 34 Let the Roots of the Cubic Equation 
* a — 334 90 be required. 


And firſt the Diviſors of go are found to be 1, 2, 48.4%. 
9, 10, 15, 18, 30, 45, 90. If you. ſubſtitute 1 for æ, . 
will find x? — 2K — 33x ＋ 90 = 56; ſo that one is not a 
Root of the Equation. If you fubftitute 2 for x, the Reſult 
will be 24: but, putting æ = 3, you have 

K* —2x* — 33x 927 — 18 — 99 90 117 —117 = 0, 
So that 3 is one of the Roots of the propoſed Equation. The 
other affirmative Root is + 5; and after you find it, as it is 
manifeſt from the Equation, that the other Root is negative, 
you are not to try any more Diviſors taken poſitively, but to 


ſubſtitute them, negatively taken, for x And thus you find 
that — 6 is the third Root. For putting x .= — 6, you have, 


* —2x* —33x +90 =—216 — 72 + 198 +90 = 0. 


This laſt Root might have been found by dividing the laſt 


Term go, having its Sign changed, by 15, 2 — of the 
two Roots already found. 


535. When one of the Roots of an 1 is N in or- 
der to find the reſt with leſs Trouble, divide the propoſed Equa- 
— | 7 tion 


2 
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tion by the ſimple Equation which you are to deduce from the 
Root already found, and the Quotient ſhall give an Equation of 
2 Degree lower than the propoſed ; whoſe Roots will give the 
remaining Roots required. F 


As for Example, the Root + 3, firſt found, gave x 23 or 
1 — J= = o, whence dividing thus, 


= 332 + 99 (25 + x—30 
* — 3 x* | 


** — 33x + 90 


xX* — 3X 


— 30 +90 

— 360 x + go 

F 

The Quotient ſhall give a Quadratic Equation x* +'x — 30 

= o, which muſt be the Froduẽt of the other two ſimple Equa- 

tions from which the Cubic is generated, and whole Roots 
therefore muſt be two of the Roots of that Cubic. 

Now the Roots of that Qyadzatic Equation are caſily n 

(by Inſt. 339.) to be + 5 an&— 6. For, 

* + x =<20<% 

add . . « + x + 3 = 30 23282 

I + 427 DES. OV ALY 2 

„ 4 +50r—b. 


536. After the ſame Manner, if the Biquadratic K — 2 x3 
—25x* + 26x + 120 o is to be reſolved; by ſubſtituting 
the Diviſors of 120 for x, you will find that + 3, one of thoſe 
Diviſors. is one of the Roots; the Subſtitution of 3 for x giving 

81 — 54 — 225 + 78 + 120 = 279 — 279 =0. And 
therefore dividing the propoſed Equation by x — 3, you muſt en- 
quire for the Roots of the Cubic x? + * — 22x — 40 
and finding that ＋ 5, one of the Diviſors of 40, is one of * 
Roots, you divide that Cubic by x — 5, and the Quotient gives 
the Quadratic K* + 6 x + 8 = o, whoſe two Roots are — 2, 
—4. Zo that the four Roots of the Biquadratic are I 3, ＋ 5, 


—2, 4. ; 
M m 2 537. The 
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5 37. This Rule ſuppoſes that you can find all the Diviſors of 


the laſt Term; ; which you may jonny do thus. 


fi it is a ſomple Quantity, divide it by its leaft Divifor 1 exceeds 


Uni, and the Quotient again by its leaſt Drviſor, proceeding thus till 
you have a Duntient that is not diviſible by any Number greater thun 


Unit. This Quotient, with theſe Diviſors, are the firſt or ſimple 
Diviſors of the Quantity. And the Products of the Multiplica- 
tion of any 2, 3, 4, &c. of them are the compound Diviſors. 


As, to find the Diviſors of 60; firſt I divide by 2, and the 
Quotient 30 again by 2, then the next Quotient 15 by 3, and 
the Quotient of this Diviſion 5 is not farther diviſible by any In- 
teger above Units; ſo that the ſimple Diviſors are, 


| 2, 2, 3, 53 
The Products of two, 4, 6, 10, 15. 
The Products of three, 12, 20, 30. 
| The Product of all se 


The Diviſors of 90 are found after * ſame Manners 


Simple Diviſors, 2, 3» 35 . 
The Products of two, 6, 9, 10, 15. 
The Products of three, 18, 30, 45. 
The Product of all four, ... . . . . 90. 


The Diviſors of. 2 21 abb. 


The ſimple Diviſors, 3, 7, 4, b, 5. 

The Products of two, 21, 3a, 30, 7a, 7b, ab, bb. 

The Products of three, 21a, 210, 3ab, 366, ab, 7 bb, abb. 
The Products of four, 214, 216b, 3abb, b. 
ir 4 RAE — ß ḿm i 


538. But as the laſt Term may have very many Diviſors, and 
the Labour may be very great to ſubſtitute them all for the un- 
known Quantity, we ſhall now ſhew how it may be abridged, 
by limiting to a ſmall Number the Diviſors you are to try. And, 


| firſt it is plain, (from Inſt. 523.) that © any Diviſor that ex- 
ceeds the greateſt negative Coefficient by Unity is to be negleR- 


ed.“ 
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ed.” Thus in reſolving the Equation K - 2K — 25 * + 
26x + 120 S o, as 25 is the greateſt negative Coefficient, we 
conclude that the Diviſors of 120 that exceed 26 IP be neg 
lected, 
5 39. But the Labour may be ſtill abridged, if we make Uſe 
of the Rule in Inſt. 5 19. that is, if we find the Number which 
ſubſtituted in theſe following Expreſſions, 


| x* — 2 x3 — 25 x? + 26x + 120, 
2x* — 3Jx* —25 x + 13, 
0x* —bx— 25 


2 * — 1, 


will give in them all a poſitive Reſult: For that Number will be 
greater than the greateſt Root, and all the Diviſors of 120 that 
exceed it may be neglected. 

That this Inveſtigation may be eaſier, we ought to begin 4 
ways with that Expreſſion, where the negative Roots ſeem to 
prevail moſt; as here in the Quadratic Expreſſion 6 * — 6 x 
— 25; where finding that 6 ſubſtituted for x gives that Expreſ- 


ſion poſitive, and gives all the other Expreſſions at the ſame 


Time poſitive, I conclude that 6 is greater than any of the Roots, 
and that all the Diviſors of 120 that exceed 6 may be neglected. - 

540. If the Equation x* + II + 10x — 952 = © is 
propoſed, the Rule of. Inſt. 523. does not help to abridge the 
Operation; the laſt Term itſelf being the greateſt negative 


Term. But, by Inſt. 519. we enquire what Number ſubſtitur- 


ed for x will give all theſe 1 poſitive. 


** + 11* + 10 * — 72 
3x* + 22x + 10 
3x + 11 


Where the Labour is very ſhort, ſince we need * attend to 
the firſt Expreſſion; and we ſee immediately that 4 ſubſtituted 
for x gives a poſitive Reſult, whence all the Diviſors of 72 that 
exceed 4 are to be rejected; and thus, by a few Trials, we find 
that + 2 is the poſitive Root of the Equation. Then dividing 
the Equation by x — 2, and reſolving the Quadratic Equation 
that is the Quotient of the Diviſton, you find the other two 
Roots to be — 9, and — 4. 


541, Beſides 


——— 5.44 PO — - 
1 — 1 2 8 — L — — — v 
— — r —— = 1 
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541. Beſides the Method already explained, there are others 
by which Limits may be determined, which the Root of an E- 
quation cannot exceed. 

Since the Squares of all real Quantities are affirmative, it fol. 
lows, that The Sum of the Squares of the Roots of. any Equation 
muſt be greater. than the Square of the greateſt Root. And the Square 
Root of that Sum will therefore be a Limit that muſt exceed the 
oreateſt Root of the Equation. 

If the Equation propoſed is » — pa” ＋ 9 2 
rx"—3 +, &c. = ©, then the Sum of the Squares of the 
Roots (by Inſt. 485.) will be 2 — 29. So that \/p* — 29 
will exceed the greateſt Root of that Equation. 

Or if you find, (by Inſt. 486.) the Sum of the 4th Powers of 
the Roots of the Equation, and extract the Biquadratic Root 
of that Sum, it will alfo excccd the greateſt Root of the Equa- 
tion. 

542. But there is another Method that reduces the Diviſors of 
the laſt Term, that can be uſeful, ſtill to more narrow Limits. 

Suppoſe the Cubic Equation & —p x* + qx -S o is 

ſed to be reſolved. Transform it to an Equation whoſe 
Roots ſhall be leis than the Values of x by Unity, aſſuming 
y=x—1. And the laſt Term of the tran-formed Equation 
will be 1 —p+q—7; which is found by ſubſtituting Unit, 
the Difference of x and y, for x, in the propoſed Equation ; as 
will eaſily appear from Inſt. 495. where, when y = x — e, the 
laſt Term of the transformed Equation was e —pe* + ge 
— x. 

Transform again the Equation x* —px* + qx— S o, 
by aſſuming y = x + 1, into an Equation whoſe Roots ſhall ex- 
ceed the Values of * by Unit, and the laſt Term of the tranſ- 


formed Equation will be — 1 — p — g— 7, the ſame that ariſes | 


by ſubſtituting — 1, the Difference betwixt x and y, for x i in 
the propoſed Equation. 

Now the Values of x are fome of the Diviſors of r, which 
is the Term left when you ſuppoſe x = o; and the Values of 
the y's are ſome of the Diviſors of + 1 —p +q— r, and of 
— 1 — þ -r, reſpectively. And theſe Values are in Arith- 
metical Progreſhon inereaſing by the common Difference Unit; 
becauſe x— 1, x, x + I, are in that Ptogreſſion. And it is 

obvious 
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obvious the ſame Reaſoning may be extended to any Equation of 


whatever Degree. So that this gives' a general Method for the 
Reſolution of Equations whoſe Roots are commenſurable. 


R UL E. 

Subſtitute in Place of the unknown Quantity ſucceſſively the Terms 
ef the Progreſſion 1, o, — 1, &c. and ' find all the Diviſors of the 
Sums that reſult ; then tale out all the arithmetical Progreſſions you 
can find among theſe Diviſers, whoſe common Difference is Unit ; and 
the Values of x will be among the Diviſorſ ariſing from the Subſlitu- 
tions of Xx O that belong to theſe Progreſſions. The Values of x 


will be affirmative when the arithmetical Progreſſion increaſes, 
but negative when it decreaſes. 


EXAMPLE. 


543. Let it be required to find one of the Roots of the Equa- 
tion x3 —x* — 10x + 6,=0. The Operation is thus; 


| — | Dip: — 9 ith, Prog, decr, 


5 — | 15 |: 2 
10rd 6 1,2, 3, 6 
+ I4 — 


Where the Suppoſitions of * = , A=, x = —1 give the 
Quantity x3 — * — 10 + 6 equal to — 4, 6, 14; among 
whoſe Diviſors we find only one arithmetical Progreſſion 4, 3, 


— _—_ —C— —— 


x 
x 3 gives x =— 3 
1222 


| 
ſun} 
3 


2; the Term of which oppoſite to the Suppoſition e o, be- 


ing 3, and the Series decreaſing, we try if — 3 ſubſtituted for 
x makes the Equation vaniſh ; which ſucceeding one of its 
Roots muſt be — 3, Then dividing the Equation by w + 3. 
we find the Roots of the (Quadratic) Kyotiet _ 
* —4x +2 =0 are 24. . | 
544. If it is required to find the Roots of the Tanabe; X53 
3x* — 46x — 72 = ©, the Operation will be thus;, 


Suppop. 


* 
—— wm -<_ o— 
* r 


2 Kõ ͤ —ö zt 


— — 


* 
= —> — = 
_ * = 
— Ee 


d 2 YA 


\ 
a 
4 

4 

1 
6 
1 
1 
Fi 


* 4 Foe © 


* 


* 
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* 
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RN 


45 Nin. 71 


: 2 8 8. + g. 
2 7 3 ; 4 5 5 5 8 ＋ 
« C2 2 | — by : 
| 7 Free, 1417 — 
| S .8| Q 
| ET 
31: k4:5 5 313 7＋ 
4 -= * — 
FEES — 
WD. 2 n 1 — | E 8 8 
—.— Reſults] —..— _ |Progreſſions. 2 So 14 8 : 
x © bl: 0-45 COST 3 > 2 * 8 
| 3 — Y 1 8 | 
© 3 © þ+ 
| 5 9 * & 
GW 
| Q 8 8 
n 
G By 
| 32 5 
: 5. | | 822 - 
a 75 | i 
2 5 0 8 "Bo * 


- — 8 8 cn ener IE 8 — =. 


— 7 - 
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CHAP. XXVII. 


Of the Reſolution of Equations by Cardan's n. 
and others of that Kind. 


545. HE ſecond Term can be taken away out of any Cue 
 bic Equation, by Inſt. 497 ; ſo that they all may be 
reduced to this F orm, 


x3F+gqx+r=0 


Let us ſuppoſe that x = a + b; and x + gx + r = a? 


+3a* b+3ab* +63 gz +r =4* + ZabXa + b+ 


b3 ＋ gza+r = 4 + 3abx +86 K +r = (by ſup» 
poſing 3 46 = —9) = 43 + 32 33 


But b = — 2 and b3 = — 75 — and conſequentiy, a7 


g® 
27 45 


* 3 
+7 = 03 or, 45 freak, 


Suppoſe a3 = &, and you have, z* + 7 z = 755 ; which is ISA 
er whoſe Reſolution gives | 


J e, 
and a ir. 2 25 and 
eee 2 


===: in which Ex preſſions there 


17 r 
7 ET 7 + 


are only known Quantities. 


Nn | 546. The 


+ Tho' this Method be generally aſcribed to Cardar, yet Cardin 
himſelf mentions it as the Invention of one Scipio Ferreus, a noted 
Mathematician before his Time. 


% INSTITUTIONS 


546. The Values af F * be found a inde 9 
thus; 3 1 F 


- + 4 N 3 | | n 2 


= 


that a +7 = + 1 5 4 
: ; . WE - 


25 (=—0* = Af 15 n . fo that 5 


which gives but one Value: of x becauſe when, in the Value of 


C2 the. Surd Jar z.e* +: 25 : is politive, it is negative in we Va. 


ue of b, and there is only the Difference of this Sign in their 
Values, So that we may conclude + | 


ee 3 


547. *The vn of x may be diſcovered * exter- 
minating the ſecond Term. n tg Sb 
wy Cubic Equation may be reduced to this Form, 


. 4 4 0 * 4 . * 


* 3 34 25 5 
Hh 15 


4 i * 


4 


F 33 #——p* .. 

| + 357 | 

which by ſuppoſing „z + þ, will be reduced ta 25 * 
—2 7 == 0, in which the ſecond Termis wanting. But by the 
haſt ately —_ 25 * 95 * 27 o,; er 2 


7 7 8 „ „ 3 82 


* This Method we owe to the Reverend and very Learned Mr. 
(ony Co1gon,. the preſent Lucafian Profeſſor of 2 in the 
niverſity of CauRRIDOE, and Succeſſor to *. ee * 
e . Fs 


of 


7 
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1292 A — 95 7 ＋ =P = = (if you 
ſuppoſe that the Cubic Root of the Binomial r + // 7* — 9? 
is m ＋ Vn) =m/n+m—y/n=2m. And ſince 
x 2 + p, it follows that x = þ + 2m. - 

548. But as the ſquare Root of any Quantity is two-fold, c the 
Cube Root is three-fold,” and can be expreſſed three different 
Ways. 

2 the Cube Root of Unit is . and let y* = pg 
or y — I = ©, then ſince Unit itſelf is a Cube Root of 1, one 
of the Values of y is 1, ſo that the Equation y — 1 = © ſhall 
divide the firſt Equation J? — 1 =o, and the Quotient 55 + * 


+ 1 = o, reſolved, gives y ** 3 
+/=3 


Expreſſions of Vl are L, , and 


3 ſo that the 3 


5 d 
And, ingeneral, the Cube Root of any 8 A3+ may be 4, 
or 4 or . 3x4; ſo that the 


Cube Root of the Binomial r + Ee. * — 9 may be m T n, 


as we 1 above, or — 1 3 X m + In, or 


. dr L= X m 7 I And hence we have three Ex- 


preſſions hs Xx, Viz, 


1. x=þ+2m 
2. * - n + SA — 3u. 
3. * =p —m—/— 3u. 
and theſe give the three Roots of the propoſed Cubic Equation 
EXAMPL E I. 
549. Let it be required to find the Roots of the Equation 
** — 12K ＋ 41K — 42 = ©. | 
Nn 2 _  Compar« 
+ Since 4 = 43 x 1, —_ 7 Ji 


”» = 
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Comparing the Coefficients of this Equation with thoſe of the 
general Equation 


* — 3þx* — 39 2 —27 


+ 35 ˙*f 7 (= o, you find, 
: 377 


CCC 24, 
2. 35 — 37 ( 48 — 37) = 41 + > » 

3. 327-7 — 27 (= — 36 — 27) =—=42 . r= 3; 
and conſequently, * — 7 = 9 — 383 = — , and r+ 


17 9 


Sr 7 =3 +  — 289 :29, Now the Cube Root of this 


Binomial is found to be, — 1 + =I (SM Vn. 
Whence 


I. x=þ +2m = 4 — 2 2 2. | 
2. #=p—m—/—3n=4+1=VW4=S—2=5 
3. SPV Z= STI. 

So that the three Roots of the propoſed Equation are 2, 3, 7. 


You may find other two Expreſſions of the Cube Root of 3 
+ Vi 129, beſides = 2 + f— +> viz. 24 , 
and = but theſe fubſtituted for m + Vn give 
the "Wh Values for x as are already found. 


EXAMPLE I. 


550. In the Equation x3 + 15 x* + 84 x — 100 = o, you 
find p = — 5, q =—3, 1 = 135, and r+ * = 135 
+ 18252, whoſe Cube Root is 3+4/ 12; ſo that x = (þ 
+2m) =—5+6=1. The other two Values of x, viz. 
— 8 + 35, — 8—y/ — 36, are impoſſible. For in 
this Caſe » = 12, therefore — 33 = — 36, which makes the 
Quantity Zn, and of Courſe the two laſt Roots, impoſſible. 
After the ſame Manner you will find that the Roots of the 
Equation x* + x* — 166 x + 660 = o, are — 15, 7 +5. 

And 
+ We ſhall, hereafter, ſhew, from Mr. De Moivre, how the Cubic 


Root of an impoſſible Binomial, as a + V — 6, may be extracted 
by the Triſection of an Angle. 
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And here we are to obſerve, that whenever this irrational Part, 
* — g*, is impoſſible, that is, as often as 9 is an affirma- 
tive Quantity, and at the ſame Time its Cube is greater than 
„4, the three Roots of the Equation are all poſſible and real; 
but if Vr — 4 be poſſible, that is, if be negative, or if 
affirmative, its Cube be leſs than *, the Equation will have 
but one poſſible and real Root, the other two being impoſſible or 
imaginary. This is eaſily deduced from the Structure of the 
Equation, as we have juſt now ſhewn. 

Note, If in this general Theorem we put p = o, the ſecond 
Term vaniſhes, and the Equation is reduced to Cardan's Forms 
before ſpecified. | 

551. The Roots of Biquadratic Equations may be found by 
reducing them to Cubes, thus. 

Let the ſecond Term be taken away by the Rule given in Inſt. 

and let the Equation that reſults be, 


„4 42 r T o. 


And let us ſuppoſe this Biquadratic to be the Product of thefe 
two Quadratic Equations, 


Where e is the Coefficient of x in both Equations but effected 
with contrary Signs; becauſe when the ſecond Term is wanting 
in an Equation, the Sum of the affirmative Roots muſt be equal 
to the Sum of the negative. 

Compare now the propoſed Equation with the above Pro- 
duct, and the reſpective Terms put equal to each other will give 
F142 — *, eg — ef=r, fg =. Whence it follows 


that / ＋2 29 + 4 and g —7— 5 and conſequently, 


f+8+g8—f (=22) =q+e* +5, and 
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| e+ hg | 
2 7 ; the ſame Way, you will find, by Si, 


The 
1 546 


$53 
who te 


ſire, | 


wht 


traction, Se. F 


9 + 24e 0 * — . and NYSE by 4.6? = _ 


the Terms, you have this Equation, 3 

s + 290 7 X 8 —7* = 0. 1 

HERS Wk 

\ Suppoſe e* = y, and it becomes y* + 2 9 y* + 7 =45y= £ 
7* = ©, a Cubic Equation whoſe Roots are to be diſcovered by 
the preceding Articles. Then the Values of y being found, 

their Square Roots will give e (ſince y = e*;) and having e, ® 

| Y N 
Jou will find F and g from the Equations F —. 


1 : 
= — Laſtly extracting the Roots of the Equations 
** Tex +f=0, x* —ex + g = o, you will find the four 
Roots of the Biquadratic K * qx* + rx +5 = ©; for either 
=- N —þ, or, = ITU. 

552. Or if you want to find the Roots of the Biquadratic 
without taking away the ſecond Term; 


Suppoſe it to be of this Form, 


** - 45 * — 29 87 8. 
+4#*5 "+4995 4 140 ? 
and the Values of x will be 


| | 27 
24 J ＋7— 47 — 
where 


and x = þ + at / p 13 1 += 
a“ is equal to the Root of the Cubic, 
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irt = 0. 4 


The Demonſtration is deduced from the laſt Article, as that 
of 546 is from the N 


553. An ingenious Croton Mr. SAMUEL Core, 
who teaches a Mathematical School near Horndean in 
fire, has obliged me with the following plain Demonſtration of 
Cardan's Rules, from their firſt Principles, as alſo an __— 
ment of the ſame, which here follow. . 


e There are two Forms of Cubie Equations, viz. 


T. # + pn 
2. 4 -D . | 
654. 5 - 
RK | 1þ* +px= +9 Query x? 
Suppoſe 2 = « whe n. F . x is here affirmative, 
263 3 =m*— 3m* n + 3mn* —3 
2 * 5 x = pm -n 
* + px =1m3 — 3m* n+ Zu *-* 
1 1 — R 
Again, W „ (Or, p— zun o) Lusen 
Then 6 N. 7 ns -— al pm — pn 


7 equated to (o)] 8] =— 3m*u + 3mn* + pm—pn 
5 —8 | g|((e* Þprx=J)m*i —n3i 2 2 


But 03 n =p. — Step 6th. 
10+ 3m rig: | 


| - 3m : 
1160-3 rab = ( = mo bn 
3 "Ne _ * 
D 
9, 12 13 þ3 
3 FO. = 9) By Subſtitution. 
5, #* 


13 X m* |1 


* 
y =” 
” 
— le eee co ran > In need ner. on _— PR. * 
2 _ - < * - — r 
. — 
— 


23 „„ „„ —— —p —ͤ —äGä᷑— — — — — — > 
— . - — o 


m4 „„ — G 


— — — ͤ— 
. 
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- $4 Y 
14 by Reduction 15 ms _ 9m? = = | A 8 Equation, 


Co 16 a „ PE PE 
* © . , N. — N — — — — 
C 15 rl { wy | 1 * + 7 4 27 4 

as be 


| 7 gh The a. 
2 3 a > —_—_ LIE — 


e 3 /q 5 = 
3 OS E 
18 f 190m = 2 8 + 7 


2 
But (th Step) 20% = m3? - Ron — 
Subſt. Value of 7 2 7 * 12 
n from Step 18.2 1½ + 27 + 1 7 , q 
. 7 e 
| —n*Zzg—=—f >; +.—| Or,(becauk 
„„ „ of 
2—4 = 


232 contracted 23 — 25 =, 7 Amy Cubia 555 


e 
23. l AQ 1 


3 7 

(* — * | 77 | 

* tus Hl The Theor, 
27 4 


555. If the Equation be 7, S px = — 09, find the Root a 

x3 + px = 4, as above, and change its Sign. 
356. Cardan's Rule, above given, requires two Extractions 
of the Cube Root, and therefore the followin g Method, which 


requires but one, is much eaſier. 


See the 19th Step above, 3 7 "| 


And from the 6th Step it appears that 


_ I? Which is an Improvement , 


og * of Cardan's firſt Rule. C 
2a 557. CASE 


10, 24 


lon, 


ubic, 


ia 


ns 


t 


7 
- 
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557. CASE I. 
I px = + q. This is demonſtrated i in the ſame Mins 
as before, by putting x = m + n, Oc. Here allo 1 2 * = 


„and x is found by one Extract n. 


CHA FF ASYAL 


Of the NEwTONIAN METHOD of approximating 
to the Roots of NUMERICAL EQUATIONS. 
555. Wers any Equation is propoſed to be reſolved, if the 
Root lies between two Numbers, that differ from 
one another by Unity, you may conclude that Root is incommen- 
ſurable, by what has been heretofore taught. The Root, how- 
ever, may be approximated to what Degree of Exactneſs you 
pleaſe, by the following Method, firſt propoſed by Sir Iſaac 
Newton, 

559. In the firſt Place you make Trial with ſuch Numbers as 

you find (by the foregoing Articles) are near the Value of the 
Root, and you will ſoon get two Numbers, one of which will 
give the Equation a poſitive, and the other a negative Value, and 
conſequently the true Root, which makes it vanith, or = o, 
will be between theſe Numbers, and when it is incommenſurate 
you may, by eaſy Trials, approach to it as near as can be neceſ- 
ſary by Fractions either vulgar, or decimal, 
. $60. But before we proceed any farther, it may be worth ob- 
ſerving, that any common Number expreſjed by the nine Digits, is 
but a ſimple, quadratic, cubic, &c. Equation, whoſe Root is 10 
= x, and therefore not expreſſed, but only the Cocflicients of 
each Term, Thus, ſor Example, 


Oo e The 


= — — — — — :ð*—n,ꝛ 
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| | 96 = 9x7 6, a 11 Equation. | 
The e 596 = 5 * + 9 + 6, a Quadratic. 


7596 = 7 x3 + 5 * TOM + 6, a Cubic. 
17596 = t + 5x*+ gx +6, a Biquadratiz, 


Where, for the Sake of expeditious Operation, we abbreviate 
thoſe Equations into the Expreſſion of their Coefficients only, 
by calling x Ten, x* an Hundred, x* a Thouſand, &c. which as 
they conſiſt of Cyphers only, with Unit prefixed, vis. 10, 100, 
1000, fc, can be eaſily underſtood without being expreſſed in 
the common Form of an Equation or Series, But to proceed, 

561. Let the Equation propoſed be x* — 6x 7 = o, if we 
ſuppoſe x = 2, the Reſult is 4 — 12 + 7 = — 1, which be⸗ 
ing negative, and the Suppoſition of x = © giving a poſitive 
Reſult, it follows that the Root is betwixt o and 2. Next, we 
ſuppoſe x = ; whence, x* — bx 4 72 1— 6478 
+ 2, which being poſitive, we infer the Root is betwixt 1 and 
2, and conſequently incommenſurable. In order to approxi- 
mate to it, we ſuppoſe x = 1 4, and find x* — bx + 7 =21 
—9+7 = +; and this Reſult being poſitive, we infer the 
Root muſt be betwixt 2 and 12. And therefore we try 14, and 
find x* — 6 + 5 =-42— +7 = 34 — 104 +7= 
— s, Which is negative; ſo that we conclude the Root to be 
betwixt 14 and 12. And therefore we try next 13, which giv- 
ing alſo a negative Reſult, we conclude the Root is betwixt 14 
(or 14) and 13. We try therefore 17g, and the Reſult being 
poſitive, we conclude that the * muſt be betwixt IS; and 
1135 and therefore i is nearly 13 

562. Or you may THE more eaſily by transforming 
the Equation propoſed into another whoſe Roots ſhall be equal to % 
10, 100, or 1000 Times the Root of the former (by Inſt. 503.) 
and taking the Limits greater in the ſame Proportion. This 
Transformation is eaſy ; for you are only to multiply the 2d „ 
Term by 10, 100, or 1000, the third Term by their Squares, ti 
the 4th by their Cubes, oe, The Equation of the laſt Exam - 0 
ple is thus transformed into #* — 600x + 70000 = o, whole 
Roots are 100 Times the Roots of the propoſed Equation, and f 
whoſe Limits are 100 and 200. Proceeding as before, we try 
150, and find * — 600 x + 70000 = 22500 — 9g0000 + 
79009 = 2500, fo that 150 is leſs than the Rogt, You nent 


py 


„0 
Xo * 
* 2 * 
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% 
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try 175, which, giving a negative Reſult muſt be greater than 
the Root: and thus proceeding you find the Root to be betwixt 
158 and 159: from which you infer, that the leaſt Root of the 
propoſed Equation x* - 6x + 7 = 0 is betwixt 1.58 and 1.59, 
being the hundredth Part of the Root of x* — 600 x + 70000 
= 0. 

563. If the Cubic Equation x — 15 * + 63x —50 = © 
is propoſed to be reſolved, by ſubſtituting o for x the Value of 
* —15 x* + 63x — 50 is negative, and by ſubſtituting 3 for 
x, that Quantity becomes poſitive. x = 1 gives it negative, 
and x = 2 gives it poſitive, ſo that the Root is between 1 and 2, 
and therefore incommenſurable. You may proceed as in the 
foregoing Examples to approximate to the Root. But there are 
other Methods by which you may do that more eaſily and rea- 
dil; which we proceed to explain. 

564. When you have diſcovered the Value of the Root to leſs 
than an Unit (as in this Example you know it is a little above 1) 
ſuppoſe the Difference betwixt its real Value and the Number 
that you have found nearly equal to it, to be repreſented by 7. 
As in this Example. 


Letx=1+f. Subſtitute this Value for x in the Equa- 
tion, thus, 
= 1+ 08 +7: 
—_— 15x* = — 15 — 30 — 157 


+ 63x = 63 ＋ 637 
— 50 = — 50 


tl 153% +63x—50 = —1 * 36 f— 12f* + f* = o. 


Now becauſe f is ſuppoſed eſs than Unit, its Powers 7, f 3, 
may be neglected in this Approximation; ſo that aſſuming only 
the two firſt Terms, we have —1 + 36 = o, orf = 4, = 
27; fo that x will be nearly 1.027, 

565. You may have a nearer Value of x by conſidering, that 


ſeeing — x + 36f— 127 + f* = o, it follows that 


Oo 2 F 
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BP | 11 
1 oh. por” rage = (by Ny 77 for 2 nearly 
= — r = = 02803. 


36 — 12 X 553 + 55 X 75 


566. But the Value of F may be corrected and determined 
more accurately by ſuppoſing g to be the Difference betwixt its 
real Value, and that which we laſt found nearly equal to it. 80 


that f= . 02803 + g. Then by ſubllitoting this Value for / 


in the Equation 
7 — __ + 350 — 1 o, it will ſtand as follows, 


: 0 0000220226 + 0. 00235780. 084092? +87 
— 1 7 —— 00942816 0. 07272g—12g* ==0 
+ 36f = 1.00908 ＋ 36g 5 


1222. 


- =—0.0003261374+35-3290378—11.919 52 +8*=0, 


Of which the two fiſt Terms, neglecting the reſt, give 

"44 2 „ and e — 22003201374 _ 
: . Ay = 35.329637 
0.00000923ZI27- So that FS o. 02803923127 ; z and x =1 
+ f = 1.02803923127.3. which is very ncar the true Root of 
the Equation that was propoſed. 

Tf {till a greater Degree of ExaQneſs is ig e 
equal to the Differende betwixt the true Value of g and that we 
have already found, and proceeding a as * you my correct 
the Value of g. 

5567. For another Example; let the Equation to be reſolved 

be x? — 2x— 5 = 0, and by ſome of the preceding Methods 
you diſcover one of the Roots to be between 2 and 3. There- 
fore you ſuppoſe x = 2 + f,, and Tong this 1 for i it 
you find, 


* 3 a 2 8+12/+6f* . 
3 


— 5 =—5 


1 7 1% %; 
from which we find that 


0 


«4 % 
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18 3 or 73 — 0.1. Then to correct this Value, 
early we ſuppoſe f = 0:1 +g, and find 


0.001 + 0.038 +0.38% + K 


„% 0.06 + 12 g+6. 8 0 
ined ou ve. 5 10. 
t its — | — 
80 0.061 + 11.234 + 6.33 + g*, 
or f by 
95 ſo that g = SM . — 0.0054. 


11.23 


Then by ſuppoſing g = — .0054 +, you may — 3H 
Value, and you will find that the Root e is nearly 


209455147 ! RD PIG en — 

568. In all theſe e you will avprcociandls ſooner 
to the Value af the Root, if you take the three laſt Terms of the 
Equation, and extract the Root of the ins Equation con- 
ſiſting of theſe three Terms.” re. 

Then, in Inſt. oy inſtead of the two laſt Tas * che 
Equation 5 —12f* + 36f—1 Sg, if you take the three 
laſt and extract the Root of the Quadratic 127 — 36f+ 1= ©, 
you will find f = .028031, which is much nearer the true Va- 
lue than what you diſcover by ſuppoſing 367 —.1 = . 

It is obvious, that this Method extends to all Equations. 

; 569. © By aſſuming Equations affected with general Coeffi- 
cients, you may, by this Method, deduce general Rules or 
T heorems ſor approximating to the Roots of alles Equations 
of whatever Degree,” | 


Let f* — pf* +qf —r =0 repreſent the Equation by which 
the Fraction F is to be determined, which is to be added to the 
Limit, or ſubtracted from it, in * to have the near Value of vi 


Then af — 1 will giveſ= 5 But ſince / r. 


by ſubſtituting © for f, we have this Theorem for findin 1 f 


nearly, viz. 


E 


\ 
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„ 3 
5 


570. After the ſame Manner, if it is a Biquadratic, by which 
Vis to be determined, as F. —pf* +qf* —rf+s =0, 
then F being very little, we ſhall have F = >; which Value is 


corrected by conſidering that F = b 
i Ns on FT aka 
1 3 
| ſubſtituting - for f) = e e e whence we FO 
564. 
PP =y 
this Theorem for all * Equations, 
+ Ws 


fer fe. 


571. Other Theorems may be deduced by aſſuming the three 
Terms of the Equation, and extracting the Root of the Qua- 
dratic which they form. 

Thus to find the Value of F in the Equation 72 -f + gf 
ro where F is ſuppoſed to be very little, we neglect the 
firſt Term f*, and extract the —_ of the Quadratic FT. 
WER So, 5 x f +; = 0; and wefind f = 

f 7 oy * 
8 57 Was 4 2 - ITE 

But his Value, of F may be corrected by ſuppoſing it equal to 
m, and fubſtituting n for F in the Equation 7 -f +9 f 
— = ©, which will give m* —pf* Tf - = 0, and 

y —gf + r —m* = ©; the Reſolution of which Quadra - 


Equation gives 7 W Late very near 


25 
the true Value of 7. 


After the ſame Manner you may find like Theorems for the 
Roots of Biquadratic Equations, or of Equations of any Di- 
mention whatever, 


25 


nearly. 


572. In 
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572. In general, let K r + qa" brat 2 

c. + A = © repreſent an Equation of any Dimenſions x, 

where A is ſuppoſed to repreſent the abſolute known Term of the 

£7 Equation, Let & repreſent the Limit next leſs than any of the 

ich Roots, and ſuppoſing x = # + y, ſubſtitute the Powers of #+f 


* inſtead of the Powers of x, and there will ariſe, 4 - f® + p * 
ATF +qxt+f = HT, ATF, Cc. +4 
So, or by Involution, diſpoſing the Terms according to the 
Dimenſions of F Ff 


2 »D *> 
F 
E 
+ ON 
* &* 
„ 
x il Wt 
1 D — 
* x * X 
11 
2 S 
1 X 
%.  % I 
E = 
X X * = 
bf ** V >» 
il 7 
GW [7 — » 
= 00% 
V 8 12 
*|| »[| »|} + 
F > F 
11 
1 
2 
1 


| where negleftng all the Powers of f after the firſt two o Terms, 
you find 


f= , rh ele ke. 
e ee eee eee, Ke. 


Then k * {= the Root, which by this Series may be had to 
any required Exactneſs in any Equation of the Power n. 
573. * By this Method you may diſcover Theorems for ap- 
proximating to the Roots of pure Powers; as to find the » Root 
of any Number 4; ſuppoſe I to be the neareſt leſs Root in In- 
tegers, wy 4 k + is the true Root, then ſhall ““ + n A= 


7 1 n * 2 75 —. * * = Ay and aſſuming only the 
4 1 
two firſt 8 * = £ 7 Or, more nearly, taking the 
three firſt Terms, | 
1 „ 3 1 
J 5 "pig — and (taking 4 =f}) 
nE An XN . | 1 | 
POT 4 125 1 8 4 

7 A" = hos . a 

| * _— 

| | L 

= (putting m = A — #*) = — — — which IS 2 


nb + EL xm 


rational Theorem for approximating to- 7%. 


574. You may find an irrational Theorem for it by aſſum- 
ing the three _ 23 of the Power of 4 + ½ viz. 4 + 


1 1 FT AN e 


For, 1 11 TAX 1 7.— 4. =m; and 
reſolving this Quadratic Equation, you find 


f = 


* 
. 3 


1 * 1—1 * 4— 2 + 


os 
MER 4 
0 11 * 


575. In the Application of theſe Theorems, when a near 
Value of F is obtained, then adding it to & ſubſtitute the Aggre- 


gate in Place of & in the Formula, and you will, by a new Ope- 


ration, obtain a more correct Value of the Root required; and, 
by thus proceeding, you may arrive at any D. of Exact- 
neſs. 


Thus, to obtain the Cube Root of 2, ſuppoſe 42 Ig and 


km 


f 2 = = 0.25, In the ſecond Place, 
nk” + 
ſuppoſe & = 1.25, and F will be found by a new Operation, 


equal to 0.009921, and conſequently, J/2 = 1.2 59921 near- 
ly. By the irrational Theorem, the ſame Value is diſcovered 


for V. 


6 


C HAP. XXIX. 


Of the Method of Series by which you may approximate 
to the Roots of Literal Equations. 


576. * there be only two Letters, x and a, in the propoſed 
I Equation, ſuppoſe @ equal to Unit, and find the Root 
of the numeral Equation that ariſes from the Subſtitution, by 
the Rules of the laſt Chapter. Multiply theſe Roots by a, 
and the Products will give the Roots of the propoſed Equation. 


Thus the Roots of the Equation «* — 16x +55 = © 
are found to be 5 and 11. And therefore the Roots of the 


Equation & — 16ax + 554* = ©, will be 5 4 and 114. 
The Roots of the Equation-x* + A x — 2 4* = © are found 


Pp by 


283 


— — = 
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by enquiring what are the Roots of the numeral Equation x? 
+x— 2 = ©, and ſince one of theſe is 1, it follows, that one 
of the Roots of the propoſed Equation is a; the other two are 
imaginary. 

577. If the Equation to be reſolved involves more than two 
Letters, as x* + a*x — 24 + ayx — y* = o, then the 
Value of x may be exhibited in a Series having its Terms com- 
poſed of the Powers of a and y with their reſpective Coefficients; 
which will converge the ſooner the leſs y is in reſpect of a, if the 
Terms are continually multiplied by the Powers of y, and divided by 
theſe of a. Or, will converge the ſooner the greater y is in reſpelt of 
a, if the Terms be continually multiplied by the Powers of a, and di- 
vided by thoſe of y. Since when y is very little in reſpect of a, 
the Terms y, 2 &c. decreaſe very quickly. If 
Jo ge g gd gr? &. decreaſe veryquickly. 1 
y vaniſh in reſpect of a, the ſecond Term will vaniſh in reſpect 

2 
of the firſt, ſince 5 ::: 2. And after the fame Manner 25 
vaniſhes in reſpect of the Term immediately preceding it. 


578. But when y is 5 8 in reſpect of * than a is vaſt- 
ly prone in reſpect of = 7 and— — in reſpect of - — ; ſo that the 


3 a? a? a* as | 

Terms a, 75 * 57. 5e Sc. in this Caſe decreaſe very 
ſ wiftly. In either Caſe, the Series converge ſwiftly that conſiſt 
of ſuch Terms; and a few of the firſt Terms will give a near 


Value of the Root required, 
: EXAMPLE of Caſe I. 


579. If a Series for x is required from the propoſed Equation. 


that ſhall converge the ſooner the leſs y is in reſpe& of a; to 
find the firſt Term of this Series, we ſhall ſuppoſe y to vaniſh ; 
and extracting the Root of the Equation x* + a* x — 243 = 0, 
conſiſting of the remaining Parts of the Equation that do not va- 
niſh with y, we find, (by Inſt. 576.) thst x = a; which is the 
true Value of x when y vaniſhes, but is only near its Value when 
y does not vaniſh, but only is very little. To get a Value ſtill 
nearly the true Value of x, ſuppoſe the Difference of« .@ from 

| | | $20.5 4008 


the | 
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the true Value to be p, or that x=a +p. And 3 
a + p in the given Equation for x, you will find, 


* = @3 + 3a*p+ 3ap* +þ* 1 
+ a*x=4a* + a*p | 

— 22 = — 2.4? o; or 
+ayx=a*y + apy | 
—y = — 3 


* + a* - 24 + ay - 444 p + Jaf* 512 2 
| . | 

But ſince, by Suppoſition, y and p are very little in reſpect of 
a, it follows that the Terms 4 a* p, 2* y, where y and p are 
ſeparately of the leg Dimenſions, are vaſtly great in reſpect of 
the reſt ; ſo that, in determining a near Value of p, the reſt 
may be negletied: And from 4a*p + a*y = o, we find p = 

—1y. Sothatx=a + p=4a—+y, nearly. 

Then to find a nearer Value of p, and conſequently of x, 
ſuppoſe p = — iy + , and ſubſtituting this Value for it in 
the laſt Equation, you will find, 


b ==— #39) + 50 7 — 497 + 7 
3ap* = Fg 4) — 445 T 347˙/% 


4a* — a* T 4419 5 


[| 
© 
| 


ayþ =—zay* + ay 
a* y = Py 


= y3 = — y? 
= —$59* + $59* 9 —439* + 5 
1 


2 inn 
+447 

And ſince, by the Suppoſition, 9 is very little in reſpect of p, which 
is nearly = — 4 y, therefore q will be very little in reſpect of y; 
and conſequently all the Terms of the laſt Equation will be very 
little in reſpect of theſe two, viz. — 11 4% + 449, where 
yand q are of leaſt Dimenſions ſeparately : Particularly the 
Tem — z 45 is little in reſpect of 4a* 9, becauſe y is ory 
little in reſpe& of a; and it is little in reſpect of — g a y* be- 
cauſe q is little in refontt of y. | 
| Negeft therefore the other Terms, and ſuppoling — ay 
a e 445 
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+ 4 a* q o, you will have g = r * _ ſo that x = 4 
234 4 * — And by proceeding in the ſame Manner you 


= . 
will find x — 4 — 4 — 64a 512 a* 27 + 16384 45 3 &c. 


EXAMPLE of Caſe II 


580. When it is required to find a Series for x that ſhall con- 

verge ſooner, the greater y is in reſpect of any Quantity a, you 
need only ſuppoſe à to be very little in reſpect of y, and proceed 
by the ſame Reaſoning as in the laſt Example on the Suppoſition 
of y being very little, 
Thus, to find a Value for x in the Equation x? — 4 x + 
ayx—y? = © that ſhall converge the ſooner the greater yis in 
reſpect of a. Suppoſe a to vaniſh, and the remaining Terms 
will give x3 — 5 = o, or x = y. 80 that when y is vaſtly 
great, it appears that x = y neatly. 


But to have the Value of x more accurately, put * ＋ 55 
then, 


2 = * + 39? IP +> 
. þ 8 
+ ayx=azy* + ap - IN 

= + 37 + 330 +5 ay —op 
T ef + ayp: 


Where the Terms 3y* p + ay* become vaſtly greater than the 
reſt, y being vaſtly greater than a or p; z and conſequently p 
— 3x4 nearly. 


Again, by ſuppoſing 2g = = — 734 + you will transform the 
laſt Equation into 


mo + 39* 9 + 377 + x 
—3a*g 


Where the two Terms 395 — @* y muſt be * greater than 


any of the reſt, a being vaſtly leſs than y, and g vaſtly leſs than 


om 


you 


ion 
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2 


a, by the Suppoſition; ſo that 395 —a* o, andg = 5 


nearly. By proceeding in this Manner, you may correct the 
Value of y and find that 
42² a? 8 a+ 


, 231 


Which Series converges the ſooner the greater y is ſuppoſed to 


be taken in reſpect of a. | 

581. In the Solution of the firſt Example thoſe Terms were 
always compared in order to determine p, 9, 7, &c. in which y 
and thoſe Quantities p, 9, r, &c. were ſeparately of feweſt Di- 
menſions. But in the ſecond Example, thoſe Terms were com- 
pared in which @ and the Quantities p, 9, r, &c. were of leaſt 
Dimenſions ſeparately. And theſe always are the proper Terms 
to be compared together, becauſe they become vaſtly greater 
than the reſt, in the reſpective Hypotheſes. 

582. In general; to determine the firſt, or any, Term in the 
Series, ſuch Terms of the Equation are to be aſſumed together only, as 
will be found to became vaſily greater than the other Terms; that is, 
which give a Value of x which ſubſtituted for it in all the Terms 
of the Equation ſhall raiſe the Dimenſions of the other Terms 
all above, or all below, the Dimenſions of the aſſumed Terms, 
according as y is ſuppoſed to be vaſtly little, or vaſtly great in 


reſpect of 4. 
Thus to determine the firſt Term of a converging Series ex- 


preſſing the Value of in the laſt Equation x? — a* x + ay x 


—y* = 0, the Terms ayx and — y* are not to be compared 
together, for they would give x = —, which ſubſtituted for x 


the Tquation becomes, 


2 — 4 + y* . = Oz where the firſt Term is of more 
Dimenſions than the aſſumed Terms ayx, —y* : and the 2d 
of fewer; ſo that the two firſt Terms cannot be neglected in 


reſpect of the two laſt, neither when y is very great nor very 


little, compared with a. Nor are the Terms *, ay x, fit to 
be compared together in order to obtain the firſt Term of a Series 
for x, for the like Reaſon, 


But 
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But x may be compared with — a* , as alſo — a“ & with 
„, for that End. Theſe two give the firſt Terms of a Se- 


ries that converges the ſooner the leſs y is; as x? = gives the 
firſt Term of a Series that converges the ſooner the greater y is, 


The laſt Series was given in the preceding Article, The com- 


| paring & with — 4* x gives theſe two Series, 


5 1 75 595 


rn 
5 a * g y* bg y* 
. err + Tom + Fg &e. 


The comparing — 2* x with — y gives, 


And thefe Series give three Values of x when y is very little; 
the laſt of which is itſelf alſo very little in that Caſe, as it ap - 
pears indeed from the Equation, that when y vaniſhes, the 
three Values of x become ＋ a, — a, and o, becauſe when 
7 vaniſhes, the Equation becomes x* — a*x o, whoſe 
Roots arc, a, — a, o. 

583. It appears ſufficiently from what we have ſaid, that 
when an Equation is propoſed involving x and y, and the Value 
of x is required in a converging Series, the Difficulty of finding 
the firſt Term of the Series is reduced to this ; to find what Terms 
aſſumed i in order to determine a Value of x expreſſed in ſome Dimenſims 

y and a will give ſuch a Value of it as ſubſtituted ' for it in the other 

erms will make them all of 1 more Dimenſions of y, or all of E Di- 
nenſions of y, than thoſe aſſumed Terms. 


To determine this, draw B A and AC at right SE to each 


other, compleat the Parallelogram AB CD and divide it into 
equal Squares, as in the Figure. In theſe Squares place the 
Powers of x from A towards C, and the Powers of y from 
A towards B, and in any other Square place that Power of 
x that is directly below it in the Line A C, and that Power of 
y that is in a Parallel with it in the Line AB; ſo that the Index 


of x in any _—_ may expreſs its Diſtance rom, the Line A B, 
* and 


and 


the 


= em. Aw” wel 
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and the Index of y in any Square may expreſs its Diſtance from 
the Line A C. Of this Square we are to obſerve, 


B 


FENCES 


IF 1 
56 
12 


i) 
. 


584. 1. That the Terms are not only in Geometrical Progreſ- 
ſion in the Vertical Column AB, or the Horizontal A C, and their 
Parallels; but alſo in the Terms taken in any oblique ſtrait Line 
whatever; for in any ſuch Terms it is manifeſt that the Indices 
of y and x will be in arithmetical Progreſſion. The Indices of 
„ becauſe thoſe Terms will remove equally from the Line A C, 
or approach equally to it, and the Indices of y in any ſuch Terms 
are as their Diſtances from that Line AC. The Indices of x 
will alſo be in arithmetical Progreſſion, becauſe theſe Terms 
equally remove from, or approach to the Line A B. Thus for 
Example, in the Terms y?, y x, * x*, yx, the Indices of y 
decreaſing by the common Difference 2, while the Indices of æ 
increaſe in the Progreſſion of the natural Numbers, the common 


Ratio of the Terms is 55 It follows, 


585. 2. From 
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585. 2. From the laſt Obſervation, that any two Terms be ſup. 


poſed equal, then all the Terms in the ſame flrait Line with theſe 
Terms will be equal: becauſe by ſuppoſing theſe two Terms equal, 
the common Ratio is ſuppoſed to be a Ratio of Equality; and 
from this it follows, that if you ſubſtitute every where for x the 
Value that ariſes for it by ſuppoſing any two Terms equal, expreſſed in 
the Powers of y, the Dimenſions of y in all the Terms that are found 
in the ſame ſtrait Line will be equal; but the Dimenſions of y in the 
Terms above that Line will be greater than in thoſe in that Line 
and the Dimenſions of y in the Terms below the ſaid Line will be leſs 
than its . in that Line. Thus, by ſuppoſing y7 = yx?, 
we find x = , or x=y*; and ſubſtituting this Value for x 
in all the Squares, the Dimenſions of y in the Terms, y?, y* x, 
y3 K, yx3, which are all found in the ſame ftrait Line, will be 
7, but the Dimenſions in all the Terms above that Line will be 
more than 7, and in all the Terms below that Line will be leſs 
than 7. 

586. From theſe two Obſervations we may eaſily find a Me- 
thod for diſcovering what Terms ought to be aſſumed from an 


Equation in order to give a Value for x which ſhall make the 


other Terms all of higher, or all of /awer Dimenſions of y than 
the aſſumed Terms: viz. after all the Terms of the Equa- 
tion are ranged in their proper Squares (by the laſt Article) ſuch 
Terms are to be aſſumed as lie in a ſtrait Line, ſo that the other 
Terms either lie all above the ſtrait Line, or fall all below it.” 
For Example, ſuppoſe the Equation propoſed is 57 —a y# x 
+ y* x3 + a* y#* - a = o, then marking with an Aſte- 


riſk the Squares in the laſt Article which contain the ſame Di- 


menſions of x and y as the Terms in the Equation, imagine a 
Ruler ZE to revolve about the firſt Square at Z marked at 57, 
and as it moves from A towards C, it will firſt meet the Term 
a) x, and while the Ruler joins theſe two Terms, all the other 
Terms lie above it : from which you infer that by ſuppoſing 
theſe Terms equal, (viz. y? = ay* x) you ſhall obtain a Value 
of x, which ſubſtituted for it, will give all the other Terms of higher 
Dimenſions of y, than thoſe Terms: And hence we conclude 
that the Value of x deduced from ſuppoſing theſe Terms equal, 


; 


VIZ, i is the firſt Term of a Series that will converge the 


ſooner the leſs y is in reſpect of à. 587, If 
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587. If the Ruler be made to revolve about the ſame Square, 
at Y, the contrary Way from D towards C, it will firſt meet 
the Term **, and by ſuppoſing 57 + * = o, we find y 
= x, which gives the firſt Term of a Series for x, that con- 
verges the ſooner the greater that y is. And this is the cele- 
brated Rule invented by Sir JJaac Newton, for this Purpoſe. 

588. This Rule may be extended to Equations having Terms 
that involve Powers of x and y with Fractianal or Surd Indices; 
« by taking Diſtances from A in the Lines AC and A B pro- 
portional to theſe Fractions and Surds,” and thence determining 
the Situation of the Terms of the propoſed Equation in the Pa- 
rallelogram ABCD. jt 

589. It is to be obſerved alſo, that when the Line Joining 
any two Terms has all the other Terms on one Side of it, by 
them you may figd the firſt Term of a converging Series for x, 
and thus © various ſuch Series can be deduced from the ſame 
Equation.” As, in the laſt Example, the Line @6 joining 35 x 
and y has all the Terms above it; and therefore ſuppoſing 
2. FF | 


a? and XA = pak which 


— 257 K + #5 e o we find x: = 


7 
is the firſt Term of another converging Series for x. Again, 
the ſtrait Line bc joining y x* and x* has all the other Terms a- 
bove it, and therefore, ſuppoſing a* y - ax* = o, we find 
ay = x*, and x = az yz, the firſt Term of another Series for 
x, converging alſo the ſooner the leſs y is. There are two Se- 
ries converging the __ the greater y is, to be deduced from 
ſuppoſing * 2 — **, by the Line Va, or * = 4, by 
the Line de. And, to 920 all theſe Series, „ deſcribe a Poly- 
gen Zabed, having a Term of the Equation in each of its An- 
gles, and including all the other Terms within it, then a Series 
may be found for x, by ſuppoſing any two Terms equal that are 
placed in any two adjacent Angles of the Polygon.” 

590. If the Ruler ZE be made to move parallel to itſelf, all 
the Terms which it will touch at once will be of the ſame Di- 
menſions of y: for they will bear the ſame Proportion to one. 
another as the Terms in the Line ZE themſelves. The Terms 
which the Ruler will touch firſt will have fewer Dimenſions of 
y, than thoſe it touches afterwards in the Progrefs of its Motion, 
if it moyes towards D; but more Dimenſions than they, if it 


Qq moves 
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moves towards A. The Terms in the ſtrait Line Z E, ſerve 
to determine the firſt Term of the converging Series required. 

Theſe with the Terms it touches afterwards ſerve to deter- 
mine the ſucceeding Terms of the converging Series; all the 
reſt vaniſhing compared with theſe, when y is very little and tha 
Ruler moves from A towards D, or when y is vaſtly great and the 
Ruler moves from D towards A. 

591. The ſame Author“ gives another Method for diſcovering 
the firſt Term of a Series that ſhall converge the ſooner the leſs 
y is. © Suppoſe the Term where y is ſeparately of feweſt Di- 
menſions to be Dy!; compare it ſucceſſively with the other 


Terms, as with EV ., and obſerve where — is found 


greateft; and putting 77 = n, Ay will be the firſt Term of 


a Series that ſhall converge the ſooner the leſs y is: For in that 
Caſe Dy and Ey" will be infinitely greater than any other 
Terms of the propoſed Equation. Suppoſe F by 75 is * other 


Term of the 1 and, by the Suppoſition, * — (= 1 


is greater than - —＋ —_—_— „ and conſequently, — by h, you 


find 14 greater than /—e, and »4 + e greater than J; now if 
for x you ſubſtitute Ay”, then Fy'xt = FA yn i++, which 
therefore will vaniſh compared with P/ (fince x4 + e is greater 
than /) when yis infinitely little. Thus therefore all the Terms 
will vaniſh compared with Dy! and Ex which are ſuppoſed 


equal ; and conſequently they will give the firſt Term of a Series 
that will converge the ſooner the leſs 1 is. 


is found legſt of all, and 


ſuppoſe it equal to n, then will Ay" be the firſt Tem of a Seriet 
that will converge the ſooner the greater y is.“ For in that 
Caſe D 1 and E all x will be infinitely N than F Y xk, be- 


cauſe =") being | leſs a 2. . it follows that 1 is 


leſs "+, 20 and n + e leſs than I, and conſequently # y* 
( Ly" i+*) vaſtly leſs than Dy, when y is very great. 


$93- After 


5 592- If you obſerve . when * 


* Sir J. Newton. 
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593. After the fime Manner, if you compare any Term 


Dy. , where both x — y are found, with all the other Terms, 


and obſerye where - 2 _ is found the greats or leaſt, and ſup- 


pole 2 then may A be the feſt Term of a con- 


verging Series. For ſuppoſing that Fe xt is any * Term of 
the Equation, if - — — (= n) is greater chan 7 15 then ſhall 
nt — nh be - 1— e, and u + e greater than [+ nb, 
But n 4 + e are the Dimenſions of y in Fy. xt whens = Ay", 
and T nh are the Dimenſions of y in E. z therefore Fy* x 


is of more Dimenſions of y than EV *, and therefore vanifhes 
compared to it when y is ſuppoſed * little. In the ſame 


Manner, if 2 is leſs chan = 2 then will EY" xs be in- 


finitely _ _ Fy xi, when y is infinite. 
504. When the firſt Term (A) of the Series is fans by 
the preceding Method, then by ſuppoſing & = 4y* + p, and 


ſubſtituting this Binomial and its Powers for x and its Powers, 


there will ariſe an Equation for determining 5 the ſecond Term 
of the Series. This new Equation may bo treated in the ſame 
Manner as the Equation of x, and by the Rule of Inſt. 58h, the 
Terms that are to be compared in order to obtain a near Va- 
lue of p, may be diſcovered ; by Means of which Terms p may 
be found: Which ſuppoſe equal ta By” +, then by ſuppoſing 
2 = By, the Equation may be transformed into one for 
determining the third Term of the Series, and by proceeding 
in the ſame ) Manner you may determine as many Terms of the 
Series as you pleaſe ; finding x = Ay +, By" +" + Cyra 
+ Dy» +37, tc, where the Dimenſions. of y aſcend or deſcend 
accordi * r is poſitive or negative; and always ** in Arxith - 
metical Progreſſion, that this Value of x being ſubſtituted for it 


in the propoſed Equation, the Terms involving y and its Powers 
may fall in with one another, fo that more than one may always 
involve the ſame Dimenſion. of 3, which may mutually deſtroy 


each other and make the whale Equation * as it ought to 
do.“. LL 


—_ 595. Te 
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595. It is obvious that as the Dimenſions of 5 in Ay" + 
Byn+r + CV Dy" +3", Sc. are in an Arithmetical 
Progreſſion whole Difference is r, the Square, Cube, or any 
Power 's of Ay" + By + CT + Dy +37 + &c 
will conſiſt of Terms wherein the Dimenſions of y will conſtitute 
an Arithmetical Progreſſion having the ſame common Difference 
7 ; for theſe Dimenſions will be an, 52 + r, n + 27, n + 3r, 
Ke. Therefore, if in any Term Eye x you ſubſtitute for x the 
Series Ay” + By" +r + CVT + Dy"+3" Sc. the Terms 
of the Series expreſſing Ext will conſiſt of theſe Dimenſions 
of y, viz. m + 5n, iu , m + 5n + 27, n n + 
37 Sc. and by a like Subſtitution in any other Term as Fy xi, 
the Dimenſions of y will be e + nh, e4- nt + r,.e + nk + 
2r, e nk + zr &c. The former Series of Indices muſt 
coincide with the latter Series, that the Terms in which they 
are found may be compared together, and be found equal with 
oppoſite Signs ſo as to deſtroy one nder and make the whole 
1 vanith, 

agg The firſt Series conſiſts of Terms ariſing by Adding 
fore Multiple of r tom + 21, the latter by adding bine Mul- 
tiple of v to e + n#; and that theſe may coincide, ſome Mul- 
tiple of 7 added tom + n muſt be equaf to ſome other Multi- 
ple of r added to ＋ 1K. From vhrch' it appears, that the 
Difference of mt + 51 ahd #+ 14's always a Multiple of r; 
ahd conſequently'that r is a Diviſor of the Difference of Dimen- 
ons of y in the Terms EVN and. FA, fuppoling x'= Ay: 
It follows therefore '« that r is'a'coinmon Diviſor of the Diffe- 
rences of the Dimeiiſions of y in the Terms of the Equation, 
when'you have ſubſtituted #5” for's in all the Terms.“ And if 
r be aſſumed equal to the greateſt common Diviſor (excepting 
ſome Caſes afterwardito be mentioned) you will have the true 
Form of a Series for x. And now the Dimenſions % +", 
Tr, yn +37 Te; being known, there remains only, by Cal- 
culation to determine tie general Coefficients J, B, C, D, &c. 
in order to find the Series 1 5 * <0 + 2 + 
Dy" + 37 + &. 2 © © 
597. This leads us to Sir Iſauc Newtih's Second General Method 
of Series; which conſiſts in aſſuming a Series with undetermin- 
ed Coefficients expreſſing x, as Ay” + By +r Cy 
. | * = 
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&c, Where A, B, C, &c. are ſuppoſed as yet unknown, but 
and r are diſcovered by what we have already demonſtrated; 
and ſubſtituting this every where for x, you muſt ſuppoſe, in 
the new Equation that ariſes, the Sum of all the Terms that in- 
volve the fame Dimenſion of y to vaniſh, -by which Means you 
will obtain particular Equations; the f of which will give A, 
the ſecond B, the third C, &c. and theſe Values being ſubſti- 

tuted in the aſſumed Series for A, B, C, &c. the Series for x 
will be obtained as far as you pleaſe. 

598. Let us apply, for Example, this Method to the Equa- 
tion (of Inſt. 577.) „ + &@x — 24 + g= So. . Sup- 
poſe it is required to find a Series converging the ſooner the leſs 
y is: Its firſt Term (by Inſt. 579, or 583) is found to be a, fo 
that 2 = o. Subſtitute a for x in the Equation, and the Terms 
become a + y OR”. 45 + * y— , and the Differences of the 


Indices are o, 1, 2, 3; Whoſe greateſt common Meaſure is 15 


ſo that r = 1. Aſſume therefore x = A + By + Cy* + Dp 
&c, and ſubſtitute this Series for x in the Equation. Then 
** = 43 + 34* By + 34 By + By + &c. 
e 34* Cp + 3A*Dp + &c. 
+ 6ABCy + &c. * 
+ 27 A By + fCy* + D + &c. 
Says = 42 15 + aByY +aDyp + &c. 
— 24 Y — 23 
— 7 . „in | 
Now fince & + 8 = %--it 
4 that the Sum of theſe Series involving y muſt vaniſh. 
But that cannot be if the Coefficient of every particular Term 
does not vaniſh. For every Term where y is infinitely little, is 
infinitely greater than the following Terms, fo that if every 
Term does not vaniſh of itſelf, the Addition or Subtraction of 
the following Terms which are infinitely leſs than it, or of the 
preceding Terms which are infinitely greater, cannot deſtroy 
itz and therefore the whole cannot vaniſh. It appears therefore 
that 43 + A — 24 = o, is an Equation for determining 4, 
and gives A = a, 
In order to determine B, you muſt ſuppoſe the Sum of the 


Coefficients affecting y to vaniſh, viz. I# FTI + aA x 
y = 0, — = 6 4a* By T =©, and B = —4. 


To 
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To determine C, in the ſame Manner ſuppoſe 3 4 B. y* 13 
CA * C + aBy* = o, or (ubſtituting for A and 3 


| their Values already found, 2 L + 46 Cp o 


epnſequently C = 7 I” And, by proceeding in the fans 
Manner, D = gg 6 ut = 0k de + 
I31 


5125 „ &ce. as we found before in Inſt. 579. 


600. By this Method you may transfer Series from one un- 
determined Quantity to another, and obtain Theorems for the- 
Revey ſion of Series. 

' Suppoſe that x = ay + bY + cj + df + &c. and it is 
required to expreſs y by a Series conſiſting of the Powers of x, 
It is obvious that when x is very little, y is alſo very little, and 
that in order to determine the firſt Term of the Series, you need 


only aſume v = * And therefore y = of ſo that z = 1. By 


fubliituting © © for » ou | find the Dimenſions of x in the Terms 


will be 1, * 3 4, Cc. = that r = x alſo. You may there- 
fore aſſume y = Ax + Bx* + Cu? + Dx + &c. And by 
the xe Subſtitution of this Value of y you will find, 


45 H B +SaCs + Ke. 


by = b4*#" + 243 + '&c. 
* c 1 + &c, 
. 1 a &c. 


But the firſt Term being already found to be =, you have # 


| ==; and ſince a 84 54 =o, it follows that B=—= 


After the ſame Manner you will find C = =. Whence 
b 26þ* —ac x1 + Ke, 


ae a7 
FS 7 7 


601. Suppoſe 
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601. Suppoſe again you have a +bx* N + A + 
xc. =gy + by* + iy? TA &c. to find x in Terms of y, 
You will eaſily ſee, (by Inſt. 586.) that the firſt Term of the Se- 


res for « is , that »=1, 7 = 1. Therefore aſſume x = 


Ay + BY + Cy &c. and by ſubſtituting this Value for 
and bringingall the Terms to one Side, you will have 


ax=aAy+HaBy +eCy + &c. 


35 = J A* +2bABy + &c. 
at. 3 45 + &c. 
&e. a 
27 238 


—hy= . . , —bf 
S ( 0 ty? 


. &c. ly &c, 


From whence we ſee, firſt, that a4 = g, and 4=E, 


v. Thats B+ b4* —b = 0, and B . J. That 
aC+2b AB +cA®*—1=0, andthereforeC= — . | 


And thus the three firſt Terms of the Series Ay + B37 + Cp? 
&c. are known.* 


This Method is very general; but in ſome particular Caſes a 
Difficulty will ariſe, which Mr. Maclaurin has ſhewn how to 
avoid, to whoſe Treatiſe of Algebra we muſt refer the Reader, 
2s it would be very tedious here to dwell on that Subject, 


P See Mr. De Meiure in Phil. Tranſ, 240; 
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C HAP. XXX. 


My. De Moivre's Theorem for raiſing an Infinite 
Series to any given Power. 


or Reverfion of Series deduced from thente. 


602. 


N the Philoſophical Tranſactions, the late Mr. D. 
Moivre has given us the following excellent Theorem 


for raiſing any Multinomial or infinite Series to any given 


Power, vix. 


CFE Fen Faw + ew + fo, Ke.” willbe 


„„ RAT 
nee 


: 42 y 2 2 * 
I 2 . 
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m —. . „ 
＋ T* =* e. 


1 2 3 
12 = CO EY" "NP 


1 — + | 
JS * 1 4 |: 


2 — 1 
5 
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603. For undetſtanding of which, it ĩs only neceflary to con- 
ſider all the Terms by which the ſame Power of z is multiplied: 
In order to which two things in each of! theſe Terms muſt be 
conſidered, x*, The cy of certain Powers 'of the given 
Quantities of Coefficients * 5, Ly d, &c, And, 2%, The Un- 


Ge or Produdts of = — * — „ Se. prefixed to them. 


Now to find all the © Producte beſonging & to the ſame Power of 
4. F or Example; to ſind that Product whoſe Index is m + r 
(r being any whole Number) the ſaid Products muſt be diſtin- 
guiſhed into ſeveral Claſſes. Thoſe which immediately after 
ſome certain Powerd a (by which all theſe Products begin) are 
Products of the firſt Claſs : As * h is a Product of the firſt 

Claſs, becàuſe h immediately follows * . Thoſe which im- 
mediately after ſome Power of @ have c, are Products of the ſe- 
cond Qlaſs.* So e οͤ is a Product of the ſecond Claſs: 
Thoſe which immediately after ſõme Power of a have @, are Pro, 
ducts of the third Claſs, and 10 of the reſt. 

This being underſtood, 1®, Multiply aft the Products betong- 
ing to 2” +-—* (which mz precedes z” +”) by 5, 
and divide them all by 4. 22, Multiply by e, and divide 
by a, all the Produdts belonging to 2” + - — * except thoſe of 
the firſk Claſs. 35 Multiply by a, and divide by a all the Pro- 

ducts helonging to 2+ r— 3 except thoſe of the firſt and ſecond 
Claſs. 45, Malciply by e, and divide by a, all the Terms be- 
longing to 2" +-— +, except thofe of the firſt, ſecond, and third 
Claſs; and ſo on, till you meet twice with the ſame Term. 
Laſtly, add the Product of 4 into the Letter whoſe Exponent 
is r — 1 to all thefe Terms. 

Note, The Exponent of a Letter is the Number expreſling 
what Place that Letter has in the Alphabet, as is 3 the Exponent 
of the Letter c, being the 3d Letter. 

By this Rule it is manifeſt that it is eaſy to find all the Pro- 
ucts belonging to the ſeveral Powers of 2, if you have but the 
ProduCt belonging to z m, viz. &.. 

Next to find the Duciæ prefixed to every Product, you 
muſt — — the Sum of the Units contained in the Exponents 
of the Letters that compoſe it (the Index of a excepted) ; then I 
write as many Terms of the Series m * n —1I X M— 2 X 


m= 3 
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mn — 3, Cc. as there are Units in the Sum of theſe Indexes; 
this Series is to be the Numerator of a Fraction, whoſe Denomi- 
nator is the Product of the ſeveral Series 1 X 2 X 3X 4 X 5» 
Sc. IX 2XZX4X5% Sc. 1X2XZXA4AX 5X6, &c. 
the firſt of which contains as many Terms as there are Units in 
the Index of b ; ; the ſecond as many as there are Units in the In- 
dex of c; the third as many as there are Units in the Index of 
d, &c. 

The Demonſtration of this ſee in the above cited Tranſ- 
action. 


Here follows an Example or two of the Uſe of this Theo- 
rem. | | 


EXAMPLE 3 


605. To raiſe this infinite Series - + — — +5 4 . 


to the ſecond Power, or to ſquare it. 
In this Caſe in the Theorem m = 2, = = x, @ = g þ = 


„Sc. therefore — E + > — 712 wok J 


1 1 1 

5 > 

Sc. will be — + — = + 5 + =, Sc. for the firſt Term 

4 2" 5 xj = The ſecond Term = 4” = * 
xx 1 


If} — 


I 


The Third Term — x 2 


* 
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8 "0 a 
X = - XXX — . 
2 2 3 * ATM 0 


2 
* Eu nn 4 
2 * 1 1 x A * — X x = fin = 


1 2 
2 Xx — X 2 X * = — 
„ x 


ExAMPLE II. 
606. To ſquare this infinite Series 1 — x + sf + , 


Ws 


In this Caſe in the Theorem m = 2, z = x. a = — 1 6 


=I.c=—1.4= 1, &c. and ſo 1 —x + * — 
Le. will be 1 —2x + b e POD for a® 2 


— ——2 
1 
(= 3 * == lads xx. The Second Term 


m | 1 
1 hbaf+*(==x > mn I if =2 xX — 2 x3, 


1 2 þ 

8 T2 = 
4 16 
1 a 


— 2 

1 
X-—1 X1X x? 

x | 

I | ; 
Xx = — I X — ] x * 

Xx d 

ExaurIE III. 


607. To raiſe I—*+xH —xS +32, &c. to the third 
Power, or to cube it. 


Here m = 3 V = &. ===, b=0, c = I, d = 0. 
and io the third Power will be x — 3.x + 3. Jeb 


Oc. for g. (=z=3 «-) =1=404n5=0, 


m 
I 
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” — =", 
1 i 2 +2= 
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— 
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3 X= —1 X1X * 239-6 «3. | 


And becauſe þ o, and alſo d, therefore the next Term of 
the general Theorem will be o. And * you may proceed on. 


EXAMPLE IV. 


608. To extra the Root of an infinite Series; that is, if z 
be = ax + bx* = + dx* + ex*, Cc. to find the Value 
of x in an infinite Series of Terms affected with z, and free 
from x. 

Firſt, Let us ſuppoſe x = fz TD + þ2* +12* + m2 
+ n x", Cc. Re the Theorem x* = f* ＋ 2 f bz? 

+ * + 2hkz* + Þ 25 


+ 2ftz* + 2718 + 2blz6 
+ 2fmzs 
* . 3 bu i, &, * 
11 + 3f* (# 
+ 6fbke# 
„ FAA / b &c. 
* A + 5b 


40 = fe 20, &c. ; : 
Now ſubſtitute theſe Values in the Equation o 2 - z + 
ax + bs + (x + d Te, Cc. and then will — 

__ 
+ ax=+afz + abz* + akz* + alz* þ an + n, &e. 
= + 26fb#? + bb* 2 fz +bÞP 35, 
; +2bbk* + 
2 + 2 bhkz* + 2 bf mz* 
| + cx? 


* 
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„ eee , ef f 
+ 3f*#2* + Ec. 


3 cf* la 

| + lx 

dof = * * ® + df# +4df 2 + bdf* Þ* 25 
* | -+ 4 df u 

** = # * oe 4 + ef I bas | 


o. Now if the Sum of the Coefficients of every Term in this 
. be made equal to nothing, we may get the Values of the 


Coefficients /, h, &, I, m, n, thus. The Sum of the Coefficients of the 


firſt Term ee I. Whence ifaf—1=o, 


then will f be = 


81 


In like Manner the Sum of the Coefficients 
h Fa | 
ef the ſecond Term : eb z* will be ah + . Whence if 


| 002 £0 —b 
ah + f = ©, there will ariſe þ = === 54 In like 


a3 
Manner the Sum of the Coefficients of 80 third Term made e- 
qual to o will be 2 + 2bfh + F O. Whence 4 = 


8 Þ — 
= ef? 2 — =, Again, al + bh + 25714 


ee Whence / = 22 —22/t + 3<fb 


a 
TP F+ 3be = 7 

So likewiſe 7: is 14 6 + 6 abd — = c LICE 

And ==EE + 84 a c—Bube — 2897 3T Þ 76 

TE: . 


Whence at length ſubſtituting theſe Values of the Coefficients 
h hy ks J, u, u, in we alymed Equation x = f's + hz* + 
4 + 12 + RTE Ve. and the Root ſought will be 


X > 


2 
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R 0 2b — ac 4 Sabe—gÞ —& 4 
= EE DE Pa—_—_S 
24.2% ed 232 —.— 2 Ge. 


6 10. If there are any Terms = Mt fn the propoſed Equa- 
tion, it is plain that they will likewiſe be wanting in the Root. 
'F paw 2g If zbe = ax + c + ex*, &c. then will x = 


\ 34 
, Be. Bus let this ſuffice for the 


No -the-Application of Alpebra-to-theSolution-of Problems 
in Geometry muſt be deferred till we have premiſed the Princi- 
ples of that Science, which next-follow in a Method not only 
new, but tis preſumed much more conciſe and perſpicuous than 
any Thing before en on this Subject. 


[ 4 


: 
4.4 
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CHAP. 1. 
DEFINITIONS. 


611. pom ri is that which hath no Parts; and | 


may be repreſented to the Senſes by the 
Dot A. 
612. A LINE is defcribed by the Motion 
of a Point; and is either a Right Line when 
the Motion is rait forwards as A B: Ora A 


curved Line, when the Motion is conſtantly 
directed to different Parts, as the Curve wt c 


ABC. Lines are ſaid to he Parallel, when 
they are every where ak anequal OT A 


as AB, CD. 8 9 
513. An ANGLE ABC is the Space 
contained between two Lines AB, OB 


meeting in the Point B. When a Right B 
Line CD, ſtanding upon a Right Line 
AB, makes the Angles on either Side 
thereof equal to each other, viz. ADC = 
BDC, then both thoſe equal Angles are 
Right Angles; and the Right Line CD is 
called a Perpendicular to the Line AB. 

614. An OBTusE ANGLE is greater ,D 
than a Right Angle, as ACD is greater than 

CE. And the Angle BCD, which is leſs 


. 


an the Right A BCE is called an a- 
CUTE ANGLE, * 


ey 


YI ad 


it is called a RHomMBus, as 


of GEOMETRY. $09 
615. A SUPERFICIES is that which has 4 | 1 
Length and Breadth, as AB CP, and is [ — ] 


generated by the Motion of a Line, as of 
AD or AB carried parallel to itſelf. All 
ſuch whoſe 4 oppoſite Sides are equal, and ® 
parallel, are called Paralllgrams. If all the Angles are Riot t, 
ſuch a Figure is called a Rectangle. 
616. If all the 4 Sides are 4 B 5 JK 
equal, and the Angle right, it | fe [51 
is called a SQUARE, as ABCD. C 


D L 0 
But if the Angles are not right, F/ 71 os 
Fl i P 


EFGH. A Parallelogram G 11 1 


whoſe Angles are not right, is called RHomBorDEs, as IKLM. 


All other four- -/eded Figures are called TRAPEZ1UMs, as the Fi- 
gure NOP Q. 


617. A Figure bounded by three Sides is 
ealled a TRIANGLE ; if the three Sides be e- 
qual, it is ſaid to be Equilateral, as ABC; if 


only two are equal, it has the Name Iſoſceles, 


L 
as DEF; if the three Sides are all unequal, 
it is ſaid to be Scalenous, as GHI. A Trian- K 


gle is ſaid to be Right-angled, that has one hy 
Right Angle; Obtuſe-angled, if it has one An- 
gle Obtuſe; Acute-angled, when all the An- 


gles are Acute; and Eguiangular, when all G 
the Angles are equal. 
618, ACIRCLE is a Figure contained under 


one uniform Curve-line "A DB E, which is 2 
called the CIRcuMFEERENCE or PERIPHE- 

RY, deſcribed about the Point C, which is 

called the CENTER, and from which all Lines at 
drawn to the Circumference are equal. The Right Line AB 


drawn through the Center, is called a Diameter; and divides the 
Circle into two equal Parts called SEM1CIRCLES, as ADB and 


AEB. 


Fi 


619. 


— 


Circle is a Portion contained between two Right- 


under five Sides, and having as many An- 


are ſuch whoſe ſeveral Angles are equal 


js bounded by Six equal Squares. 


* whercof Fa two End ones are equal, 


310 INSTITUTIONS 


619. The SzcGMENT of a Circle is a Figure 
contained under a Right-line E D, and a Portion 
of the Circumference EF D. A SECTOR of a 


lines drawn from the Circumference to the Cen- 
ter, as AC B. 
620. A Pentagon is a Figure contained A 


gles; if all the Sides and Angles are equal, 
the Pentagon is ſaid to be Regular, as 
ABCD E, otherwiſe the Figure is ſaid 
to be Irregular. In like Manner, if a Fi- E 5 
gure conſiſt of Six equal Sides and Angles, it is called a regular 
HEXAGON ; if of Seven, it is an HEPTAGON ; if of Eight an 


QcTaGon, and fo on. 


* 


621. SIMILAR Right-lined Figures A 


one to the other, and the Sides about the 
equal Angles proportional, Thus the 1 
Angle B = DCE, and the Sides A B: 
BC: : DC: C E. And the ſame is to be underſtood of the 
other Angles and Sides reſpectively. 

622. A 8011p is that which hath Length, A B 
AB, Breadth B C, and Thickneſs or Depth {=== 
DE; ang is generated by the Motion of a 
Superficies, as AB CD carried parallel to 
E F, or of AD EG to CF. When all 
theſe Dimenſions are unequal the Solid is 
called a Parallelopipedon ; 3 but when they are 
all equal, it is called a Cusx, 3s AB, which 


623. A PRI is 2 Solid contained under 


of GEOMETRY. ze 


624. A PYRAMID is contained under divers trian- 
ular Planes ſet upon one Plane (called the Baſe) 


and terminating at the other End in one Point; as 
the ſolid ABCD. 


625. A Cont is a Solid generated by the Re- 
volution of a right-angled Triangle about one 
ofthe Sides, containing the Right-angle, which 
is called the Axis of the Cone; the other Side 
deſcribes the circular Baſe of the Cone ; while 
the ſlaunt Side ſubtending the Right-angle, de- 
ſcribes the Conic Superficies. Thus AC D is the © 
revolving Right-angled Triangle; and ADE the * 
Cone. 

626. A CYLINDER is a Solid generated by of 
the Revolution of a right-angled Parallelo- 
gram ABCD about its Side AD, which 
makes the Axis of the Cylinder; while the too 
Sides AB and DC deſcribe the circular Baſes 
or Ends ; and the Side BC the curved Surface 
thereof, 


627. ASPHERE is a ſolid ABD E gene- 
rated by the Revolution of Semicircle ABD 


— 


C about its Diameter A D (remaining fixed) 
which makes the Axis of the Sphere while E Q C 
the Circumference of the Semicircle deſcribes 


the Convex Superficies of the Sphere. 


628. Similar Solids are thoſe which are contained under ſimilar 
Planes equal in Number. Hence all Cubes and Spheres are ſimilar 


| Solids. And all Cones, and Cylinders are ſimilar, whoſe Axis and 
Diameters of their Baſes are proportional. 


N. B. The following T heorems do much depend upon the Axioms in 
Inſt. 198, 199, 200, 201, 202; and therefore they ought to 
be well remembered þy the Reader. 


; ä 


\ ke T 
* : 
7 4. 
* 
by 
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N. B. For the Sake of Contifencfs and Perſpicaity, the Jaa 1 
| Symbals or Characters are uſed, 


L Denotes a right Angle, AC 
Parallel to. 0 

Viz. YO A Square. 
- Parallelogram. 


. A Triangle. 
HAP. IL 
GEOMETRICAL THEOREMS, 
TOR EN I. | 
629. 4 Right-line AB flanding upon ano- E 
ther CD, males Angles ABC + ABD = j A 
2 Right-ang 
DE 8 5 
DEMONSTRATION, are. - 


If ABC = ABD, then is each a Right- angle by (613). If 
they are unequal ; let BE be perpendicular to CD; then is ABD 
= L - ABE, and ABC=L + ABE, therefore (#75) F 
ABD +ABC=2L. 9. E. D. 


THEOREM I 


Se 630. Tiwo Right-lines A B, CD, inte- C 

_ fefting each other in E, make the two oppoſite * , 

| Angles equal, viz. AED = CEB: ** 5 5 
Dr Mons RATIO. 


The Angle AEC + CEB = (629) 2 L = AEC + ALD; 
therefore BEC = AED (200). 2 E. D. 


Turok kM III 25 
631. A Rigbi-line EF cutting two Parallel A_G/ —} 
Lines AB, CD, makes the alternate Angles | 
equal, viz. AGH = NOH 


1 
F 


D 


PE- 


* 
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DEMoNsSTATION. 


Thus AGE A＋ AGH = (629) 2 , = CHG + GHD; 
but becauſe of parallel Lines, it is AGE = CHG; therefore 


AGH = GHD. 9. E. D. 


TanroreM IV. 


632. The extwaerd Angle ACD of any 
Triangle ABC, is equal to the two internal 
eppoſae Angles A and B. 


DEMONSTRATION. 


Let CE be parallel to AB; then is the Angle A = ACE. 
by (631) ; and the Angle B ECD, becauſe of ABI EC, 
therefore A + B = ACE + ECD = ACD. A. E. D. 


Trzorem V. 


633. The three Angles of every plain Triangle ABC, ere equa! 
© te RN les. 


DEWONSTRATION, 


For ACD +ACB= 21, by (629); and AC D = 
A + B. by (632); chereſore ACB + A+B= 2x. 
2. E. D. 


Tarox gu VI. 


534. Parulagram A BCD, BEF C, which fland upon tha 
ſaue Baſe B C, and telween the fame Parallels A F, BC, ere 
TG | 


DEMONSTRATION. 


Fot by Definition AD BC EF; add A D E F 
be Common Part D E to both, and we have - 

AE = DF (199); but AB = DC, and 
BE = CF; therefore is the Triangle ABE 
= DCF; take away the common Triangle 3, 
DGE, there will cemain the Trapezium ABGD = - CG EF; 
to cach of theſe add the Triangle BCG, and it makes the Pa- 
rallelogram ABCD = BEFC. N. K. D. 


Tag- 
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Tarorem VII. 


635. Triangles ABC, BFC, fanding up- A_ D 
on the ſame Baſe BC, and between the ſame i 
Parallels AF and BC, are equal to one another. 


EP 


4 
V 


DEMONSTRATION. 


| OR.” 

For draw CD AB, and BE ICF; then is the Triangle 
ABC =ZIDDOABCD, and the Triangle BCF = i 5 
BEFC, and therefore ſince the Parallelograms are equal by 
(634) the Triangles ABC, B CF will be ſo too. Q; E. D. 


Tnuzoxk Ii VIII. 


3 36. In a Right-anghd Triaugle A B C, the Square B E made 
upon the Side BC ſubtending the Right-angle B A C, is equa! to the 
Sum of the Squares BG, CH, which are made of the Sides AB and AC. 


DEMONSTRA TION. 


Join AE, and AD, and draw AM \G 

| CE, becauſe the Angle DBC = þ 

FBA (616), add to both the com- V+... AN 
mon Angle ABC, then is che An- Pi 
TP Amin, AB \. NA 
= F, and BD = BC, (616); ETF = 1 
therefore the Triangle ADB = 55 ö 
FBC. But the Parallelogram # | 
BM = 2 ABD; and the Paral- 7 
lelogram BG = 2 FBC, as is : 
evident from the Figure to (635), | 
Therefore is the BM = BG the Square of the Side AB. 
In the ſame Manner, it is ſhewn that the MC = CH; 
therefore BU + CM = BE = BG + CH. 2. E. D. 


 Trxorem IX. 


637. If any Line z be divided into Wo Parts A E 
A and E; then it is zz = A +E* + 2 AE. 2 


By =” 


of GEOMETRY, gig 
DEMONSTRATION. 


This is evident from (186): For z= ＋ E; and æ S 
A+ Wan VE. D. 


| .- TazoRBA x. | 
638.1 fay moreover, it is 2˙ +E = * 2 2E. 


52 
Dx MONSTRATION, 


For to the above Equation z* = A* + 2AE + E?, dd 
on both Sides E*, and it is z* +E=A+2AE+2E* 
= A+ 2EXA +E = A* + 2 EZ. VE. D. | 


TREOREM XI. 


639. In an obtuſe angled Triangle ABC, 
having let fall the Perpendicular AD to the 
Baſe C B, continued out, it is A C*.= CB* 
+ AB* + 2 CB x BD. 


formers ar 
DE MoNsSTR ATION. 
For AC* = (636. )CD* + AD*= (637. ) CB* + 2 50575 BB 
+ BD* + AD* = (636.) CB* +2 CB x BD + AB, 
9. E. D. | pes 7: | 


THrroRemM XII. 


640. In an acute angled Triangle ABC, 
having let fall the Perpendicular A D on the 
Baſe BC, it is AC? + BC = AB? +: 
2 BC * CD. 


g 8 5 --D C 
. * DEMONSTRATION. | 
For AC*- + BC* = (636.) AD* + DC4BC'= (638.) 
Ns a (636. 225 + CEO 
2 E. D. | | 
% N EM XIII. 


641. "ij an Iſoſceles Triangle ABC, the equal Sides AB, 
0 * equal Angles ABC, ACB at the Baſe BC. 


Ta Dx+ 


; 


then in the Triangles DAF, BD F, the 
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. DEMoNsSTATION. 


Shots AG, AB, and make AE = AD; A 
aa join BE, CD; then becauſe AC = AB, 
and AE = AD and the. common Angle A, the 
Triangles AB E, Ac will be equal, and the 
Angle E = D; and the Baſe BE = CD; alſo Mr a 
EC = BD, by Conſtruction, therein the Tri- / Pa, 
angles BEC, BDC, the Angle ECB = DBC; * 


and conſequently the Angle ACB = A B G by (629). Q. E. D. 


THEoREM XIV. 
642. In 2 Circle AB DE, the Angle BCD, 
at the Center C, is double of the Angle A at E © 


the Circumference, when they ſtand upon the 
ſame Arch BD. 


DEMONSTRATION. 


The Angle DCB=A + B; but AC= CB (by 618); 
therefore the Angle A = B 0 041); conſequently, the Angle 
DCB=2A. 2 E. D 


ane XV. 


8 Any two Angles DAC, DBC, in the 0 Segment 
of a Circle D ABC, are equal. 


DEMONSTRATION. 


If the Segment be greater than a Semicir- 
cle from the Center E, draw ED, EC; 
then is Angle DEC = (6A2.) 2 A 23, 
therefore A B. 2, E. D. 

If the Segment be leſs than a Semicircle; 


Sum of the Angles in each is the ſame (633). 

From each of which, take away the Ang le 
AFD= =BFC (650. and ADB = BCA, 
by the firſt Caſe of this. There will re- 


pain the Angle DAC = DBC. & E. N, 


te Ef - 2» 23» If 
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TürokEn XVI. 


644. The two oppoſite Angles D and B of any four-ſided 
Figure AB D C deſcribed in a Circlez are equal to two Right 
Angles. 1 


Deco 
Draw AC and BD ; the Angle ABC + 
BCA + BAC=2L, (633). But BDA 
= BCA (643), and alſo BDC = = 1 — 5 
therefore ABC ADC = 2 L. 2. E. D. | 


THrerorem XVII. 
645. The Angle ABC in a Serhicitcle is a Right one. 


DEMONSTRATION. 


From the Center D draw DB; becauſe DB 
= DA, the Angle A = DBA, and the 
Angle DCB = DBC (641) ; therefore the 
Angle AB C BA ACB = EBC (632); 
wherefore the Angles ABC and EBC are 
Right-ones, by (613). 2. E. D. 

646, Corol. Hence the Angle A in the greater 
Segment BAC, is leſs chan a Right Angle, 
becauſe A + C = L (by 633 and 645); and the 3 ABF 


in the leſſer Segment AB F, is greater than a Right Angle 
ABC. | 


Tatontm XVIII. 


647. If four Quantities A, B, — D, ate direcih propor- 
tional, viz. A: B:: C: D, they will be fo alternate, viz. 


A: C:: B: D, as alſo inverſely, viz. B: A:: D: C. For 
in all theſe Caſes, the Products of Extremes and Means are equal, 
viz. AD = BC, which could not be if the Terms in each 
Caſe were not proportianal by (322). 


THreoreM XIX. 


648. If A: B::C:D, then oa. Rating. it is 
A+B: B: 9 D. 


Tt 2 


Da- 
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DEMoNSTRATION. 
For ſince A: B:: C: D, it is AD = BC (322)'; add on 
both Sides the Quantity DB, and the Equation is AD + DB 


= BC + DB, which gives this Analogy, A +B:B::C 
12 Z. D. | 


THEOREM . 


. IfA:B::C: D, then by Diviſion of Ratios, it is 
A- B: B:: C- D: D. 


| DEMONSTRATION. 

For ſince A:B::C:D, it is AD = BC (322); . from 

each Side ſubduct DB, and the Reſidue is AD— DB = BC 
— DB; wherefore A—B:B;:C—D:D. &. E. D. 


650. N. B. After the ſame Manner it may be thews, that 


fA:B::C:D, it is alſo A: B A:: C: C + D, which 
is called Converſion of Ratios. 


THEOREM XXI. 


651. If A: B:: C: D, it will be A ＋ B: A- B:: C4 
D:CcC-D” 


DEemMonsTRATION. 


fer A Di= BC (322) and 2 AD=—=2 BC; to which on 
each Side add AC — DB, and we have AC + 2AD— 
DB = AC. + 2BC— DB, that is, AC + CB —AD 


— DB = 33 CB - DB, that is, A+ B * 


C—D=A—BxC+D. Conſequently A + B: A — 
BiiC+D: C—D. & E. B. 


THEOREM XXII. 


65 5 2. If there be od of Magnitudes - 2 1 by S A 


which taken ordinately two and two, are in A: B:: R. 8 
the ſame Ratio, vi. n T, Sc. 


They ſhall be alſo in the ſame Ratio n 
— any Dix. | * 24 7 C: R 7 11. 


44 


6 


% 
LY 
. 


on 
B 


0 5 


at 


allo'by (635). 


f GEOMETRY. gig 
DzMoNnSTRATION. 

For we have AS = BR, and BT = CS by Hypotheſis. 
Then AS x BT'=BR x CS; divide each Side by BS, 
there remains AT = R ©, which gives A: C:: R: T. 
9. E. D. 

Coral, Hence alſo A: R: :C: F. 


Tuzenz XXIII. 


653. Ratios A: B and C: D, which are the ſame to any 
third Ratio æ: : Js are the ſame to one another. 


1 | 


Since A: Bi: x: % it is Ay = B+ (422); alſo becauſe 
C: D: x:y, it is Cy= Dx; and therefore Ay x D = 
Cy x Bx;- divide each Part by yx and there remains AD = = 
CB; whence A: B:: C: D. 2. E. D. a 


TukonkkM XXIV. 


654. The Ratis of A * B is to that of Ay C the fame 
with the Ratio of B to C, or AB: AC:: B: C. For the Pro- 


duct of the Extremes and Means are equal, vis. AB x C = 
AC x _ 39 


＋ Hack nas: XXV. 


655. Parallelograms, acde, beg f, which have the fame 
Height / ic, have the ſame Ratio to one another as their Baſes, 
ed, „ have. I LY 


El Sh > 
| 
1 2 K Ns | DBMONSTRATION. 


The 2 de NU uc 1 , 
and cbgf chbi, by (634). Let 
Aci aH A; ib = oof 
= B; and 41 =ed C. Then 4 
is the LAC = A * B, and © —— — 
the UN acit AN C. There- ff 4 4 , 
fore (654) cbhi:acit:: AB:: AC: B: C:: 15: 114: 2 

od: Mg: acde, I. . 


* 
LY 


Col. The fame thing is true of the Triangles cg and ced, 


as being the Halves of the \-1 and which is evident 
| THE- 


* 
P 


320 INSTITUTIONS 


TreortEM XXVI. 


655, If in the Triangle ABC, you draw DE || BC, then 
will ms Sides AB, AC, be cut en or it will be 
AD: DB::AE:EC. | | 


DEMONSTRATION. 


Join BE, and DC; becauſe the Trian= A 
gle DEB = DEC by (635); we have the 
Triangle A DE: DBE:: ADE: 8 
but (by 65 5) the Triangle ADE: DBE: ; ms * 
AD: DB; and ADE: DEC: AE: NG e 
EC. Therefore 580 it is AD: D B: 1 tld 
AE: KC. 2. E. D. B = 
Corol. Hence becauſe of fimailar Triangles ADE, ABC, we 
bare AD: AE. : AB AC, and de AB AC: D* 
EC. 


. XXVII. 


657. In equiangular Triangles ABD, F DC, the Sided 2: a- 
bout the * Angles are proportional. 


| DEMONSTRATION. 


Let their Baſes CD and DB make a 
right Line CB; and produce AB and N 
F( C till they meet in E; becauſe the an- 
gle C= ADB, therefore CE AD + 
by (631). Alſo becauſe the Angle CDF 1 
= ABD, it is AB FD; therefore 
AEF D is a Parallelogram, and conſe- © — 5 
quently EF = AD (615), and FD = | 
AE. Whence FC: FE (= AD):: CD: DB by (656); 
therefore by Alternation it is FC: CD:: AD: DB (635). 
Alſo CD: DB:: AE ( F D) AB; whence again by Al- 
fernation, C D: F D::DB: AB. Wherefore by Equality 
(652) it is FC: F D:: AD: AB. 9. E. D. 


THEOREM XXVIIL 


658. If in a Circle two right Lines AB, CD, interſeR each 
other in E, the Rectangle AE x EB ſhall be equal to the 
Rectangle CE x ED. | | D- 


both, the Triangles ADB and 


DEMONSTRATION, | 


Join AC and DB; then the Angle 
CEA —= BED (630) ; alſo the Angle 
C xz B(643); therefore the Triangles 
AEC, and DEB are Wo rs ee (633); 
whence it is CE: EA::EB; ED 
(657); conſequently CE x ED = 
AE x EB (322). Q. E. D. 


THEOREM XXIX. 


659. If from the Right-angle A, of a right-angled Triangle 
BAC, be drawn the Perpendicular AD to the Baſe, then will 
the Triangles ADB and ADC be ſimilar both to the whole Tri- 
angle, and to each other, 


DszMONSFRATION, 
Becauſe the Angle BAC = ADB A 
= L (613); and B common to 


BAC are ſimilar, by (621, 657); £4— _ — 
for the ſame Reaſon the Triangles S 8 s 
ADC and BAC are ſimilar. Conſequently the Triangles 
ADC, ADB, are ſimilar to each other. 9, E. D. 

660. Corel. Hence it is BD:DA:; DA: DC by (621). 


Alſo BC: AC:: AC: DC; and CB: BA :: BA: RD. 


THEOREM XXX. 

661, If any Right-line xy be —— 7 
biſected in c, fo that xc =.cy = 5 e e — 
a, and another Right- line yz = "2 i / 
be added thereto; then 24 + b X t 1254 14 
1 


DEMONSTRATION, _ 
This i is evident from (186), orthusxz + yz X 72 6 cf = 
7 P TY 


THEOREM XX XI. 
662. If from any Point C without a Circle, are drawn two 


Right-lines C A, CE, cutting the Circle in B and D, then it 


will be AC x BC = EC x DC. | 
DE- 
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DEMONSTRATION: 


Join AD, BE; then is the Angle A 
E., 643 ); and the Angle C is com- 
mon in both Triangles ADC, EBC; 
alſo the Angle ADE = ABE, ADC 
= EBC; and ſo the Triangles AD C 
and E B C are equiangular; therefore 
DC: CA:: BC: CE (657); whence . 
ACxBC= EC x DC (61). A 
9. 

663. Corol. Let E C remove into the | 
Situation CF, touching the Circle in F; then will EC DO C 
= CF; and the Theorem will W AC x BCS CF-; 2 
zyhence in this Caſe, AC: CF: : CF: BC. 2 


THEoREM XXVXII. 


664. A Right-line AB, touching a Circle in the Point E, 
makes e with the Diameter CE. 


5 O 


DemonsTRATION. C 


If it be denied, let the Line F G make 
Right-angles therewith. Then the Side FE 
which ſubtends the Right-angle FGE, and 


which is equal to F D, is greater than the 
Side FG (636), which is abſurd. 
A. - + 0 3 ] 


THEOREM XXXIII. I 


665. Ifa Right- line A B touch a Circle in C, and from that : 
Point be drawn a Right-line CE cutting the Circle, the Angles | 
ECB, ECA, which it makes with Tangent-line, are equal 
to the Angles EDC, EF C, which are made in the alternate q 
Segments of the Circle. h : 

/ 
| 


DEMONSTRATION. 


Let CD be a Diameter or Perpendicu- 
lar to A B, then the Angle CE D is right 
(645); therefore the Angle D + DCE 
= L =ECB + DCE; therefore the 
Angle D = ECB; the firſt Thing. 
2. E. D. 


4 
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Again, becauſe the Angle ECB ECA 2 L (626) = 
D + F (644), from both take away E CB = D (above), and 
there yl remain ECA =P; the ſecond Thing. 2. Z. D. 


— XXXIV. 
666. If any Angle A of a Triangle BAC de biſected, the 


Right-line A D that biſects it ſhall divide the Baſe B C, ſo that 
BD:D Y: :AB: AC. 


DxMonsTRATION. 


Produce A B, and make AE = AC, and join 
CE; then becauſe AE = AC, the Angle ACE 
= E (641) and ACE + E = BAC (632) 
and becauſe BAD = DAC, therefore BAD 
= E; hence DA | CE, (631) wherefore B A © 
:AE(=AC):: BD: BC (656). 2, E. D. 8 DP C 


Taxorem XXXV. 


667. Equal Parallelograms, having one Angle i in b equal, 
diz. ABC = EBG, have the Sides about the equal Angles 
reciprocally proportional. 


DEMONSTRATION. 


Let the Sides A B, BG, about the equal — 
Angles make one Right-line, then ſhall | ig 


EB, BC do the ſame, and produce FG, A B 
58 till they Then it is AB: BG 

:: BD: BH f BF. BH:: EB: ro] 
BC, 

668. . * the ſame Thing is evident in Triangles allo, 
as being the Halves of the Parallelograms. From this Theorem 
appears the Reaſon of reſolving Equations inte Analgies. For let 
AB=a, BG=6b, EBS e, BC d. wm” IF Hypo- 
theſis * * ci; and by the Theorem, a: b: 


Tn ER EM XXXVI. 


669. Similar Parallelograms A x B and C D are in a Du- 
plicate Rario, or as the Squares of their like Sides, 


U u De- 


324 INSTITUTIONS 


DEMONSTRATION. —1 


| 
Since A: B:: C: D, therefore AD BC; 1 
multiply this Equation by the Rectangle BD, it | A. [ 
produces AB X «tn = CD x B; whence 
AB: CD: : B* : D, (668). V E. D. T 


— 


B 
670. Corel. Hence all Cmilar Triangtes, and all EM 
Right-lined ſimilar Figures which are reſolvable into Triangles, 
are in the duplicate Ratio of their like or homologous Sides. 


YE: HEOREM XXXVIL 


„ Sx. If four Quantities are proportional, their e ſhall 
| de ſo. | 
DEMONSTRATION. | 
Let the Quantities be A, B, C, D; and ſince A: B: :C: 
D, itis AD= BC; multiply this n by itſelf, it pro- 
duces A* B* = B* C. wherefore A*: B=: : C* : D* (322). 
2. E. D. 


THrroREM XXXVIII. 


672. If three Quantities A, B, C, are proportional, it ſhall 
de A: :: A: Bi. 


DEMoxs TRATIO&. 


For ſince A: B:: B: C, it is AC =.Þ*; multiply each 
Side by A, the Product is A! C = B* A; W A: C:: 
A*:B*. 2. E. D. 

673. Schalium. If the ſame Equation AC= B* be multpli- 
ed by B, it produces ACB = BBB, whence B: C:: AB: 
B=, Conſequently A: B:: AB: BB. That is, any two Num- 
bers have the ſame Ratio, as the Reflangle made of them has to the 
Square of the Conſequent. 


THEOREM XXXIX. 


674. It four Quantities A, B, C, D, are proportional it 
will be A:D:: A*: BC. 


Dr. 


— 0 


8 . << + HD 1 


1 
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DEMONSTRATION. 


Since A: B:: C: D, it is AD= BC; which * rs 
on both Sides by A, _ A*D= ABC; therefore A:D: 
AA: BC. 2 E. D 


W XL. 


675. Similar Solids are in the Triplicate Ratio, or as the Cubes 


of their like Sides. 
Deg MoNSTRATION., 


Let the three Dimenſions of one Solid be 
A, B, C, and of the other a, 6, c, re- 1e. / BC 
ſpectively. Then ſince A: a:: B: i, it * 
is AB aB. Again, B: 3: : C: c, there- 3 
fore Bc = Ch; let theſe Equations be multi- 0 
pled together, they make the Product A C ar” } 
= B* ac; multiply this on each Side by BZ, | 
and it produces ABC65* = B* abc; whence ABC: abc:: 

. D. 


Theſe forty Theorems will ſuffice for our Purpoſe at preſent, 
to which we ſhall add the following Problems neceſſary in Prac- 
tical Geometry. 


— OR r * 


CHAP. III. 
GEOMETRICAL PROBLEMS. 


PROBLEM I. 


676. 1 a given Right-line AB to erect a Perpendicular 
| CD, in the Point D. 


Take on either Side the given Point 


D, the Diſtance DE = DF; with © S.— 4 


any opening of the Compaſſes, ſet one c EN 
Footin E, and F, and ftrike the Arches { 
ab, andcd, cutting each other in C; 
join CD and it is the Perpendicular re- E F 
quired. * 


A 
Uu 2 PRo- 
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Po Ea II. 
677. Upon @ Right-line A B from any 
given Point C above it, lat fall the — 
dicular. line CD. 

On the given Point C, ſtrike the 
Arch of a Circle E G F interſetting the 
Line AB in E and F; on the Points E 
and F, make the Interſection at H; lay 
4 Ruler from C to H, and draw CD, 
it is the Perpendicular required. 


PROBLEM IH. 
678. To.biſeft a given Right-line AB. 
With the ſame Opening of the Com- 


paſſes, upon the Extremities A and B, ; 
deſcribe the two Arches ab, cd, cutting {dd 
each other in C and D; thro? the Points \ £ 


a 

C and D, draw the Right-line CD, and \ f l 

it will biſect the given Line AB, 2s re- | * 10 : 

quired. | £ W | | 
PROBLEM IV. 


679. To erect a Perpendicular on the Extremity A of a given 
Right-line A B. h 


On the Point A deſcribe the Arch 1 
42d; and with the ſame Opening of the N 
Compaſſes, from a make the Interſec- Fg | 
tion 4, and on -b, the UnterſeRion c YEE) e 
then from h and c make the Interſection 1 5 
e; and draw eA the Ferpellicdlar re- H els 
quired, B TA 

Pros 
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PROBLEM V. 


680. On the Point A of a given Angle 
BAC to erefft a Right-line AD, which 
ſhall incine neither to the Right-hand nur to 
the Left. 


On the angular Point A deſcribe the 
Arch 25, cutting the Sides in e and f; 
on e and F make the Inſection D, thro” 
which draw the Line AD, and i is 
done. 


PROBLEM VI. 
681. To biſec? a Rigbt-lined Angle B 
ABC. f 


On the Point B deſcribe the Arch 
ach cutting the Sides in à and 5b, on 


wich Points makes the Interſection e, A — 
and draw the Line e B; and the Angle A. 2 C 
4501 is biſected thereby. ox 


PROBLEM VII. 


682. Through a given Point D, to draw a Right-lme D C par 
rallcl to a given Right-line AB, 


From the Point D draw at a 17 
Pleaſure the Oblique- line DE; D © ic 
on the Points D and E, deſcribe TCO PO Pk ny += 
the Arches Eb, and Fa; and 5 i 
make the Arch EC FD; H R Fi 
and then through the Points D, : 2 —— 
and C, draw the Line DC; and A Ex £ 4 
it will be parallel to A B. 


Pxg- 


os > i OA . — 
— 


4 | 
12 
q 
San 
-* = 
1 q 
"© 4 
1 
* 
8 
: 
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PROBLEM VIII. 


683. At the End B of a given Right= (G* 
line A B, to make a right-lined Angle 
equal to 4 given  right-lined Angle 
CGD. 

Upon the angular Point D de- C 
ſcribe at Pleaſure the Arch ab; and 
with the ſame Opening of the Com- 
paſſes, upon the Extremity B deſcribe 
the Arch cd, on which make ce = 
ab; and thro' the Points B, e, draw A C 
the Line EB, and it will make the Angle ABE = CDG. 


PrRoBLEM IX. 


684. To divide a Right-line A B in- 
fo any Number of equal Parts, ſuppoſe CE, FL 


Six, & 
On each Extremity A and B make f -# > cc 
the Angle ABC = BAD; then on; #f # #-© gl it 


the Line BC with any ſmall Open- 2 £ £ *=..Þ 


ing of the Compaſſes make the Five OF # Fi Ar 
equal Diſtances, at 1, 2, 3, 4, 5, and . 
alſo do the ſame on the Line AD, 2 5 g 
then draw the Lines 5 1, 24, 33, ot 5 
Sc. as in the Figure, and they ſhall a 8 
divide the Line A B in fix equal Parts AP 


as required, 
PROBLEM X. 


685. To make an 3 Triangle upma . C_. 
given Line AB. N. d 


Upon the Extent A with the Diſtance AB, 
deſcribe the Arch Bb; and on the Extent B 
with the ſame Diſtance deſcribe the Arch Ad, 
cutting the other in C, join AC, BC, and SE 
it is done. A. 


of GEOMETRY. 
ProBLEM XI. 


686. To make a Triangle whoſe three Sides 


fall be equal to three given Right-lines A, B, C. ; B— 


Make DE = A; and on D with the 7 . 
Extent of the Line B deſcribe the Arch | ER 

ab; and on E, with the Extent of the 
Line C, deſcribe the Arch cd, cutting 
the former in F; join DF, EF, and it B 
is done. 


PROBLEM XII. 

687. To make a Square upon a given Right- 
line AB. 

On the Extent A erect 2 Perpendicular 
AC = AB (679); with the Extent AB 
on the Points B, C, deſcribe the Arches a6, 
cd, interſecting in D; draw CD, BD, and 
it is done, 


PROBLEM XIII. 


688. To mate a Parallelogram, whoſe two 


unequal Sides are equal to two given Right- A 
ines A, B. 


Make DE = A; and on the Extent | 2 


FF 


D, erect the Perpendicular DC=B; 
then on the Point C, with the Extent of [ 
A, deſeribe the Arch ab; and on F, D 


with the Extent of B, deſcribe the Arch c d, interſecting the 
former in G; draw CG, FG, and it is done. 


ProBLEM XIV. 
689. To make @ Rhombus on the Right-line 


A B whoſe acute Angle ſhall be equal to a rm 
"ight-uned Angle Z. 
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Make the Angle A = Z (by 683) 4 0 


1 
and on A, with the Extent of A B, de- Fi 
ſcribe the Arch ab and it will cut the A 
Side AC in CE; on the Points C and B 


with the Extent AB, deſcribe the Ar- 
ches making the Interſection D; join C D, BD, aiditis done, 
* i like Manner you make a given Rhomboides, © 


* PROBLEM XV. . 
G90. Jo make a Trapezium whoſe Sides fhall be — 
ena to four given Right-lines A, B, C, D, and — 
whoſe Diagonal is equal to a Night- line E. 18 = 


Make FG = A; upon F with the Extent of 1. 
E, and upon G with the Extent of D, make 
the Interſection H, and draw GH. Then on 
the Point H with the Extent of C, and on F 
with the Extent of B, make the Interſection I; þ- 
and draw FI, HI, and it is done. | 

PROBLEM XVI. : 

697. To inſcribe an equilateral A 


and equiangular Pentagon in a 
Circle. a 3 
8 ah Danes of che B . 
Circle F H, and on the Center i 1 
N erect the Perpendicular A N Fl wayne — "Hi 
(by 677). Biſect NF in G 2 
(by 678); and with the Radius 
G A, defcribe an Arch cutting E ö 
the Diameter FH in L, and ee » 
draw AL; it ſhall be the Side of the Pentagon ere: dix. 
AL =AB = BC= CD = DE= EA. 
PROBLEM XVII. 
692. Mint « given Circle to deſcribe a riĩ-— 4 
gular Pentagon. 
Firſt inſcribe a regular Pentagon 3 in the 5 
Circle ; and from the Center C. draw the c 
Rig ner CA, CB, CD, @&c. to the - 
— Angles thereof; and to theſe Lines 
draw Perpendiculars ab, ae, ed, dc, cb, 
and it i is done. PRo- 


See Dr. Barrow's Schotium to Prop. X. Book XIII. of Euclid. 


cl 


1 
] 
] 
| 


of GEOMETRY. 331 
PROBLEM XVIII. 
69 3. Te inſcribe a regular Hexagon in a Circle. 


Draw the Diameter B F, the Half of 4 G 
ne, which, BC, ſet round upon the Cir- 
cle gives the ſeveral Points, A, B, C, 
D, E, F, G; which joined, conſti- 
tute the Hexagon required. 


PRoBLEM XIX. 
694. To find the Center of a Circle. 
Take any three Points A, B, C, 0 e 


in the Circumference, and upon A and 
B, with the ſame Opening of the Com- 
paſſes make the Interſections a and , 
and draw the Line ab. On the Points 
B and C, make the Interſections d, e, 
and draw de, it will interſect ab in 
N, the Center of the Circle that was 


to be found. 


695. N. B. Hence it is eaß to draw a Cir- 
ale through any three Points given, A, B, C. 
Alſo any Part of a circular Arch ABC may 
be compleated into a Circle. And thus alſo 

a Circle be circumſcribed about the given 
Tr angle A, B, C. | 
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PROBLEM XX. 


696. To find a mean proportional EF between two given Right- 
lines AB, CD. 


Draw any Right-line GH, y—— —A 
in which take IK = AB, and — 
KLS = CD; and beſect IL in C 
N, on which Point deſcribe * 
the Semicircle LM, then on — 

the Point K erect the Perpen- N IC 
dicular K M, and that is the . e 8. 
* 3 For IK: K M f, 17 — 


0. 


PROBLEM XXI. 


5 Two Right- lines A and B, being given to find a third fre- 
portional C. 


Make at Pleaſure the bis —4 
DEF; on EF take EG g A, B 


and on E D make EH = B; and — 
make GF= B, alſo join HG; | 
then draw FI parallel to GH; and 
the.Ling required is HI. For EG 
+GF:(= EH) :: EH: HI 
(by 656.) 


e XXII. 


698. Three Right-lines being given DE, EF, DG, to 2 4 
fourth proportional G H. 


Join EG, and thro F draw 

F H parallel to EG, and meet- 

ing DG produced in H; then 

is GH the Line required. For 
DE: EF: : DG: GH, 


, „ XL Bo a 


"21 AW > 


% f wy jo 
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PROBLEM XXIII. | 

699. To divide a Right-line AB as another given Right-line AC 
is divided. "3 

Join the Extremities of each Line 

CB, and parallel to CB draw EI, 

EH, DG through the ſeveral Points 

of Diviſion in the Line AC, and they 


ſhall divide the Line A B as AC is di- 
vided. 


PROBLEM XXIV. 
700. To make a Square equal to any Number of Squares given. 


Let the Sides of three given Squares F 
be the Right-lines A, B, C, and | 
make the Right-angle DEF; and | 
take ED = A, and EG = C, and | | 

join DG; then is DG* = DE* + # II 
GE (646.) Again, make EH = | Fd 
DG, and EI = B; and join IH. OW 4 
Then is IH* = IE* + EH* = | F 
EI. +DE + GE =&*+B*Þ << ©BAF 0 
+ C*. And thus you proceed for 4 
any other Number. Wy 

1 | 
1 3 


701. What is here done with regard to Squares, holds good 
for all ſimilar plain Figures deſcribed on the Sides of the Right- 
angled Triangle, becauſe they have all the Ratio of the Squares 
of their like Sides (by 669, 670) ; and how to make one Figure 
ſimilar to another is ſhewn in the following 


Ax 2 | PRo- 


00 
wy 
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PROBLEM XXV. 


702. On a given Right-line to make a right-lined Figure A G HB 
ſimilar and alike ſituated to a given right-lined Figure CEF D. 


Let the given Right-line be AB, and 
reſolve the given Figure into Triangles. 
Then make the Angle AB H D, and / 

F the Angle BAH = DCF, and the Angle C D 
AHG = CFE, and the Angle HAG 
= FCE; then is the Figure A GHB the 
right - lined Figure ſought. 


\\ 


« NS 


703. Theſe Problems are in general ſelf-evident to every one 
who underſtands the preceeding Theorems, ſo that a formal De- 
monſtration would have been Tautology ; the Rationale of ſome 
18 aſſigned, and only the 16th will give the Reader the Trouble of 
turning to Euclid; this we ſhall probably hereafter demonſtrate, 
But as the Truth of a Propoſition may be ſhewn different Ways, 
ſuch as are moſt ſimple ſhould firſt be propoſed to Learners; and 
therefore, as a Circle may be divided into any Number of equal 
Parts, mechanically, to as great Exactneſs as any Praxis can re- 

quire, ſo a fifth Part of that Number will affign an Arch of ſuch 
a Circle, the Chord of which will be the Side of an inſcribed 
Pentagon. Thus 72 Degrees is the $th Part of 360, and js ſubs 
tended by the Side of a Pentagon, 


INST] 


1B 
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Of RicxrT-ancLeD TRIANGLES. 


704. 3 we can treat of the Method of meaſuring Heights 

and Diſtances, and other Triganometrical Operations, ſo 
frequent in the practical Part of the Mathematics, it is neceſſary in 
the firſt Place, to explain the Theory, that the Grounds and Rea- 


_ fons thereof may appear ; and which we ſhall make the Subject 


of this Chapter. 

705. Let AIBG be a Circle, whoſe _ | 
Diameter is A B, and Center C. On T 
the Point B erect the Perpendicular TB, GE 
which ſhall touch the Circle in B, and H E 


is therefore called a TAN GEN Line; | 
and draw C T cutting the Circle in E, {A 


and the Tangent in T, this is called the c B 
SECANT of the Arch BE. Through E Bs 5h 
draw EI TB, then is EI called the / 
CHoRD of the Segment E BI, or E Al; „ 


and Half thereof E is called the Six E of the Arch EB or E GA. 
The Semidiameter C E in this Caſe is called the Ranivs. 

706. As every Circle is ſuppoſed to be divided into 360 equal 
Parts, called DE OGAEEs, ſo one fourth Part, wiz. go Degrees, 
is the Meaſure of the guadrantal Arch GB, or the Right- angle 
GCB. Hence whatever Number of Degrees are contained in 


the Arch BE, the Arch EG contains the Remainder or Com- 


plement to 90; and is therefore called the Complement of EB 
to a Right- angle or Quadrant BG. Hence the Tangent GF, 
Sine E H, and Secant C F, are ſaid to be the Sine, Tangent, and 

Se- 
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Secant of the Complement E. 8. or in ſhort, the of Fe, C. Iſimila 


tangent, and Co. ſecant of the Arch BE. 
07. Therefore in any Right-angled Triangle CD E, if the 
Side CE (ſubtending the Right- angle) which is called the Hy. 
pot henuſe, be made Radius; then is the perpendicular Leg, or 
Catbetus ED, the Sine of the Angle ECB at the Baſe; and 
the Baſe CD is the Co- ſine thereof; for it is equal to HE, the 
Sine of the complemental Arch G E (506.) 

708. In any Right-angled Triangle CBT, if either of the 
Sides be made Radius, as CB; then the other Side BT is the 
Tangent, and the Hypothenuſe CT is the Secant of the An- 
gle at C. | 

709. In Calculations of this Kind, the Sides of the Triangle 
are eſtimated in Parts, of which the Radius contains 10000080; 
and by the Induſtry of our Predeceſſors, the Sides of a Triangle, 
whether Sines, Tangents, or Secants, are computed in this Mea- 
ſure of equal Parts for every Magnitude of the Angle BCG, 
that is, for every Degree and Minute of the Quadrant B G; and 
theſe Numbers diſpoſed in Tables, are called the Canon of natu- 
ral Sines, Tangents, and Secants. | 


710. By this Means, | f 
when any Triangle VF : 1 
AC B is given, there is RK 
always a ſimilar Trian- 5 
gle ECF or DC T, . 1 
correſponding thereto A + : i 
in the Canon whoſe | 2 
Sides are all known in 5 ml} . D 
the Numbers of the ſaid 5 E 


Canon ; with theſe the Sides of the given Triangle are compar- 
ed, and by that Means, thoſe which are unknown become 
known. 
711. Thus, ſuppoſe in the given Triangle AC B, you have 
| V the Angle AC B = 25: 300, and the Side CB = 356, 
to find the Side AC and AB. Then the Triangle in the Ta- 
ble, equiangular to the given Triangle, is FCE, if AC be 
made Radius. For in this Caſe, the tabular Radius CF = 
| 10000000, the Sine of 25 300 = F CD, is FE = 4305111; 
and the Co-ſine, or Baſe CE = 9025853, Hence, becauſe of 
ſimilar 


gies ( 


8 


is 


So is the Sine of C = 259 : 30', viz. 


ſimilar Triangles FEC, A \B C, we have the lent Ado 
gies (057:) | 


BCC :: FE =» 

As Leers 356 4305111 : 160, 8. 
2 F 

5 : : I0000000 : 394, 4. 


712. But if the Baſe CB be made Radius, then we have the 
tabular Triangle DC T; in which the Baſe CD = 1co00000; 
the tabular Tangent DT = 4769755, and Secant CT = 
11079285, by which we find AB and AC, as follows. | 


F 

4 CD en 4769755 : 169,8. 
10000000 : 356 * F 

: 11079285 : 304,4. 


713. But ſince in theſe natural Numbers, the Operation is 
very laborious and tedious ; their Logarithms have been made uſe 
of, and digeſted into Tables which are called the hbgarithmical or 
artificial Canon of Sines, Tangents and Secants. By theſe the irk- 
ſome Taſk of multiplying and dividing large Numbers is prevented, 
being anſwered by the Addition and Subtraction of their Loga- 
rithms. (See Inſt, 153 — 155.) 

714. Thus the above Operations by Logarithms are very eaſy, 


as follows : 


Logarithms, 
As the Co- ſine of the Angle C = 250: 30, viz. EC = 9025853 = 9,9584882 


is to the Bale —— — 3e 2 356 = 2,5514.500 


EF =4305411 = 9,6339844 


I12,1854344 


To the Side or Cathetus 


288755 AB = 169,8 72299865 
715. Or by Tangents thus, LY 


As Radius — — CD= 10000000 = 10,0000000 
to the Baſe — BC= 3356 2,5514500 
So is the Tab, Log, Tangent of 250: 30 = DT = 4769755 = 9,6784961 


to the Side —— — AB= 169,8=2,2299461 


Here the Reader will obſerve the Side A B is found much ea- 
ſier by the Tangent than by the Sine, becauſe of the Radius, 
which 
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which gives no Trouble in the Work. Therefore in Calculs | . 
tions we ſhould always chuſe that Analogy in which the Radiu T { 
makes one Term. 

716. In a Right-angled Triangle, if one Angle be known, the 
other is known alſo, as being the Complement to 20 Degrees piſe. 
(706.) Therefore if any one Side and one Angle be given, the N AE 
other two Sides may be found; or if two Sides be given, the I it ſi 
other Side and the Angles may be found in the Manner aboye (bg 
_ exemplified, of which we ſhall have Inſtances enough here · A 


after. | . 
OBLIQUE AN GLE D TRIANGLES. | ** 
717. About the Acute angled Triangle A. 9 frot 


ADB, circumſcribe a Circle (695, ) from . 
whoſe Center C let fall the Perpendicular f 
CE to the Side DB, which it will biſe& in : 

E, and the Arch BDin F. Join CD and \ 
CB, then is the Angle DCB = 2 DAB \ 
(642) = 2F CB; therefore the Angle 
DAB—FCB; but BE is the Sine of the | 
Angle FCB, and therefore alſo of the Angle DAB. Thu 
zA; is the Sine of the Angle ADB; and 2 AD the Sine of 
AB D. 

718. The ſame Demonſtration 
holds for any Obtuſe angled Tri- 
angle as is evident in the annexed 
Figure ; and therefore ſince in eve- 
ry oblique Triangle, the Half-fides 
are as the Sines of the oppoſite An- \, 
gles, the whole Sides will have the 
ſame Ratios. And hence, if two 
Sides AB, AD, and an oppoſite 
Angle B be given, the other Parts of the Triangle will be there- 
by found. For as AD : Sine of AB D:: AB: Sine of A, 
which is therefore known. Then as the Sine of B: AD :; 
Sine of A: BD; and fo the whole Triangle is known. 
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19. In any oblique 
Triangle ABC, produce 
one Side BC to E, and 
make CE = CA, and 
biſect BE in D; draw 
AE, and DF | AB, 
it ſhall biſect AE in F, 
(699.) Alſo, draw CG 
| AB. On the Center C, with the Radius CF, deſcribe the 
Arch aFb; then becauſe the Angle ACE =B + BAC (= 
2ACF) by (632.) and the Angle GCA = A; if therefore 


4 = ACF you take the leſſer Angle 
B—A _ 


from the half Sum 


AS ACG, there will remain + their Difference 
BEAT: 
: = 


GCF. Alfo, if from the Sum of the Sides 


BD, you take the leſſer Side BC, there will remain 3 their 
Diforence © 8 _ . = CD (221, 228.) Now AF is the 
Tangent of the Angle ACF, and G F is the Tangent of GCF 
(705.) and it is BD: CD:: AF: GF (656.) Therefore, 


as 2 the Sum of the Sides = us . is to half their Difference 


«> De: BC „ ſo is the IN: J half the Sum of the oppoſite * 


—— to the Tangent of half their Difference —— w== 85 

1585 By this Theorem when any two Sides AC, BC, of a 
Triangle are given, with the included Angle C; the other Side 
and Angles become known, For fince the Sim of the two An- 
gles A B = 180 — C (633.) it is a known Quantity; and 
having found £ their Difference by the Analogy (719.) by add- 
ing it to 4 the Sum, it gives the greater Angle B, (221.) and 
by ſubtracting it from the Sum you have the leſſer Angle A. 
And having found all the A_ the Side AB is known 


by (718), 


Yy LY -21. When 


io. 
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221. When the three Sides of an ob- W. a 
lique Triangle AB, AC, CB, are FS. 
given; then it muſt be reſolved into two "i \ 


right angled Triangles ADB and ADC, , A 7 
by letting fall the Perpendicular AD 4 

to the Baſe CD; and the Method of E... J 
doing that is as follows. Upon the 2 . 
Point A, with the Diſtance AB, de- N 

ſcribe a Circle EB G. Continue out the Side A C \both Ways, to 
cut the Circle in Fand G, and the Side BC to cut it in E; then 
is GC S AC + BA, and DE DB; therefore, EC = 
BD — CD; thus allo FC= AB — AC. But it is FC xX 
CGS EC + CB (658.) whence CG: CB :: CE: CF; 
that is, AC AB: CB :: AB — AC: EC; wherefore 
2CB+:CE= DB, and: CB - CES CD (221.) 
Then in each right-angled r A B D, ADC, there are 
two Sides given, to find the Angles, by (710, 711.) And theſe 
are all the Particulars and Varieties in the Theory of plain Tri- 
gonometry, which will ſuffice for our preſent Purpoſe; hereafter 
we may treat more largely on this Subject. 


17— . 1 — 


_ 


G HAP. XI. 
Of meaſuring ere Drprus, and DISTANCES. 


HIS Kind of | 
Menſurati- 
on depends upon the 

Uſe of the QuADRAN T 

in taking Angles. The 
Manner of doing which 

is therefore firſt to be 

explained. The Qua- 

Aram is ſo called from 
its being a fourth Part 

of a Circle, as ACB, B 
whoſe Limb AB is ac- 
curately divided into 90 


11 — 


722. 
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Degrees, and when the Quadrant is large, each Degree is ſub- 
7 divided into 10 equal Parts, each containing ſix Minutes; in the 
Center C is fixed a ſmall Pin, from which there hangs a Plumb- 
line, CP, whoſe Plummet P keeps it tightly ſtretch'd over the 
Degrees on the Limb when in Uſe. Upon the Side AC, are 
£ two thin Plates of Braſs, a b, with ſmal] Perforations, or Holes, 
5 exactly in a right Line 45, parallel to the Side of the Quadrant, 

AC. * 


to 723. To illuſtrate the Uſe 1 C 


of the Quadrant in taking 
Angles, let C A be a very 
| high Tower ; and ſuppoſe a 
* Perſon, B, taking the Angle 


1 of its Altitude ABC; this he | - : A 
1.) does by holding up the Qua- | 1 5 , 
s drant acB, and moving it a- [WJ = 


oy bout till, thro? the Sights, he 5 


eſe perceives the Top of the | © 2 
FA Tower C; then will the |, {* 
ter Plumb=line c cut the Limb 1 
in that Number of Degrees | * A. 20 B 
and Minutes which are equal 955 — HN 


tothe Angle of Altitude ABC, Fi 
or ſo as to make the Arch ap of the ſame Number of Degrees 
as are contained in A F, deſcribed on the Radius AB. For 
ſuppoſing A B parallel to the Horizon, cp parallel thereto (as 
= being perpendicular to AB, ) and BC the viſual Ray by which the 
Point C appears thro' the Sights. Then the Angle BAC = 
(B+C=) acB = acp + pcB; butpcB= ae 
therefore acp = CBA. . E. D. 

724. Hence the Height of the Tower D C is eaſily found 
thus; meaſure the Diſtance E D upon the Ground with a Chain 
or Pole, and ſuppoſe it be found 150 Yards. Then with your 
Quadrant at E take the Angle of Altitude AB C, which ſup- 
poſe you find 52 300. Then in the right angled Triangle ABC, 
there is known the Baſe AB = DE = 150, and the Angle at 
Baſe ABC = 52 307, to find the Cathetus AC, Which you 

do by the fpllowing Analogy (715.) 


Yy 2 As 


8 
— 7 
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As Radius — 10. As 
to the Baſe, — AB 150 2 avant; | 
So is the Tangent of ABC = = 52 30 = 10. 1150195 So 


MM my 


to the Height —— AC = 105,5 2 22911168 


Let the Height of the Obſerver B = 6 Feet, or 2 Yards; then 
C + AD (or B) = DC= 1975 Yards, * Height of the 8² 


ower required. 


725. It may ſome- 
times happen that 
you cannot come near 
the Object B C, whoſe 
Height you would 
meaſure, by Reaſon 
of a River EF, or 
ſome other Impedi- 
ment. Vet this, 
notwithſtanding its 
Height and Diſtance, may both be meaſured by taking its Alti- 
tude at two dtations A and D, as follows. At A, with the Qua- 
drant, take the Angle C A B, which let be 24 45/; then from 
A meaſure, in a ſtrait Line towards the Object, the Diſtance 
AD = 100 Rods; and at D take the Angle C DB, which ſup- | 

poſe = 38%. Then is the Angle ADC = 180— 38 = 142. 
So that in the obtuſe Triangle ADC, there is known the Side 
AD, and the adjacent Angles A and D, to find the Side D C, 
which is done thus. The Angle ACD, CDB - CAB 

38 — 24* 45 = 13˙ 157%. Then ſay, (718.) 


As the Sine of the Angie A CDS 1; 15 = 9.360215 


is to the Side AD = 100 = 2.000000 
So is the Sine of the Angle DAC= 24* 45 = 9. 621861 


to the Length of the Side D C = 182,6 = A. 261646 


726. Then in the right angled Triangle DB C, there is given 


the Hypothenuſe D C, and the Angle at Baſe, to find the Sides 
CB, and DB. Therefore ſay, 


As 


913 
195 


— 


108 


then 
the 
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As Radius 10. 
to the Side — BC = 182,6 =' 2i262646 


So is the Sine of the Angle CDB= 38% of = 9. 789342 | 


to the Height of the Spire CB = 112,46 = 2. 050988 


727. Then to find the Diſtance DB, 


Say, as Radius — — 1 ©; 
to the Side | BC = 182,6 = 2.261646 
So is the Sine of the Angle DCB = $52? 00” = = 9: 896532 


to the Diſtance DB = 143,9 = 2. 158178 


728. In the ſame 
Manner, if you were 111 
ſtationed on the Top wm, 
ofan high Hill, as at A 
H, and at the Foot we 
of the Hill a River 
EF, or ſome other 
Obſtacle prevented 
your Acceſs to the 
diſtant Object at A; 
yet if the Side of the Hil HD was not too irregular, you might 
eaſily find the Height of the Hill, and the Diſtance and Height 
of FA Object AG. Thus, let the ſlant Height, or Slope of 


the Hill H D be meaſured, and ſuppoſe it is found 182, 6 Rods. 
Then will this' differ inſenſibly from the Hypothenuſe CD of 


the right angled Triangle BCD; with the Quadrant you take 
either of the Angles BCD, or BDC; thus let BDC = 38?, 
then will BCD = 52%. And having the Hypothenuſe CD = 
182,6 and Angle BDC = 38% You find the perpendicu- 
lar Height of the Hill (or Eye at C) to be CB = 1212346; 


and the Baſe of the Hill BD = 143.9 (by 727.) 


729. Having thus got the Height of the Hill, take with N 
Quadrant the Angle BCA, which you will find to be 655 15”; 
and becauſe the Angle BDC = = 389, the Angle CDA = 142?, 
and the Angle DCA = 65 15 — 52 = 13? 15”. Therefore in 
the obtuſe Triangle D C A, there is given all the Angles, and 


"the Side CD, by which Means the Side D A will be found 100 
Rods 


ol its Shaddow juſt upon the 
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Rods (725.) Which is the Diſtance of the Object from the Foot 
of the Hill required. | 

730. Moreover if it be required to meaſure the Height of a 
diſtant Object A G; then you next find the Side CA of the 
Triangle ADC; the Angle B CG being taken with the Qua- 

drant, is equal to the Angle CGI; whence the Angle C GA 
is known. Alſo the Angles CA G = ACB = 65* ͤ 157; hence 
all the Angles, and the Side AC in the Triangle AG C are 
known. Then ſay, as the Sine of CG A (or 1G C, (Jos.) 
is to the Side A :: the Sine of AC G to the Side AG = the 
Height of the Object required. 

731. If a Quadrant be not at Hand, the Height of any acceſ- 
ſible Object may be found without it by the Shadow, thus, 
Let BD be the Shadow of CB, 
made by the Solar Ray CD, 
coming from the Sun at 8. 
Now it is eaſy to find the Place 
E where a Staff, or walking 
Cane E F being held or ſet up- 
right, ſhall caſt the Extremity 


Point D. Then meaſure the 
Length of the Shadow DB, 
and DE, and as the Height of the Staff E Fi is known, you ſay 
(by 657.) As the Shadow of the Staff DE, is to that of the Ob- 
ject DB, ſo is the Height of the Staff EF to the Height of the 
Object BC, which, therefore is known. There are other 


Ways of doing this without a Quadrant alſo, but none more 
eaſy, and fo ready as this upon an Exigency. 


N. B. As the meaſuring the Depth of a Valley, or other 
Place, depends on the ſame Principles and Conſtruction of Fi- 
gures, I apprehend it will not be neceſſary to inſiſt on that Ar- 
ticle here, as there can be no Difficulty attending it, if Inſtitution 


728 be at all underſtood ; ſince the Height of the Hill is the ſans | 


Thing with the D * the Vals. 
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732. To meaſure the 
Diſtance between two or 
more inacceſſible Objects 
A, B, you mult be pro- 
vided With a Semi-eircle, 
with a moveable Index 
carrying two Sights, and a 
Spirit-Level for fixing it 
truely horizontal; a Plane- 
Table alſo will anſwer the 
End. And a Theodolite 
much better than any o- 
ther Inſtrument. Some 
Inſtrument of this Sort 
muſt be had, and it mat- 
ters not much for. the 
Form; we will therefore ſuppoſe it the common graduated 
Semi- circle. 

733. In order, then, to meaſure the Diſtance A, B, on the 
other Side of the River EF, two Stations muſt be determined, 
as C and D, in which to fix the Semi- circle for taking Angles; 
let the Diſtance CD be nicely meaſured, for the Baſe of your 
future Triangles. Then over the Point C erect your Three- 
legged Staff bearing the Semi-circle, and adjuſting it to a true 
horizontal Poſition, move the Index to the Beginning of the 
Semi-circle, or Line Ca, and move it about till thro' the Sights 
you perceive an upright Pole, &c. fixed before-hand in the Point 
D. Here let the Semi-circle reſt ; and then move the Index till 
thro' the Sights at Cg you ſee the Object B, and write down the 
Number of Degrees and Minutes contained in the Arch of the 
Semi- circle ag, for that will be the Meafure of the Angle DCB. 
Again, move the Index to Cb, where you obſerve the Object A, 
and write down the Degrees and Minutes in the Arch ab, which 
is the Meaſure of the Angle DCA. 

734. This done, remove your Semi-circle to D, and there 
ſetting it up, with its Centre over D, lay the Index to the Side 
Dh, and move the Semi-circle about till thro* the Sights you 
obſerve the upright Pole, &c. in C. In this Poſition ſcre the 


demi cirele faſt, and move the Index to DF and De, and write 
down 
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down the Degrees and Minutes in the Arches hf and he, for the 
Meaſures of the Angles CDA and CDB. 
735. Then in the oblique Triangle CAN, there is given the 
Baſe C D, and all the Angles, to find the Side AD; which is 
thus, (718.) As the Sine of CAD: CD:: Sine of AC D (or 
AC:c) : AD. In like Manner in the Triangle CBD you have 
all the Angles and Baſe CD; and therefore, as the Sine of 
DBC: CD:: Sine of BCD: DB. 

736. Hence in the oblique Triangle ADB, there is known 
the two Sides AD, and DB (735.) and the included Angle 
AD B, which is the Difference between the known Angles (7 34.) 


CDB and CDA. Then (by 719.) . — . 
8. — :: Tangent of un of : Tangent of 
TI — 8 2 Then, as you have 3 the Sum, and £ the 


Difference, of thoſe Angles, the Angles themſelves are known 
(by 720.) 

737. Laſtly, In the Triangle ADB, all the Angles, and two 
Sides AD and DB are known to find the third Side AB,thus, (718.) 
as the Sine DAB: DB:: Sine of ADB: AB = the Diſtance 
between the two Objects A and B as required. In the ſame 
Manner the Diſtance between A and G, or B and G may be 
found; and thus the moſt uſeful Doctrine of plain Triangles ex- 
tends to Surveying, Fortification, Navigation, and every other 
Art where right-lined Figures are concerned, 

738, The ſame Method is taken (hs. 
for meaſuring the Height of an Object Kh us 
B-b, on the Top of an inacceſlible 
Mountain B D, as is evident by a bare 
Inſpection of the Figure, the Con- /. 
ſtruction here being the ſame as the 


Foregoing, and therefore the Particulars need not be repeated. 


11 
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C H A P. XII. 
The Chief Properties of the Conc SecTIONs demon- 


Atrated. 

739. 3 we can proceed to the Menſuration of Super- 

D ficies and Solids, it will be neceſſary to premiſe the Prin- 
ciples of Conic GEOMETRY, and the Method of FLux1oNs; 
as by theſe we ſhall come to the Rationale of thoſe uſeful Prac- 
tices, ſooner and eaſier than by any other Way. Nor is the Rea- 
der to wonder, if he be told, tha he can never guage a Veſſel, 
or meaſure a Piece of Timber, according to Art, *till he has firſt 
learned Conics and Fluxions, or obtained the ſame Ideas fo 
other Way, which he will find much more difficult, laborious, 
and irkſome. I have been at the Pains to try every Way myſelf, 


and therefore am able to point out, to the young Bro, that 
which is pleaſanteſt and beſt, | 


Of the PARABOLA. 

740. If a Cone be cut-thro' by 

a Plane parallel to one of its Sides 
E F, the Figure of the Section A 
BRB is called a PARABOLA; 
and its Property is thus inveſtiga- 
ted. EBeB is a Circle, Ee a 
Diameter, and BB (the Baſe of 
the Parabola) a right Line at right 
Angles therewith. AR is the Ax- 
is of the Parabola ; draw G R pa- 
rallel to E e. Pu FG — = qa, EA 
=, ARS, and AB= y. 
Then, becauſe of ſim. Triangles, 

22 
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FGR and RAe, it is FG:GR (EA) ;: AR: Ae, 


that is BL ID © EZ = Ae But EAX As = AB* (by 


2 


6 4a 4 ; x WMP 
658.) That is 1 = 75. Now put 7 p, then px = yy: 


After the ſame Manner it is ſhewn, that, (drawing Dd Ee, 
and BB, and putting Ra = x, and 46 =y) it is px = 


yr therefore p = = 3 whence y: :: x. Org 


x 
:: ab*: A B*, every where. 

741. The Part of the Axis R a, or RA, is called the Ab- 
fſeiſſa," the Lines ab, A B Ordinates, or Lines ordinately applied 
to the Axis. The invariable Line p is called the Parameter, or 
Latus Rectum, being a third Proportional to any Abſciſſa and its 
Ordinate ; for ſince þ x = yy, we have x: :: : Pp. | 

742. dine SAB = ZBB, it is yy = 4 BB* p, or 

Apx = — BB x BB. Now among all the Ordinates B B, ſome 
one will be equal to the Parameter p; in that particular Caſe we 

| have 4 = =P, ot4x=Þ, and ſo x = 2; that Point of the 
Axis, where this Parameter- ordinate interſects it, is called the 
Focus of. the Parabola.. As the Point F, when the Ordinate 
PR= AVF, the Ab/ciſſa. See the following Figure. 

"445; In the Axis continued, 
take VD VF, the Diſt⸗ 
ance of the Focus from the 5 
Vertex, and join FB; then it | | 
will be FB = AV VF .; 9 . 
= AD. For VF 2 p, (742.) - 
2 If, and AB? . * 
= 1; wen FN AF*'+ 5 * 
AB! (by 636.) = & — /______ 
Pet va (E=. (B A 


741. * * + N + 373 Pp; therefore FB = x + 27 * — 


AV +VD = AD: 2. E. D. 
744. Hence is deduced the beſt and eaſieſt Method of de eferib= 


ing the Curve of a Parabola, whoſe Focal Diſtance VF is given, 
for let a ſufficient Number of Points A, A, Cc. be taken in 


the Axis, and thro” each draw perpendicular and parallel Lines 


BB, &c. then with a Pair of Compaſſes take the Diſtance AD, 
ERR | and 


„ «4+ * 


< on Ee aAW»DM 53 © 


ac. 
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and with one Foot in the Focus F, interſect each Parallel re- 


ſpeRively, in B, B; then with an even Hand draw a Curve 
through all thoſe Points, and it ſhall be the Parabola pro- 


poſed. 


745. If any Right- line touch Po 
the Parabola as in B, the ſame ſhall 
meet the Axis produced in T, fo 
as to make AV = TV. Forlet 
Bb be an indefinitely ſmall Part of 
the Curve coincident nearly with — 
the Tangent TB. Draw ba | 5% of 
BA, and Be Va; and put Be B{____ 1: 
= 1, bc = m, and TV = 4. ©= JE Th 
Then Va=—x u, and ab = Bs 
y + m; and in the Triangles Be, BTA, wehavem:n::y: 


y 2 | 
x + a, therefore » = =x + a; but p x Va = 4, that is, 


px +pn=y + 2ym + m, but px = yy; therefore pn + 
yy =* + 2 ym (for m is too ſmall to be regarded) hence pn 


275m | 
=2 yn and n 2 wh 2 or 2 = EE na that is, 


9 7 
2% pp + pa, and p = = = 22, 
+ a, therefore x = a, or AV = T v. 
746. From the Focus F draw F B, it ſhall be FB = F T, for 
AT S 2x& (745.) and AF = x — 25; therefore FT AT 
—AF =2x—x + 4 FB (by 743). 
747. To the Tangent TB, let 
CB be Perpendicular in the Point 
B, and meet the Axis in C; then 
it wil ers For let AC 
= 6b, then (by 660.) it is AT: 
AB::AB: AC, that is, 2+: y:: y 


b=2 = 4 P- (Oy Wr 


conſequently 2 x = x 


2x 


2 2 2 | 748. 
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748. Moreoveritis, FB FC; for AF == — 2 p, and 
VOY = x (by 747- ) therefore FC = 2 — 4 + xÞ = "7 
Cerall ns F is the " WIE of a Circle paſſing en C. 
B, and T. And hence alſo che Angle CTB = 2 CFB, Fe 
(642.) or 
749. Draw VR | AB, then it ſhall be VR* = ===, 5 
put VR = 5; becauſe the Triangles TVR, T AB, are ſimi- ſh 
lar; and TV =; AT; therefore RV =; AB, orb=;; 1 


col 


and hence * = 33 = Sx (741:) =- X - z therefore 5˙ = 


0 
RE, =? = f 
750. 3 DH | 5 
cutting the Curve in J and H; and 
from the Point B, draw BM | VG, O/ AV 1 


T 
D 
- Bs 9/ NN 
this is called a Diameter to the Point RT VI K. 
B; and it ſhall biſect the Part IH 2 
within the Curve. For through the 559 Ya 1A 
Points V, I, H, draw VS, KR, 
GH, parallel to A B, and meeting 
B M produced in 8, R, M. Then 
becauſe VO f AB A VS, and ö 
TVS SB, (745. ) thereſore the Tri- 
angle TVO SS BO, and A ABT 
As. But A AB T (or AS): 
K ID:: (AB“: KIK (670.)::AV:KV (740. AS: KS (655). 
Therefore A KID = © KS. Again, A ABT (= 0 AS): 
AGHD:: (AB*: GH*::AV: GV) d AS: Gs; therefore 
AHD = Q GS. But GHD - KID S GS - RZB; there- 
fore the Trapezium GH IK = © GR. . From each of which, 
take the common Figure GMLIK, and there will remain the 
Triangle ILR = LMH; and as they are fimilar, we have LI 
= LH, whence the Line I H is biſected in L by the Diameter 
BM, to which therefore the Line HI is an Ordinate. 

751. The Parallelogram LBTD = A MLH;forABT= 
AS, whence the Trapezium GM BT (= GB + ABT = 
GB + AS = GS) = (750.) GHD; from which take the 

com- 


* 


Cauſe of Parallels, 4a B = FT = BF (755.) AP. Alſo 


a 
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common Figure HMLD there remains LBTD = A LMH. 
9. E. D. 

752. From B let fall the Perpendicular Ba; and frem M the 
Perpendicular M4, Then becauſe BT x Ba = ©, 
or 2 BT x Ba=LH x MI; therefore 2 BT LH: : Mb 
: Ba:: LM: LB, by ſimilar Triangles. Conſequently 2B T 
x LB — LM x LH. Let B&:BO::2BT:P. Then 
ſhall this fourth proportional P be the Parameter belonging to the 


Diameter B M. 


753. Then, the Rectangle of this Parameter and any Aſciſſa 
of its Diameter is equal to the Square of Ordinate of that Ab- 
ſciſſa. Or P x BL = LH* or LF. For ſince BS: BO :: 
LM: LH, by ſimilar Triangles ; we have 2BT :P::LM 


: LH; whence P I and(by 752.) itis LB = 
3 Therefore PX LB = 2BT XLH LMYXA.H 


BY . ': why EK = - ', 76) 


= LH, Q. E. D. 


754. The Parameter P is e- TD 
qual to p + 4 AV. For draw V/ 
VV parallel to the Tangent TB, 4 
this will be an Ordinate to the AE 
Diameter BM (by 750). Then JA 
becauſe BM||VG, it is TV 
= BL = AV (745:.) = x; and JC 

(by 753-) PX BL, or PI & 
= VL * = BT* = AB* + 
AT* =* + 4 x*, therefore Pæ | 
=4x* + þx (741.); whence 


G 
P=4x+þp =p + 4 AV. N 
2. E. D. 

755. Let F be the Focus; and then BF AP. For P 
2+ 4 AV (754. ) and p = 4 FV (742). Therefore P = 4 AV 
+4FV, and PS AVT FV=FT = BF (by 746.) 
2. E. D. | | | 

756. If an Ordinate ab to any Diameter B M paſs thro' the 
Focus F, then it ſhall be : P* ai, or: PS ab. For be- 


- 
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b * 
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TY 
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* 
5 
, N 
LU 
1 
I. 
0 
. 
* 
5 
* 
1 
Ws 
» 
1 * 
| \ 
* 
i 
i 


352 INSTITUTIONS. 
P x ab = (753) av; therefore; P 5 257 whence ; Þ I. 
. K. B., 
757. Let CB be perpendicular to the Tangent in B; then is 70 
. ieren (748). 
Conſequently EXT = OF -4- FT = 12 LL IP=i7 
. | 

758. If a Right-line QB touch the 35 Q 
Parabola in B, and from the Points 
M, 8, in the Tangent, the Right- 
lines MG, SD are drawn parallel to 
the Axis VA, cutting the Ordinate 
BC in G and D; then it will- be 
MO: SR:: BG*: B D. Put MO 
= b, SR = d, BG=c, BD = 
. AY {= Y / 
then drawing BM VA, and OJ, V x | BQ; it is K: b:: (Bn 
ig BT*;BM? :: 7 AP: IO 
(by 657 and 671). For the ſame e *: d:: *: 4. There- 
fore (by 652.) we have ö: d:: : a, or MO: SR: : BG? 
9 2, Z. D. 0 

759. e x MO = BG, or 7 x SR = BD®. th 
For (758.) = = ＋ px (by 741). Allo F = = x] th 
therefore pb = &, and dp —=@*; that i is, P NX MO = BG, b 
and p Xx SR = BD. 

760. Again, SR: RD:: BD: DC; for draw q va, 
and put QC=r, RD =, and DC = 4, R = =P. + Then 

:: (BS.: BQ :) *: 2 TA, and r: 4 4 9: 4 414. ; 

2 , 2 AN. 

(by 657.) Therefore 2 —⁴ a9 2 re 2111 
whence we get a* 5 + ags= dag + d, and dividing by a + 4. 
it is as = dg; hence d: 5: : 4: 9, or SR: RD:: BD: DC. 
2. E. D. 


761. Again, AV: AB*:: RD: nn. For x: d:: 
*: a* (758.) and d: :: 4: 9 (760. 2 


1 
hence æõ94 =y* 5; then xX:j*;35:44, or AV : AKh. 
BD x DC. & E. D. 


crol 


Coroll. Hence alſo (AV: AB*::) OG:BG x GC:: 
RD: BD x DC. Ef) 9111 ya 


762. Becauſe the y* Ham ) * 061 n 


a * ; q 


fore px = 4 ha and ps = aq; that is, þ "KD BD x 
DC. Thuzallo$ x O'G = BG x GC. 9 E. N. 


Of the ELLIPSIS. 


763. If a Cone FLP be cut by a 
Plane which paſſes through both its 
Sides, that Section VB T BV is 
called an ELLISsISs H; and its gene- 
ral Property is thus inveſtigated. 
Suppoſe E Be B a cireular Section 
parallel to the Baſe, and cutting 
the Ellipſe in the Right- line B B; 
then ſhall Ee the Diameter of the 
Circle: interſect TV the longeſt 
(called the Tranſverſe) Diameter of 
the Ellipſe in the Point A, biſecting 
the Ordinate BB; then draw G V and TH parallel to FP; and' 
put G V d, TH = c, VT S a, AB , VA = x. Then 
becauſe of _ I VAe, VTH, we have VT: TH 


VA: A 622. Allo becauſe of theſimilar Triangles Tov, 


* y 
f' =» 


22 Fi = \ _ 
. =_ 


a 
m—_ 


But 1 the Circle EB. B, we wen EA 4 


rad © 


nx AB= (658) an thats — = = 


764. Let it be male a:d::c * = then ſubſtituting 7 


— Dx 
il Value i in the above Equation it becomes ? wy 2 neg == 


yy. And if another n Section DA D be made cutting 


the — one in bb, then ab S y, and Va = x, it will ap- 
2144 pear 
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an : aX -x x 
pear by the ſame Reaſoning, that 5 - 2 


= yy. Hence 
ax—xx:yy::a:þ::ax — XX: yy. Conſequently it will 
be every wherea:p::a—x Xx: | 


Of the HYPERBOLA- 


765. If a Cone ECebe cut by a 
Plane thro? the Baſe, andthe oppoſite 
Side continued above the Vertex as 
at T, ſuch a' Section is called an 
HyPERBOLA, as ABVB; and 
becauſe the ſame cirgular Sections 
made here, and the ſame Lines 
drawn, as for the Ellipſis, there 
will be the ſame fimilar Triangles 
formed, which will give the ſame 
Equations here as before, only as in 
that Caſe it was TA =@— x, it 
is here TA=a + x; and fo the 
Equation for the Hyperbola will be 


mis — 2 N, 


„„es TIL 


f or in Ana- E 


logy, a:p::a+xXx:yy, Hence the Analogy a:p:: 


aFxXx:yy will ſerve for both Ellip/is and Hyperbola, at the 
ſame Time; uſing the Sign — for the former, and + for the 
latter in all Caſes. 


766. The greateſt Ordinate DEi in the Ellipſe is called the 
Conjugate ä Let the Half thereof of ED = 5; in this 
Caſex= VC =; e, andy = 5b. Whence the Analogy for 
the Ellipſe becomes a:p::a—jaXx4a:4i6b x 46; that 
is, 4 p:: 4 4: 4 bb, and ſo ap = bb; whencea:b::5:p. 
So the Parameter of the Ellipſe is a third 2 to the oy 
werſe and Conjugate Diameter. 


767. Since a: p:: a: 8 27 — 1 Xx? yy (764.) 
 wehave AB? : TA x VA:: DE;: T-, or = * ax — x 
* 


168. The 


KX 1 — 
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768. Becauſe, in the Focus, NM | 


f pP. or yy = A p þ, we 
ſhall, in that Caſe, have 4 = 


ax — XX 
„ ortap=ax—x" 


and changing all the Signs it is 
x*—ax = — Lap, and com- 
pleating the Square it is x* — 
6x + 544 = eg —— 248 
extract the Root, and x — 2 4 
Vea lap 1y/ aa—op. 
Let F, H, be the two Focus's ; 
then CF =CH = 24 — K 
=:\/aa—ap, ory/ aa—ap 
=2FC=FH; whence aa 
— aþ = FH, and ſo TV 
24%): FH:: FH: TV- / ; 
p(=a—þ.) I. [X 
769. Two Right Lines drawn from any Point in the Curve of 


the Ellipſis to the two Foci, are, together, equal to the Tranſ- 
verſe Diameter. 


CAMS £E 


Let E, the End of the Conj. 
Diameter, be the given Point; 
and draw HE, FE; then is 
HE+FE= TV. For CE* 
+ CH*=H E*; but CEE T HB C F V 


=>, and CH. = Ta- x = — whence 7 * 


424 — 48 


ö = = =E; therefore EH =4@ = EF; con- 
ſequently EH + EF = La Þ+ z z$4=a=TYV. (766, 768.) 


e IE 


Let A be a Point taken any where in the Curve, and 
draw HA, FA; and the Ordinate AB. Put TB g , HC 
= 4; then TH = 24 — d, HB 1 + a, and be- 


cauſe HE = TC = 2 4, therefore CE = — — dd. But 
4 
Aaa TC 
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TCxCV:CE*:: TBxBV : AB* (767.) that is 2 7 
1 qx4d _ + 4ddss 


a = AB.; to 
this add HB* = xx —ax + 444 + 2dx—ad ＋ dd, the 
Sum will be AR = _ ? ad +ddb2ds —ED + . 


aa ? 


dd: COX = XX LOX n= XX 


| the Square Root whereof is AH = 8 244 = Alfo, if 


to the above A B* you add BF“ = d! + da + Fs — 2 4 x — 


@x + x*, the dum will be AF*= d* + da 244 — 2dx— 


tr + — , whereof the Root is d + 2 4 — =AF; 


to which add the above found Equation AH = A a —d + 


yew „ the Sum is AH + AF = Za +4e= TV. QE. D. 


Note, in the two oppoſite Hyperbolas, the Difference of theſe 
Lines is equal to the Tranſ verſe TV. 

770. If to any 
Point A of the Curve 
right Lines be drawn 
from the Fac, viz. 
AH, AF, and one 
of the Lines (AH) 2 3 
be continued out to AM Wh {TIE 


G, then a right Line, A L, biſecting the external Angle F AG, 
| thalltouch the Curve in the angular Point A, For make AG = 
AF, then (becauſe the Angle GAL FAL) if you take any 
Point, D, in the Line AI, we have GD = DF (by Inſt. 681.) 
draw HD, and H d, then HD +DG is greater than HA 
(+AG=) +AF=Hd+4dF= TV. (769.) There- 
fore the Point D is without the Curve, and will be ſo till it coin- 
eides with the Point A, Ay AL is a Tangent to the 
Curve in that Point. 

771. The two Lines AH, AF, drawn from the Point of 
Contact A to the two Fai, make equal Angles with the Tan- 
1 MAL. For the Angle FAL 7 GAL (by 770.) & 
MAH (630.) 


wm,» oe 


e 


| Hh 
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772. Let AB be perpendicular to the Tangent in the Point 
of Contact A, then ſhall the Angle HAB FAB. For the 
Angle MAB = LAB, by Suppoſition; from which take the 
Angle MAH = LAF (771.) there will remain the Angle 
HAB = FAB, (200.) 

773. The ſame Conſtruction remaining ; we have HA: AF 
:: HB: BF. For in the Triangle HAF, the Angle HAB 
= BAF (772.) Therefore (by 666.) HA: AF:: HB: BF. 

774- Since one and the ſame Line T V is the common Axis 
both to the Ellipſis and to the Hyperbola ; (ſee Fig. to Inſt. 768.) if 
we alſo take one common conjugate Diameter DE to both; and 
about the Ellipſis deſcribe the Rectangle abed. Then, ſince p is the 
ſame in the Ellipſis and Hyperbola; we have Cf = Cd, or the Diſ- 
tance of the Focus f of the Hyperbola from the Center C, equal to 
half the Diagonal of the Rectangle a bed. For putting V f = x, we 
ſhall find (by the Proceſs of 768.) / aa + Lap 24 +x 
= Cf; but ap = bb (by 766.) therefore Hi aa + 3bb = 
Cf=y/CV*+Va* = Cd (636.) 2. E. D. 

775. The Diagonals of this rectangular Parallelogram, pro- 
duced both Way indefinitely, make thoſe right Lines which are 
called the ASYMPTOTEs, whoſe Property it is to approach nearer 
and nearer to the Curve of the Hyperbola inſcribed between them, but 
will never coincide therewith, Thus C'S, CL are the Afymptotes 
of the Hyperbola GVZ; CK, CM of thy oppoſite Hyper- 
bola. Alſo CM, CL are Aſymptotes to the N beibola ODN; 
and CZ, CK of the Oppoſite one. 

7766. That the A- 
ſymptotes conſtantly ap- 


proaches the Curve but 
can never meet it, is thus 


ſhewn. Let C V= 4 


bt, Da 7 


or VD. =; VA 


Se, VI=x; then CAS T ClI=— + x3 and 
Aaa 2 CV 


| 
: 
| 


, 


d 
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CV:VD: CA:AL= J and there- 


AT o *2 er, ap Wy... 
fore AL TT OG + yy (705-) e2-Þ 


A B*; therefore AL — A B* = 7 = V D*. And by rea- 
ſoning in the ſame Manner we prove IN. — IH = VD. 


Therefore, ſince the Square of the Ordinate to the Curve is 


every where leſs than the Square of the ſame Ordinate to the 
Aſymptote, by the conſtant Difference of 2 or VD, *tis evi- 


dent the Aſymptote can never touch the Curve. ©, E. D. 
777. In the Hyperbola, it will be every where VD x VE 
N x BM= NH x HO. For VD X VES VD; 
xap = AL* — AB = IN* — IH: (776.) and AL + 
8 BM, and AL - AB S LB; therefore AL + AB 
A AL* — AB* LB X BM = tap; there- 
xa 


fore LB = EM- In the fame Manner we prove NH = 
227 


HG wherefore, ſince H O is greater than B M, *tis evident 


NH is leſs than L'B; fo that the Curve is nearer the Aſymp- 


tote at H than at B. And thus it will ever be nearer, but never 
meet it (by 776.) | , 

778. Since LBX BM = (ap =) NH x HO (777.) 
It is LB:NH:: HO: BM. Draw HP, BQ | CN; 
then are the Triangles Q BM and PH O ſimilar, and there- 
fore (657.) BM:HO::BQ:PH (::NH:LB.) Draw 
BD, RH CO; then QB = CD, and PH = CR; there- 
fore CD:CR::NH:LB::RH: DB, by fimilar Trian- 
gles NRH and DBL. Therefore CDXDB=CRxRH. 
779. Draw SV CO, and TV | CN; andputSV — CS 
= a, S Rx, and RH); then,fince CS: C R:: RH: SV, 
(778.) or 424 , % it is a =ay+yx, or y = 


Wy „ or (put a= 1) y= . — for the Equation expreſſing 


the Nature of the Hyperbola between the Curve and the Aſymp- 


780. If 


totes. 


ts 


Bol I & t& 
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780. If the Aſymptotes make a Right Angle R CF, then the 
Hyperbola is ſaid to be Reclangular. From the Point C draw 
CH, CB, CG, CK. The £3 CRHP = CDBQ (778.) 
Therefore the Triangle RHC = DBC; ſubtract from each 
the common Triangle CDa, there remains the Trapezium 
RDAH = ACaB; to cach of theſe add the common Space 
BAH, the Sums are DBHR = HBC, the Hyperbolic 
Sector. DE 

781. Becauſe of Parallels, the Hyperbolic Trapezium GEF 
K = DBHR, and fo the Sector CK G C HB: and ſup- 
poling the Ordinate B G to move parallelly, the Sector C VH 
Se. 

782. The Line CF is divided proportionally in PQ E F, 
that is, CP: CQ: : CE: CF. For (778.) RH (Se 
DB (= CQ) :: CD (= CE): CR (= CF). Where- 
fore, ſince the Hyperbolic Spaces HRCP, HRCQB, HR 
CEG, HRCEK, are in Arithmetical Progreſſion (being as 
1, 2, 3, 4, c.) and CP, CQ, CE, CF, are in Geometri- 
cal Progreſſion, tis evident the Former are Logarithms of the Lat- 
ter; that is, the Hyperbolic Spaces are Logarithms of the Ahmp- 
tetic Abſeiſſe, (by 130, 131.) | 

783. Becauſe when CP:CQ::CE: CF, the Sector 


BCH = GC; therefore when it is made CP: CQ:: C 


: CE, then the Sector BCH = BCG. Conſequently, when CP, 
CQ, CE, CF, are proportional, the Setor HBC = BCG 
= GCH. And ſo the Sectors HBC, HGA, HK C, are in 


Arithmetical Progreſſion, and therefore are the Legaritbms or Expo- 
nents 
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nents of the Geometric Ratios of the Abſciſſæ. Thus, if the Ra- 
tio CP: CQ be expreſſed by the Sector HB C, then the Ra- 
tio CP: CE will be expounded by the Sector HG C, and the 
Ratio CP: CF, by the Sector HK C. 

784. But the Sector HBC = HBDR (780. ) and HBDR 
= HPQB. For the Rectangle RHPC — DBQC; from 
which ſubduct the common Rectangle DP C, there remains 
DbHR = PIB Q; to each add the common Space HB; 
then DBHR = HPQB. Thus the Sector BCG = QBGE; 
and the Sector HCG = HP EG. Whence, n the 
Logarithm of CE to CQ. is the Space BQEG. 

785. From what was demonſtrated in (769.) is deduced an 
eaſy mechanical Methad of deſcribing an Ellipſis, viz. fix a Pin 
in each Focus, and a Third in the End of one of the Diameters, 
and then tying a Thread faſt about the three Pins, take out that 
on the End of the Diameter, and placing the Head of it within 
the Thread, carry it with a tight and ſteady Hand about the 
two Foci, and it will deſcribe the Ellipſis very exactly. But the 
organical Deſcription of Curves is a Subject that will merit more 
particular Attention in another Part of this Work. 

786. As to the Etymology of the Names of theſe Conic 
Sections, it is derived from the Nature of the Curves re- 
ſpectively; thus when the Square of the Semi-ordinate is equal to 
the Reflangle under the Parameter and Abſciſſa, viz. yy = p x, 
then that Equality is intimate by the Name of the Curve, viz, 
PaRxABOLA. (740.) But, when that Rectangle (p) is leſs 


than the Square (yy) by the Quantity ( ) then that Defi- 


_ ciency is expreſſed in the Name of the Curve ELL1Ps1s. (764.) 
By the Word HyrERBOLA, the Zxceſs of the Rectangle px 


above the Square (5%) by the Quantity =_ isſhewn. See (765.) 


It is moreoyer 3 that _ is a Rectangle, viz, 7 * 


x fimilar to the conſtant Rectangle N pz fora:9:: x: . 


4 


We have now premiſed the firſt Principles of Conics, and can 


enlarge upon them at Pleaſure, or as we may at any Time here- 
after have Occaſion, 


THE 


{| 


( 361) 


— 


T H E 

DocrRINE of FLUXIONS, 
OR 

ELEMENTS of the New GrowmeTRY. 


n 
— 


— —_— * 


_ HE Subject we are now entering upon is really a NEw 
GEOMETRY, not in the leaſt known to the Ancients 


Algebra, they are ſuppoſed to have underſtood ; and kept it a Se- 
cret; but FLux1oNs remained among the Incognita of every 
Age from the Beginning of the World to our own. The Glory 
of this Invention was reſerved for the great Britiſb Genius, Sir 
Isaac NewToN, as is put paſt all Doubt by the Author of a 
Treatiſe entitled, Commercium Epiffolicum. As this Species of 
Matheſis opens at once an Entrance to all the ſublimer Parts of 
Learning, it will be neceſſary here to premiſe the firft Princi- 
ples thereof in a Manner the moſt natural and eaſy that we can, 
and agreeable to that in which it was firſt propoſed to the World 
by its Author. The Doctrine of Fluxions depends upon a few 
Principles only, and thaſe eaſy ta be underituod, which here 


follow. = 


1— — n ä 
hs. WIN pd „ 8 . 9 


CHAP. XIII. 


787. 12 Points A, B, be ſuppoſed to a M 
move equal Paces AM, BN, in A— 

the ſame Time, they are then ſaid to move b 

with the ſame or equal Velocities ; and if in B— — | 

every equal Portion of Time, the Spaces 

paſſed over be equal, the Velocity is then ſaid to be equable or 


57 85 D 788. It 


— 


\ 
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788. If in the ſame Time, the Point A paſles from A to M, 
the Point B moves from B to O, then is the Velocity of the 
Point A to that of B, as AM to BO. Put AM = x, and 
BO =y. And let Aa, Bb, be the indefinitely ſmall Spaces 


_ Geſcribed in the firſt Moment of Time; then the Motion or 


Velocities of the Points A and B being ſuppoſed equable, we 
ſhall have Aa: AM:: BS: BO. Let Aa S &, and Bb =; 
then ſhall *, 5, (which are called the FLUX10Ns of x and y) re- 
preſent the Velocities with which the Points A, and B, every 
where move, and fo it will be æĩ ::: * :. | 
789. Since Superficies AB CD, A & _B 
EFG, are deſcribed by the Paral- : 
lel Motions of the Lines A D, E , 
(515.) Let A435 D, andEebH, be D 5 
the indefinitely ſmall Parts deſcribed EN 
in the firſt Moment of Time in each, : 
a., AD=a; EF =, ; | 
and EH b. Then allo Aa=s, 15 63 e 
and Ee j (788.) The whole Rect- 
angles are ax and by, and their Naſcent Increments (A abD, 
and EehH) are a and by, If now the Times of deſcribing 
theſe Rectangles are equal, and the Velocities equable.; then 
ax:by::ax:by;'andioax, bz, will be proportional to, and 
therefore may repreſent the Velocities with which thoſe Rect- 
angles are generated, and are therefore their Fluxions. (788.) 
790. But what we have now ſaid relates to the Fluxion or Flow- 


ing of the Rectangle one Way only, or accerding to one Dimenſion; 


but ſuppoſing it to increaſe according to both its Dimenſions, or 
ſo that both its Sides may flow to compleat the Spice it contains, 


then we mult add the Fluxions ef both Sides together, and their 


Sum will be the Fluxion of the Rectangle in this Caſe. 

791. In order toilluſtrate this it muſt be conſidered, that the 
illuſtrious Author of this Invention firſt delivered the Idea of 
what, we now call a Fluxion under the Name of Momentum, 
which was a Term uſed in Mechanics to denote the Quantity of 


Motion generated by a given Quantity of Matter (A), and 
the Velocity (a) with which it moved conjointly. This Mo- 
© * mentum therefore was properly repreſented by (Aa); and if (Bb) 


denote any other Momentum reſulting from a Quantity of Mattes 


(8) 


. 


the ſame time, they will be as Aa to 
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(B) moving with any Velocity as () &@ H/ _ 
then if theſe Momenta are generated in 1 | 


Bb; and if the Velocities of Motion 
are equal in both A and B, then will 
the Mementa be as the Quantities A 
and B. But inſtead of this mechani- 


cal Notation, we now uſe x and y j for the 4Zomenta, or Flux- 


ions, generated by the Quantities x and y as above deſcribed. 


792, Then on a given Line A B, ſuppoſe a right Line-GH 


were to move in a Poſition always parallel to itſelf, from A toB. 
Alſo upon another Line A C let the Line EF move from A to- 
wards C in a parallel Poſition alſo. And let the Velocities of 
the moving Lines be ſuch, that their Interſection at I ſhall de- 
ſcribe the Curve Line AID. By the Motion of theſe Lines 
there will be deſcribed the Curvilineal Spaces ATDB and 
AIDC, alſo the Parallellograms AE FB and AC HG. Put 
AGS = (EIS) x, and GI = (AE =)); and the Fluxions 
of the Spaces deſcribed by the Generating «Lines x and y, will 
be always as the Magnitude of thoſe Lines, ſuppoſing the Velo- 


city of each to be conſtant. Therefore when the Line A C arrives 


to the Poſitions g h, GH, i, the Fluxion of the curve-lined 
Space Al DB will be as ag, I G, and 54; but the Fluxion 
of the Parallellogram AE FB will be in each Poſition the ſame, 
being always as the equal Lines c g, I G, and 4&. In the 
firſt Poſition therefore at g h, the Fluxion of the Space AIDB 
is leſs than that of the Parallellogram, becauſe a g is leſs than 
eg. In the third Poſition. at i &, the Fluxion 5 4 of the ſaid 
Space is greater than 4 # the Fluxion of the Parallelogram, 
conſequently there muſt be ſome intermediate Poſition G H 
where the Fluxion GT is the ſame in both. | 

793. In like manner it is ſhewn, that the Line which moves 
from A B to C D, when it is in the Poſitions ef, EF, and /m 
produces the Fluxions of the Space AID C leſs, equal to, and 


greater than thoſe of the Parallellogram A G HC. But we 


have ſhewn that the F luxion of the Rectangle AB F E is at 


the Poſition at I G equal to y x, and of the Rectangle AGHC 


it is x 5; but theſe are alſo equal to the Fluxions of the two 


curvilineal Spaces, AI G and AI E, which together make the 


B b b BE Rect- 


* 


i 
9 


. 
I 
9 7 
. 


"_- 


— — 6 
ea — 
2 — 

— — 


— 
— — 


— — — 
N 
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Rectangle AGIE; therefore the whole Fluxion of the aid 
Rectangle AGIE (or x y) (conſidered as flowing according 
to both its dimenſions) is equal y # + x 5 

- 794. Hence it is manifeſt that when AG=ALE, or x . 
FU ie 3+ xj =2xx, or 2yj; which therefore is as the 
Fluxion of a Square whoſe Side is x or y, that is of x* or y*, 


795. Let A F be a Parallelopi- A a B 
pedon, whoſe Length is AB x, 47 — 4 
its Breadth A D = y, and Depth r 
A H = 2. Suppole it to flow ZIP | M1, | 
equably according to its Length 7 — — — 2 E 
only, by the Motion of the Plane G I 
ADGH = y x, and ſuppoſe * © F 


A ( ) the Space deſcribed in the Direction of A B the 
firſt Moment of Time; then will the Solid Ac be as the Flux- 
ion of the Solid A F, and therefore equal toyz &. If the So- 
lid were to flow only according to its Dimenſion of Breadth 
A B, by the Motion of the Plane ABEH = xz, then would 
the Fluxion be x 2 3. And if the Solid flows in the Dimen- 
ſion of Depth A H, by the Plane AB CD = xy, then is its 
Fluxion x y x. If then it flows in all its three Dimenſions, 
the momentary Increaſe or Decreaſe will be proportional to the 
Sum of all, viz, yz x + 25 + xy 2, which therefore is the 
Fluxion of the whole Solid in this Caſe, 

796. The ſame Thing may be otherwiſe proved thus : Put 
xy = = v; then xy zx 2; and by (791, 792, 79) 5 =x y + 
x , and the Fluxion of v2, viz. v ＋ v is = the Fluxion 
of xyz: Therefore, by Reſtitution, or writing x y for v, and 
* y + x 5 for , we ſhall have the Fluxion of xFz = + y x + 
x3 z + Ks before. And when x =y = z, then x12 = x? 
and its Fluxion 3 x* x, or 3 KA. 

797. Since the Fluxion of x is # (788) ; ; and of * is 2 * 4 = 
„ (70 and of , is 3 * & (796) = 34 z; it is 
evident the Flilon of * is m ; and the Fluxion of x 1 
js ma xy +a 5x". 

708. e ee (for x: Vx: TOP gem 15 and x*: 


1 17 * of therefore the Fluxion of Wx=x* | is 1 8 
| axe | 


=z 4 7 5 * — * ; and in like Manner the. Fluxioa, 


of 
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; 2 * 3 * 2 * . . 

of VE = x 2, is Z * x; and in general the Fluxion of 
n m — 

fg 


— 772 Þ 
V x — x" is — N *. 
N 


799. Thus alſo the Fluxion of ver XY ==XxE 52, is 4 x—T 


T * 2 
251427 £555 1 . and in general, the 
12 25 * 
D 40 
Fluxion of / 2X * 3 xy” 9 
- 
Til 


800. The Fluxion of any | Root of Surd Compound Quanti- 
ties are alſo thus eaſily obtained. As the Fluxion of Vxy- +97 yy 


=xy + y 53-8 4 xpS43g9=r7 Xx5 +4 + ge e 
xj + y x Ft + 


22) 755 
1— 


1 
2 4 z, 95 + * , * m . 


And univerſally the Fluxion of f = + ** 


Alſo x* 777 E S YZ i] gives the Fluxior 
1 


r K =" + x* X 9575 7 + m2" — 


— 


3 
801. The Fluxion of a Fraction = is thus found. Put 
9 
- = v, then x = v y, and the Equality between x and uv 
ought ever to hold in all their State of Increaſe or Decreaſe, 
their Fluxions will always be equal, but the Fluxion of x is &, 


and the F luxion of vy is v5+y © (792, 793) ; therefore =v j 


19553 and ſo & — ., R ; 


9 74 
by ſubſtituting for v its Value - an 
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802. Becauſe (a) repreſents a con/tant Quantity, its 
Fluxion is (o), therefore the Fluxion of a + x is only 
*, and the ſame may be ſaid of numerical Quantities, thus 
the Fluxion of 1 ＋ x is only &. The Fluxion of 4 x, 


- * . f . a * * 4 x 
or 2.x, is only ax or 2 #. Hence the Fluxion of 8 iy - 
; - 4 * . 

and that of is —. But the Fluxions of 


a+ x aa + 2a x + X 4. 
complicated Fractions are beſt found in their Value expreſſed 1 in 
. xr 


infinite Series. Thus IT 1 IE 22 (103) B the 
Fluxion of which Series is — 7 + e — ot ie Ee. 


(by 801). 
| $03. But the principal Uſe of Fluxions is to find the Fluent 
or flowing Quantity from the Fluxion given, which is done in ge- 
neral by the Reverſe of the Method of finding the Fluxion of 
a given Fluent, above delivered. This Method conſiſts in three 
Particulars, viz. (1) Expunge the fluxionary Letter; thus the 
Fluxion 2 x & becomes 2 x. (2) Add Unity to the Index or 
Exponent of oo flowing Quantity; and thus 2 x becomes 
2x*+*=2x* (3) Divide by the Exponent thus encreaſed, 
and fo 2 x* W x*, which is the Fluent of the Fluxion 
2 x x, as required. Thus 3x" is (1) 3 x*, (2) 3 x*, and (3) 
*. 80 general mx —* x becomes firſt mx” , then ma”, 
and laſtly x ” the Fluent required. 


Sog. Hence all the Fluent of x & is ＋ ; for it is firſt x, 


K 
then *; and ally 2 80 * & is firſt, x* ; ſecondly, 
a „ thirdly © the Sowitg Quantity; and by Inſpection it ap- 


pears that the Fluent of & is x; of x5+y#isx (by 7ꝙ, 
793, and the Fluent of 4 e 4 2 is æ 2 y (by 


796.) And alſo that the Fluent of = 2 is 7 and that the 


J. 
Fluent of 4 + 122 42 Ee, is x + # + x*, and in ge- 
- neral 
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neral the wap apes will n and e 


will be x — *c or — — (798). 


M— * 


Mm ee = 2 — 
805. Thus alſo the Fluent of rA is x = A, 


ji m + n : n 


„ 
and of a x is 


x ” for by rejecting æ, it is ** 


m Au 


m * 
and by adding 1 to the Index v it is a «4« ( for — +1= 


mn n 
, we have 


3 and dividing by 4 as a- 


+ 2 
bove. Now this is a general For orm for any other fluxionary Power 


or Root, as 4 x # = 4 #3 , where a 4, M=1, n = 2, 


and ſo 2 = 25 therefore — — — 13 and conſequently we 
m + n 3 33 | 
ſhall have _ n == x =2 4/7 for the Fluent of 


4 * K. After this Manner the Fluent of y/x** A will 
be found 1224 : vV **; and of x: + = l A, will be 


— F=* , of 


« , 
= &, Will be — ZK = = JE 
PE — 

9 


And laſtly, the Fluent o = z à willbegs = x 


1X 1=2 = Infinity; 1 here a = 1, M= = I, and 
1 21. 8 

806. If a Fluxion be multiplied into ſome Quantity affected 
with a Vinculum, that is, into ſome Compound or Surd Quan- 
tity, which Quantity is the Fluent of the ſaid Fluxion, as 
a 4 4 ax then will the Fluent of the Expreſſion be 
had by the general Rule thus; ſtrike out the Fluxion, and it 


becomes a 8+ ax"5 and add Unity to the Index m, and it is 


«a +a's" *+"; then divide by the * ſo increaſed, and you 
have 
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— the F Juent op 2 X aa + a x 2 for the Expreſſion 


propoſed. 


* 

807. Thus alſo a & * 9 2 Ter“ 2 24 X aa +a x |"? 

by the very fame Proceedure, will have its Fluent thus ex- 
m + n 


preſſed ——— aatax : . Thus the Fluent of 2 * * Xx 


\ — — 1 
a aa + xx =2xxXaa+xx* 183 aa+x=x*, or in Surds 


"SEP 3 N So the Fluent of this Expreſſion 


1 1 54 X 41 "2 wt $ — 27 TN; and ſo for any o- 


ther of this kind. 


808. If the Fluxion without the Vinculum be not that of the 
Quantity under it, but is yet in ſome given Ratio to it, the Flu- 
ent may in this Caſe be had in a finite Number of Terms. Sup- 
poſe the Expreſſion were x x 924 * *, orx#Xaa+x x]* 
my the Fluxion x x is to that of &, as 1 to 2, viz. x &: 2 * K 

: 2. It will be beſt here to proceed by Subſtitution ; therefore 


— 


% es * 2 223 thena a + x X = ZZ, and 2X 4 225 
or æ * = 2 23 therefore x # v/ a + K z but the Flu- 
aakxx 


[ Hr 


ent of 22 F is 12 = 122 * 2 (by Subſtitution) 


4 4 4 + XX. 


809. Alſo the Fluent of x "=" x a at Fa") may be found 
in bke Manner. For here the Fluxion «* =* — , is to that un- 
der the Vinculum of x”, viz. m =, as 1 to n; which Ra- 
tio is given. Therefore put 4 = = a, ee 
= 7 and conſequently *. E, and therefage x” =" x 


| = — A therefore 9 J eg === But the "_ 


21 Was 


11 We Lauts VIZ xv 
3Y: if 


* = 
»- bs 
* 


m mn un 


4 
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X aai = the Fluent of the ho Expreſ- 


mn T n 
n ſion. 
810. Thus allo the Fluentoſ d at N 4 T may be 


| found; for put TF = 2", then a + fx = E, and ſos = 


Fees d therefo 2 — 4 z 
Vn x 45 An ercrore fm | Xx 25 and n 
dn =" x; therefore ig nw * T 72 238 
mM 
= x2" &, but the Fluent of this latter F luxion 18 * N 
Z d 


„ — 2 z if therefore inſtead 
+1 F xn+1 


4 
. fs | 12 m X n 11 11 
Xx 4 ＋ for the Fluent of the Expreſſion propoſed. 1 
811. The laſt is a general Form for any fluxional Expreſſion ; f 


of that Kind; thus ſuppoſe the Fluent of & X a + T were re- 
quired ; here m n, n , f=1i, da” => * = d A 


of x we ſubſtitute its Equal a + fx *, we have 


=27, therefore = and conſequently 8 — 4 „ 


In Xn+1 
will be the Fluent required, Again, letx3y aa aA 
X a 7; here m 2, 1 , f=1, and d & 


— #4 x, and therefore d= 1 ; hence 2 8 
e 2 * 4 
= 4, and ſo. 20 +7] or 2 ef is the Flu- 


ent, the ſame as before. 
812, The Fluents of ſuch fluxional 8 may be 


found alſo by an infinite Series; ; fora + /'* Th ak into an 
— x 70 


infinite Series will be * 4 17 „ + et = > 


gamgn—2 x, Sc. Or if A 73 = A- „C. 5 i _ 


D = FT, Sc., we ſhall havea ges. — Lt I + * 
25 Aa- 
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Affe = Bf 5 = © f*x*” +, &c. Now 
if this Series be multiplied by the Fluxion dx” — * x, and the 
Fluent of each Term be taken, we ſhall have a” d xr x . 


n „ A—1T | n— 2 

7 
* *, &c. for the Fluent of dx = x Xa +f x * which there- 
fore will ſerve as a general Form for all binomial Expreſſions 
of Fluxions of the ſame Kind with this. But where the. Flu- 
Ent can be had in finite Terms, the —— Form of the (810) 
is much the beſt. 

813. But it muſt be confeſſed there is no direct and certain 
Method of finding the Fluent of a given Fluxion that ſhall 
hold in every Cafe, becauſe there may be different Fluents 
which produce, and conſequently which belong to the ſame 
Fluxion ; thus x, 4 + x, x + 1, Cc. all have the common 
Fluxion &; and if there be nothing in the Circumſtances or 
Conditions of the Problem to determine the Fluent, we are 
wholly uncertain what it is. But of this more hereafter. 

814. To find the Fluxion 
of Curve Lines and Curviline- 
al Spaces, or Areas, there is 
required but one Pſtulatum, 
viz. that the Curve VB E and 
its Tangent I F at the Point of : 
Contact B, are in the ſame Di Fo yy A G 


rection for an indefinite ſmall Di. 1/tance on either Side, as Bb. Or, 
that the ſmali Portion of the Curve and Tangent Bb are coincident, 
and make a Right Lineola; then putting the Abſciſs VA = x, 
the Ordinate AB = , and the Curve VB = 2, and draw cb 
infinitely near and parallel to AB, and CBa parallel to the 


* 


Axis TG. If now we ſuppoſe the Ordinate AB to move 


equably along the Axis, and with its Point B to deſcribe the 
Curve V BE, then it is evident in any Situation of the Ordinate 
A B, the Fluxion, or Velocity, of the Abſciſs AV, is Ac = A; 
and of the Ordinate A B, it is ab = 5; and of the Curve VB, 
it is Bb = . . 


815. Now 


| 1 2 „ 2M . T JI 
„ 1 


8 


m > > „e 
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$15. Now becauſe of parallel Lines, the Triangles Bgb 
and T AB are fimilar ; and therefore (657) TA: AB:: Ba: 
ab:: 4: 3. Let the Curve be the Parabola; then TA=2x,(745) 
and ſo 2K : :: &: j or 2 x; but px , (740) and putting 
p 1, it is æ =) Ys and lo2xj =2yyj = y4, or 2 x» 
Whence it appears again, that as the Fluxion of x is &, ſo the 
Fluxion of 5 is 2 y j agreeably to (794). 

816. Becauſe the Ordinate A B is at Right Angles with the 
Axis, the ſmall Triangle B ab is rectangular, and fo B + 
2 * Bh, * E &, conſequently the Fluxion of any 
Curve VB is & = 93 + 33. 

817. Again it is evident, the Fluxion of the curvilineal 
Space AV B is the fame with that of the Parallellogram 
AVCB, at the Inſtant the Ordinate arrives at the Situation 
A B; for at any Time before it was leſs, and at any Time af- 
ter, it is greater. But the Fluxion of the Parallellogram is as 
AcaB=yz, (792) which therefore is the Expreſſion for the 
Fluxion of any curvilineal Space. 


- _ | * . — 
- _——_——— r Al 7 


CHAP. XIV. 


Of the ME THqp de MaxiMis and MINIMIS; 
the RECTIFICATION of CURVES ; fhe QUADRA» 
TURE of Curyilineal Spaces; and tbe CyBATURE 
of SOLIDS, 


818. W E ſhall now give a Specimen of the univerſal Ap- 

plication of Fluxions to all mathematical Purpo- 
ſes; and which will contain the original Principles of the moſt 
extenſive Geometry: We ſhall illuftrate this Subject in the 
following capital Articles. 


I. The Mer Hop de Max1Mis and MINI IS. 


This Method conſiſts in determining an extreme Value of any 


propoſed Quantity, that is, to find when it is greats A, or kaft, 
Cec Now 


var 
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Now, as ſuch a Quantity becomes greater or leſler by flowing, 
ſo when it has attained its greateſt or leaſt Magnitude, that 
flowing State is at an End, and i its F Juxion | in that Caſe muſt of 
Courſe be nothing, or = o. 

819. To illuſtrate this, let V BD 

be a Circle; VD = @ = Diameter, 
the Abſciſs V A = x; the Ordinate 
AB=y; then AD = a - x, and /, . 
becauſe of the Rect- angle VBD, (645) X 5 D 
it is AD: AB: AB: AV, that is a—x: 271 57: x, and ſo a x— 
xx =yy. Now to find when AB or) is greateſt, put the E- 
quation into Fluxions, and it is ax— 2x4 255. And 
becauſe in this Caſe 5= o, (818) therefore 2 y j=0, and ſo a * — 
2x5 = 0. Hence 4a 2, chat is, a 2 4, or x =4 
a 2 VC, when J or AB is a Maximum, as it evidently 1 is at 
CE. 
829, Hence it appears, that when a Line v D is divided 
into two Parts, AV and A D, whoſe Product AV x AD is 
a Maximum, thoſe Parts are 28 to each cther, or the given Line 
Is biſefted. 

821. Let the right Line A B be A „ 


ſo divided in C, that AC“ e — 
may be a Maximum; put AC = x, and CB = y; then it is evi- 
dent, that the Fluxion of both Parts is the ſame, and that while 
AC increaſes, B C decreafes ; therefore # = — 5. Since + 
3" is a Maximum, its Fluxion m * —ny"—" 5 x 
x" = o; whence m =" "=ny"=" x"; therefore x : y* 


in 7 NY, 
n -:. r — 3 therefore — = >, 
Nu, Jy - Jy 


and nx = my, whence x 7 u n= or the Parts a are di 
ly as their Powers. 


822. Again, let CVD be | 13 
2 Parabpla; and put C D S a, | 
CA = = x, AB = y, then AD = 
a—x,and (762) px AB = CA 
* AD, orpy=ax—xx; 


and in Fluxions Dj =ax—. C A 
2x4. When thtrefore A B or ) is a Maximum, it is y = 0; 


then 2. = _ 246, or æ CE, as before. 


. V It. Th 


YO TT WE”: AS. . 


E 


VB D. Let T D be a Tangent at D, 
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II. The RECT1FICATION of CURVES. 
823. By the Re#ification of a Curve, is meant no more 


than the finding a right Line equal to it. I ſhall give an Exam- 
ple in the Arch D B of the Circle 


draw C P, and infinitely near it CT; 
and with the Radius CP deſcribe the 
{mall Arch PQ. Put D Cg a, DP 
= x, and then TP = &, and Bb & 
= Fluxion of the Arch D B. Then it is TP: QP:: 
CP: CD; and PQ:Bb::CP:CB=CD. Therefore 
(ex quo 652,) TP: Bb::CP* : CDi; but CP: = a 


a* x 


A 
6 
now x1 + = Sc. which multiplied by 


+ x* ; therefore a ::: +: & whence & = 


a* 
” x * 8's aax 
** makes x — 7 r Sc. = 2 = 5 
a a a aa ＋- x 
3 8 7 
XxX X * 


3 „ 
DB the Arch required in the — of the right Lines C D, 
and DP. 

824. By putting CD =a= 1, x gh of the Arch 
D B will be thus expreſſed, x — 4 * + 2: 2 * — I x", Ce. 
And if the Arch B D = 3o Degrees, then AB = 2 0 D 
= 2, and AC = CB — AB S 1— 2 2 2 
whence AC VA = 4 V 3- e AB:: CD 


DP, 5a 25. 4:6 and fo x* =4, and x* = 
19 75 * 210 I * = N „5 &c. Therefore by ſubſti- 
tuting theſe Values of x, we have the Arch DB = Wa 1 — 
*r N 3 Vp or DB=v/3x1=3+ 


x5 — ters F 74, Oc 
825. Now ſince DB is 3 of the Seini-circle, therefore 


6 = = 2 / 3=3464101615 ; and hence, if each 
Vi= Vi = v3= C002 Term 


® For the Side of an Hexagon is the Chord of 60 Degrees, and 
to the Radius; Half that Chord is the Sine of 30 Degrees, 
which is therefore equal to Halt the Radius. 
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Term in the above Series be multiplied by this Number, and 
the Sum of all the negative Products taken from the Sum of 
all the affirmative Ones, the Reſidue will give the Value of the 
whole Circumference = 3,14159265358979, Cc. Wherefore 
the Radius CD is to the Semi-circle DBV (or the Diameter 


DV to the whole Circle) as 1 to 3,14159, &c, 
826. From hence appears the Impoſſibility of an exact Rec- 


tification of the Circle ; and ſince the Quadrature of the Circle 
depends upon it; that alſo is impoſſible; in vain therefore muſt 
any one attempt to rectißj, or ſquare the Circle, tho” we can ap- 
proximate to the Truth, as there can ever be Occaſion for. 
The following prodigious Number, calculated by the late Mr, 
Sharp, viz. 3,1415 9265 3589 7932 3846 2643 3832 7950 2884 
1971 6939.9375 1058 2097 4944 5923 0781 6405 5 and af- 
terwards examined to the laſt Figure by Mr. Machin, is more 
than ſufficient for computing the Number of Grains of Sand 
that may be contained within the Sphere of the fixed Stars. I 
give this Number a Place here as it is the Product of the grea- 
teſt Effort that was ever made in practical Geometry. The 
ReRikcation of the Conic Sections, and other Curves, will here- 
after find a Place, when we have Occaſion to apply them to 
Uſe. 


HI. The QuarraturE of CURVILINEAL SPACES. 


827. To ſquare any Curve-lined Space, is to find an Ex- 
preflion of a Right-lined Space equal to it. Thus, ſuppoſe it 


is required to ſquare the Pa- * _x 
rabolic Area ABV. Then be- / 
5 P y, (658) we have 8 4 5 
=Vpx=þ} which : uf 
ace by x = Ac, gives f | 
=p: 2 x3 = AcbB,theFlux- OE | 
ion of the Space. (789) c 


Fluent of which is 2 P. x5 (803) = 4 pn =2 DN 
== x x * x* = Z y x. But CB = VA = x, CV = AB 


=y; wherefere the Area ABV of the Parabola is 2 of its eir- 


81 
cumſcribing Parallelligram AB CV. And conſequently the ex- 
ternal Space VBC is 3 thereof. 


928. 


+» 


= ry “ 


— 
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828. To ſquare the Cirele: Let 
the Ordinate A B move from V C e- 
quably toward D put CV BC 
„ AC =, AB=y, then AG A pv 
AB = B C', or ga = ＋r *. 
Therefore a 2 , and I - =, and 5 


Vas S = AabB, the Fluxion of the Area ABVC, 
* * a+ * 


(789). But e- u - 2 IE — ie. therefore 
x* x ** x x* x 
x & — S _— —  — — — —  —  — — — ES -- - - 2 
* FW 84 16 23 Ec * 
** x3 x7 


the Fluent of which Series is ax L ! — —. . 
5 40 IIZa * 


2A BVC, the Space required in Terms of the right Line 
AC. When AB arrives at D and vaniſhes, then a = x = 


CD= 1, and the Series will become 1 — 3 — 2 — 4 —) 


Ec. = the Quadrant VCD; or if the Diameter = 1 DE, 
then this Series will be the Area of the whole Circle, and will 
be = 0,785 398, &c. 
829. To ſquare the Hy- . 
perbalis Space DV BA; let HI 
CD a, DA x, AB 
=y; then it i= 
(or putting a=1,) y= E. 


1 (239) The Flux- F 
ton of which is & y = 3 : 

= AB the 1 
Fluxion of the Space ADV B. But — = =I—x+ *— , 
Sc. (as will appear by Diviſion) therefore - 5 7 * * — * * 


+ &* 3+ — x* 4, Cc. the Fluent of which is x — * + 4K — 


*, Cc. = ADV B, the Space required. 
OT IV. 
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ABCD. Put AB = 4, B CU, BDA; 
make a be parallel to the Baſe AB C; and put 


of the Pyramid is . 
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IV. The CuBATURE of SOLIDS. | 
820. By the Cubature of a Solid is meant no more thak 
to find its Dimenſion or Content eſtimated in the Meaſure of a 
Cube, either of an Inch, Foot, Yard, Mile, &c. that is, to 


| ſhew how many ſuch Cubes are contained in, or are equal to 


the Bulk of the given Solid; to whi ich Purpoſe the following 


Theorems are premiſed. 


In the Circle DB V (Fig. to Art. 823. ) the infinitely ſmall 


Sector C Bb may be eſteemed a refilineal Triangle, and fo equal 


to * BC x bB, orZ as, the Fluent of which is 3 az = the 
Sector CDB; and putting p = Feriphery of the Circle, 


when z = p, FOR the Area of the Circle is 2 ap. This being 


premiſed, we procecd 


. 631. To cube the CV LIN DER AG. Put AH 
= a, and the Circumference p; then will the 
circular Area be 2 ap, and let AE=x; then 
zap & will be the Fluxion of the Cylinder, and 
the Fluent thereof I @p x = the Solidity of the 
Cylinder. 


832. Alſop+ = Fluxion of the cylindric Surface, and its 
Fluent (p x) the Area thereof; whence La x px = the Solidity 
of the Cylinder, equal to its Superficies multiplied by half its Dia- 
meter. : 

833. To cube the triangular PYRAMID 


ab =y, bez, bD=x. Thena:6: 27: 2 


iS 
= z; and therefore  y z = = = the Area of the flowing 


Triangle a b c3 and 2 = the Fluxion of the Pyramid; a- 


, ax 
gain c:a::x: _ =, and yy = — x therefore the Fluxion 


„ ab x* x ah x 
* whoſe Fluent is 


3 

6 > 
== ſolid Content of the Pyramid abc D. And when x becomes 
65 


ah 


& or bD = BD, then —— 


Sa, CH b, and p = Periphery of the 


- 


The Doctrine of FLUXIONS. 377 


ah x3 abc 


ITE 2 the Solidity of the 


Pyramid ABCD. Hence every Priſm i is equal to its Baſe ; : ab 
multiplied by 3 c = its Altitude. 


834. To cube the right Cong AHB. Let AC 


Baſe; ſuppoſe the Section @ 4b e parallel 
to the Baſe AD BE; and make ac = y, 


Hz then will a:p:: y: = 
phery of the Circle adbe. And its Area 
will be 2 x iy (830) = = ; whence 


25574 
n 


= Peri- 


will be the Fluxion of the Cone; and ſince ù: 4: : X: 


; 2 .2 
ET =y, we have) F = pd. and the Fluxion above will be- 


5 7] 

2 * * 254 K x Pa * 
come —— Ong — the Fluent of which is —— 7 
and when x = b, then the Fluent is 2 = the Solidity of the 
Cone AH B. 


835. Becauſe E Sof — it appears that the Cone is 


ene Third of a Cylinder, — the ſame Baſe and Altityde. (831) 
Alſo becauſe E 4 ＋ X = it appears, the Solidity of a 


Cone is equal to the Baſe multiplied into one third Part of its 
Height, 

836. To cube the Sphere ADBE. LetAC 
=, and p=Periphery of the Circle, whoſe F « 
Diameter! is AB. Draw a A B, and put 5 


ac =] then 4p: 97 = 22, the Pe- 
riphery of a Circle on the Diameter 45 
therefore £2 Area of the ſaid Circle. 
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Let Pe x; then L is the Fluxion of the Segment a Db, 


— * Ex τ 


But yy =2ax—xx (819), therefore — 

— * 2 — = = Fluxion of the Segment a Ds; 

„ „ 
—_— Solidity of the ſaid Segment. 


whoſe Fluent is 


And when x = 2a=d'= DE, the Diameter, then the ſaid 
„ 


Fluent will become I — . 34 = IC = the Solidity of the 
Sphere. 5 4 
837. Now ſince l- A =34@&p 225 


= Za N Ap it is evident, the Solidity of u Sphere is equal to the 
Redlangle under the Diameter and Circumſerence of its greateſt Cir- 


cle multiplied into 3 of its Semidiameter. Alſo ſince 5 = 3X 


6 
> and 2 = Ae x d; therefore every Sphere is equal 
to 4 of its circumſcribing Cylinder ($31 ). 

8 38. To ſquare the Superfictes of 2 Sphere; draw the Tan- 
gent F meeting the Axis produced in F, and join C &; draw 
5% DE, and m infinitely near, and parallel to ab ; then are 
the Triangles C e and CF ſimilar (659,) And fo cb; 


C5: :60: bm, OT” = = bm, the Fluxionof 


the Arch D; which multiplied by £2 2 (836,) gives * 5 — = 


2+ = the Fluxion of the Superficies of the Segment a D 5, 
whoſe Fluent p x = Area thereof, and when x = 4, the Super- 
ficies of the whole Sphere will be p d, as required. 

839. Hence the Superficies of a Segment is to that of the 
Sphere, as px to p d, or as x to d, that is, as the Altitude Dc 
of the . to the Diameter D E of the Sphere. And ſince 


9 K (830) = 4 x pd; it appears the Superficies of 


the Sphere is Hi to four times the Area of its greateſt Circle, Hence, 
eben 4 = 1, we have þ = 3 14159265 (825). 
840. 
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840. If we put D, P, for the Diameter, and Periphery 


of one Circle, and d, p, for the fame in another; and ſince 
D: d:: P: p; and the Areas being denoted by A and a, we 
have A: :: 1 DP: 2 4p :: DP: dp::DD:;&d; thit ths 
the Areas of. Circles are as the Squares of their Diameter. 

841. Let S and s denote the Solidity of two Spheres. Then 
S: 53:43 PD* :4p4*%:: Pf :: H:, (Bob) chat 
is, the Spheres are to each other as the Cubes of their Diameter. 

842. Let the Superficies of two Spheres be denoted by F 
and 7. ThenF:f::PD:pd:: D* :84* (838) That is, 
the Surfaces of Spheres are to each other as the Squares of their Di- 
ameters. g 

843. From what has been ſaid, it follows, that D* ; DP 
: D*: P; that is, any Cube (Ds) is to the Super ficies of its in- 


ſeribed Sphere (D P) as a Square (D) is to its inſcribed Circle. 


844. To cube the ELLIPTIC SPHE- 
ROI ů˖UC AB DE. Here BP g K, PM = 
„ BE = a, AD = b, p = Parameter. 
Then y y = p x— LE (763) LettheRa- 
dius of a Circle be to the Circumference, 


3s 7:63 chen f 3 2 = Periphery 


= of 


of the Circle, whoſe Diameter is FM; then _ = Area of 


the Circle; and ſo 2 r = HE — == =Fluxion ofthe 
7 40808 La na 

Segment FB M; whoſe Fluent 75 Solidity 

peat pew 


thereof. When x = a, then the ſaid Fluent is 5 


674 


= = Solidity of the Seid as required. 


bb 
845. Now becauſea: 5: :brip=— (766) andb=27; we 


pc * cab 


_ = the Solidity of the Spheroid, And becauſe 
la r 6 


22 
Dad d ＋ 


have 


a> hw 


\ * „ „ 
«Ä — 
— 2 — — — ———— — — 2 - _ 
— — PR _ . — _ * — — — — — - 
— a — — 
. . . CY * A th - * 1 2 © 
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©, - — — 
— —ͤ—ͤ— „% CY OO — "PI 
r — 2 * - 5 * 1 , * * - * 5 : by k 3 — 


eee cn X a, and - 1 Cylinder circumſcribed 5 


5 


the Spheroid, tis evident, the Spheroid is alſo % of its circumſcrib- 
ing Cylinder. 


846. Hence in the Sphere ( - 


2 


: ) and Spheroid (R-); 


when d = b, it is the Sphere: Spheroid ::cd*:abc::dia:: 
_ Conjugate : Tranſverſe Axis of the Ellipſoid. 


the Cube S 10000. 
8 ES the Cylinder = 78 

| 847, Hence the Solidity of 3 he 6 3 2 * 
x the Cone = 2618. 


n XV. 


De Nature and Geneſis of LoGARITHMS, de- 


duced from the HYPERBOLA, the MoDULEs 
and SCALES of LOGARITHNMS; the FLux1oNs 


of LoGARITHMs, and their Uſe. 


848. I Have already obſerved, that a Logarithm is only an 


Expreſſion of the Place or Diſtance from Unity, 
which any given Number holds in a Series of geometrical Pro- 
portionals (fee 147). I have alſo ſhewn how thoſe Logarithms 
are inveſtigated and expreſſed by Numbers. Alſo from the Na- 
ture and Quadrature of the Hyperbola it appears (784, 785, 786) 
that the Ratio of any Numbers to Unity, may alſo be expreſſed 
by hyperbolic Sectors or Spaces, and conſequently they are alſo 
properly the Logarithms of ſuch Numbers. And we ſhall now 
more fully proſecute and explain this uſeful Doctrine. 
849. It has been ſhewn, that the Aſymptotic Space ADVB 
= — A TA — + x*, &c. is the Logarithm of the Ra- 
tio of CD to CA, that i is, of a + x to a, or of 1 + x to 1 


( 786). And becauſe - 


fore it appears, that - Fluxion of the Logarithm of any Number, 
I+x 


: is the Fluxion of this Ratio, there- 


ag _ . —— } — — 22 


out 
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1+ x, is equal to the Fluxion (æ) of that Number divided by the 
Number itſelf. 

850. If we take any Number leſs than Unity, as C4; ; (See Fig. 
to Art. 829. ) then A D x, and the again of CD: CA, or of 
112, 1s the Space ABVD= * + 2 4 ＋4 * +; x*, Ec. 
Whence the Logarithm of the Ratio of C "Be C A, or of 1 +x_ 
to 1 — x, the Space AB BA 2X TTA +3 x, &c. 
= Sum of the other two Series, (Art. 849.) 

81 Let AD=D=Q=-»x tmAC=r+ +, 
and AC = 1—F,. Now half the Sum of the above two Se- 
ries is æ A ＋ * +4 , Cc. and half their Difference 
is 2 * T T K +3 x* +, Cc. which computed in 
Numbers make, o, 1003353477310; and o, oo5025 1679267; 
the Sum of theſe gives the greater Logarithm A B VD = 
o. 105 3605 156, which is the hyperbolical Logarithm of the 
Ratio of 1 to 0.9, or of 10 to 9. Allo their Difference gives 
the leſſer Logarithm AB VD = 0.09531018, which expreſſes 
the Ratio of 1.1 to 1, or 11 to 10. Laſtly, the Sum of the 
two Series, viz. 2x + 2x* + g +53 x7, &c. = 0.20066707 
= ABBA, the Logarithm of the Ratio of 1,1 to 0,9, or 11 
to 9. 

; 52. By proceeding in this Manner, the Logarithm of the 
Ratio of any Number to Unity may by Degrees be found ; and 
that of 10 to 1 will be found to be 2.30258509299, Cc. which 
Number is therefore called the hyberbalical Legarithm of 10, 
But in the Logarithms of the Tables in common Uſe, the Lo- 
garithm of the ſame Ratio of 10 to 1 is 1,0000000, Cc. which 
is called the Tabular Logarithm of 10. 

853. Let there be two ſimi- | 6 
lar Hyperbolas BVG and BV, 
viz. ſuch whoſe tranſoerſe and 
conjugalate Diameters are propor- 
tional, or CV: C:: CD: 
C D. And let CA:CD,C4: * 
CD in each be the Ratio of 10 
to 1. And let the Logarithm of 
this Ratio in the firſt, viz. | 2 
ADVB= 2,3025851, Sc. and the * of the tame 
Ratio in the latter, viz. D/ B = 1,0000000. Then it 

Ddd 2 will 
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will be ADVB: ADYB:: CDVE:CDYE. For put 
CD=a, AD=x; CD=a, AD=—x; then will ADVB 


x x? x3 | 
- „ . + —, &c. Ad DVB = @ „ 
+,-@ 8. a 

S - x. | , | 

= == — — ———. St. Now fince CA: CD:: C4: C D, 
3 
that is, 1 14 X j we have ax =ax; and ſo == —3 

4 x3 x x* x3 


* 
therefore —— — — Oc. = 12 — 
„ 30 „ 


conſequently it is AD VB: DV B:: : al:: CDV E: 
CDVE: 2, 3oz 5851: 1.0000000 : : 1: 0. 4342945. 

854. Now theſe Parallelograms CDV E, CDE, are 
called the MopurEs of the Sy/tems or Scales of Logarithms, in 
each Hyperbola reſpectively; let theſe be called M and NA; 
and L and L repreſent the Logarithms of any given Number 

M 


thenM:M::L:L; and ſo * put JI = * 


0,4342945, the Module of the common Tables. Then RL 
—= L = o, 4342945 L = the tabular Loegarithm of the given 


Number. And __ = L= 2, 3025851 L = the Logarithm 


whoſe Module is M, or CD VE. 
855. To illuſtrate this, let a Series of Numbers, and their 
Logarithms be as follow : 


A 5 6, Oc. Logarithms, 
1. 2. 4. 8. 16. 32. 64. Numbers. 


Here ſince the Logarithms are given, we can find the Module; 
for L: M:: L: M. Thus the Logarithm of 8 in this Series is 
3» in the Tables it is 90309, therefore o. 90309: 0.4 342944819 
: 3: 1,4427 = M4, the Module of the Logarithms in the Se- 
ries above. And having the Module of the Logarithm or Ra- 
tio, tis eaſy to find the Logarithm by the Reverſe of the laſt 
Analogy, viz. M: L:: H: L. Thus 0.4343 : 0.90309 : : 
1.4427: 3 = the Logarithm of 8. 


| 856. 


TW wy. on 
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856. Alſo the hyperbolical Logarithms are eaſily produced 
by multiplying thoſe . of the common Tables by 2, 3025851, 
as in the following Examples of all the Numbers from 1 to 10. 
Thus 


Table of Logarithms. Hyperb. Logarithms. 
10. oooOOO0O0) [ 1—0. 5 
2 eras | 2—0. 2931472 
2 2 
> 4 Multipled by wi 
eee ee 554 
3758888 produce. 7917504 
AIR 5 
„0.542425 [ | | 9—2.1972241 
10—1.0000000 [ 10—2. 3025851. 


857. We ſhall next ſhew how to find the Fluxion of Lo- 
garithms and the Powers ; as alſo the Fluxions of Exponential 
Quantities, of any Degree. In order to find the Fluxion of 


the Logarithm of any Quantity, as x, or x + I, or x+8 » we 
ſhall denote the Logarithm by L, and its Fluxion by L; and it 
is to be underſtood that L, and L reſpects thoſe Quantities only 
to which they are immediately prefixed : Thus L x Ty is the Lo- 
garithm of x Ty; but Lx+y is only the Logarithm of * 
added to the Quantity y. 

858. Hence it will be eaſy to find the Fluxion of any Kind 


— 2x x + 2,5 
f Lo Þ le; + 
of Logarithm. For Example; Lxzx +35 = "I 
2ax5+ 3x" _ 24x + 3xx N 
LIN + ** = —_—— err. ; and univer 
ä ˙——— 
fly LTF 2 For put 25 + 
* = y, then will 2 + 25 =! ; and conſequently the Flux- 
ion of the Logarithm thereof will be = q 5 & Tn = 95 N 


1 
7 * = 3 will be found equal to the Fluxion above, by 
y 


ſubſtituting the Values of y, and q. CY 
859. 
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859. The Fluxions of the Powers of Logarithms are found 
by the general Rules for the Fluxion of the Powers of flowing 
Quantities. Thus admit the Fluxion of the 2d, or Square 
— of the Logarithm of æ were required, or Fluxion of 


L x ; we muſt firſt multiply by the Index of the Power, viz. 
2, which makes 2 Lz ; then is the Index to be leſſened by 
Unity, which makes 2 L « * oh 2Lx; laſtly, we muſt mul- 


* this into tlie F luxion of the Root L x, which i is ” and it 


will ee 2 L x * : = the Fluxion of L* xz as required. 


860. And in general the Fluxion of L” x = mL” —* x x 


_ and L. + a=nl"—"x +6 X r and L” x + a 
Xx * a 


—=mL"—'x- a „ — For L” T4 multiplied by 


the Index of the Power is m L” T; and that with its Ex- 
ponent m leſſened by Unity, is m L” —* x + 3 2 and this being 
multiplied by the Fluxion of the Root L x + @", (which is 


—— © 76 ) will make „D 5c 
* ＋ 4 1 
2 the ſame as above. And thus may the Fluxions of the 


Powers of Logarithms, however compounded with other Quan- 
tities, or Powers of Quantities, be found. 

861. From what has been ſaid, we may obſerve that the 
Fluxions of the Logarithms of the ſeveral Powers of any Quan- 
tity, as x, are in the ſame Ratio as the Exponents of thoſe 
Powers, and conſequently as the Logarithms themſelves. Thus 


L x" 7 == — and Lox 5 
| | x * 
but =: =; m: n. Which proves the Truth of what I 
f ſaid. | 


862. We have hitherto. ſuppoſed the Indexes, or Exponents 
of Powers determinate, or invariable, but in ſome Caſes we ſhall 


nd, 1 they alſo are variable or flowing Quantities, and have 
9 accordingly 
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accordingly their Indexes or Exponents. Now the Fluxions of 
thoſe Exponential Quantities, whoſe Indexes are variable, are 
found by Means of the Logarithms very eafily, as in the fol- 
lowing Examples. 

863. Let it be required to find the Fluxion of ar, where a 
is a conſtant Quantity, and its Index x a flowing one: Put a 
= 2, then will z be equal to the Fluxion of a*. Becauſe a*® 
= 2, if we take the Logarithms on both Sides, we ſhall have 
L = Lz; and fince the Logarithm of the Rost of any Power 
multiplied by the Index of the Power, is the Logarithm of that 
Power, therefore x La L, and ſlo x La S LZ; and tak- 


ing the Fluxions, we have x L a = 25 and therefore z 4 La= 


6 Lag S; and conſequently a* La æ is the F luxion of @*, 


as required. 

864. Again, ſuppoſe it required to find the Fluxion of z*, 
where both z and x are flowing Quantities, and make z* = v, 
then will Lz = L V=x n z2. The Fluxions of theſe will 


„ 2 (becauſe v = z*,) and by reduc- 
9 2 2 : 


ing the Equation, we have z* LZ TY ᷣ = =< ; which 


: . . þ A 4 1 ; . 
therefore is the Fluxion ſought. Note, 3 and 2 
* ' , 2 
Xx ** = 8 1 * * 2* — AC 
Z . 2 N Th 
as in the latter Part of the Fluxion. 


865. Laſtly, let the Quantity 2 be propoſed, to gad its 


Fluxion. Let 2 = v; then LY = Lov, ory* L 22 Lv; 
and taking the Fluxions, we have the Fluxion of * = *Ly# 
+y*—=* x 5 (864) which muſt be multipliedintoLz, which makes 


LZ x fF Lys + EN Mk to which muſt be added the 


Fluxion of Lz x „, or 4 = 3 and the Sum _ be equals the 
N 


Fluxion of Lv, or - - ; tin Lap LyS4LngS O75 1 


= % And therefore multiplying by * „ ' we 4 


of 


Cie. 


* 


* 
L N 27 , 
1 * 
* 
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2 Lz LVA +2 LZ ITA ; ; 
and is therefore the Fluxion of the Expreſſion 2, as required, j 
1 \ 
wy a - — t 


er. XVI. 


The METHoD of finding FL uENTS by the Meaſures 
of RaT1os and ANGLEs, by the Help of Ta- 
BLES of LOGARITHMS ; and of Natural Six Es, 
TANGENTS, &c. 


865. As the Method of finding Fluents of given Fluxions 
is the moſt neceſſary, and yet the moſt abſtruſe Part 
of the new Matheſis, it is no Wonder if it has exerciſed the in- 
ventive Faculty of the greateſt Geniuſes of the laſt and preſent 
Age. And ſince in the Geometry of Curve Lines, and eſpecially 
in the Solution of Phy/ical Problems, (which are of the higheſt 
Importance in the Sciences), Caſes will often occur, which 
make it neceſſary to have Recourſe to Infinite Series, for procur- 
Ing the Fluents required, and this often proves a laborious and 
diſagreeable Taſk ; and which of Courſe the Student would be 
glad to avoid or exchange for ſome other more eaſy and prac- 
tical Method. 

867. Now there are ſeveral Forms of Fluxions whoſe Fluents 
may be readily obtained in the Meaſure of a Ratio, and alſo of 
the Arch of a Circle; and conſequently, as all Ratios of Numbers 
to Unity, are already calculated in the common Tables of Lo- 
garithms of Numbers; and any Arch of a Circle is known 
from its Right Sine, Verſed Sine, Tangent, or Secant, calculated 
in the Trigonometrical Canon, it follows, thoſe Tables will 
greatly facilitate the Buſine(s of finding Fluents ; and the Method 
of uſing them for that Purpoſe, we ſhall next explain and illuſ- 
trate ſomewhat farther than has been yet done for the .Capaci- 
ty of a Learner. 

868. For this Purpoſe he muſt recollect, That the Fluxion of 4 
Hyperbolic Logarithm of any Number, is ever expreſſed by the Fiux- 
ien of that Number, divided by the Number itſelf (849). And 

26 was hence 


laft Quantity, divided by that Number, pives 
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hence will ariſe the four following Logarithmic Forms of Flux- 
ions, whoſe Fluents may be had from a Table of Logarithms, 
which would otherwiſe require an infinite Series to determine 
them, vi. 

869. The Fluent of — 


rr 


perbolical Logarithm of x + AJ a? cr" £ Ea 
* K 2 
(x+ © +@*) the Number itſelf; being # + = 


xV * +a + xx Fo ——— —— 
V x* 4 1 XV x* + A. + x, this 


x 


will be expreſſed by the hy- 


the 


x 
VI 2 e 
very Fluxion firſt propoted ; 3 which is the t Form. 


870. It alſo appears that the F Jens of : will 
7 2a x + x* 


be truly expounded by the hyperbolical Logarithm of a + x + 
V2ax + x*: Becauſe the F luxion of the Number (a + x + 
expe * 
<p arte: anna 
xy 2ax+ x x + a + x ; which divided by that Number 
produces - 7 = 7 4 which is the . Form, 
871, Likewiſe the Fluent om —.— will be repreſented by 


V 2ax+5x) is here = 


the hyperbolical Logarithm of = — : Becauſe the Fluxion of 


a . 4 * - AK 24 * Ir he 
2 * 1 | Part; 

24K a — * 
be therefore divided by = _ we ſhall have 4. * 3 77 


244 24x ; which is the third Form. 


— D — 
— 


Fa- , Narr 6 


. * 
872. Laſtly, the Fluent of 20 TY — will be denoted by 


2 
2 * 


E e e | the 


by 


the hyperbolical Logarithm of — 


Sine, Verſed Sine, Tangent and Se- 
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3 
2 — for here the 
aty/ & + x 


8 T * a 4 * 
Fluxion cf the Number is * a+ vV — > 
: | a + x g a + 92a + x 


x x a- N t _ T 24 & 


3 ZZ * - 2— enen e — 
Va Ax. a+ Vr a T 


a—V a + x* : a J 22 
— — Nies 


e — 2 
Yr. Va +x* Xa+Va* + x* 
424 . + ** | TZ A 


8 


which divided by 


ay a Xx* iTV -V Ex 
v --j 203 - ET Mare 
= ——=—— — = == the Fluxion propoſed, 


8 * 


Theſe four are the principal Forms of Fluxions; whoſe Flu- 
ents may be found from a Table of Logarithms of the hyper- 
bolic Kind: Which Fable, upon Occaſion, may be eaſily ſup- 
plied by a Table of the common Form, as we have ſhewn 
(856). 

873. Four other Forms of Fluxions 
ſimilar to theſe, expreſs the Fluxion of E 
the Arch of a Circle in Terms of the 


cant of that Arch. For let AD be the 
Arch of a Circle, whoſe Center is C, N 
its Sine BD, Verſed Sine AB, Tan- 
gent A E, and Secant CE, let 5 d, be drawn indefiniently 
near to B D, and draw D a, parallel to A C, then ſince the 
very ſmall Arch D a, may be eſteemed a right Line, the ſmall 
fluxionary Triangle D « d will be ſimilar to the Triangle DBC 
or AE C, for the Angle at a, and B is a right one in each; 
alſo, if from the Right Angles C D d, and B Da, we take the 
common Angle C Da, there will remain the Angle dD @a = 
BDC, and the Sides in each, viz. 4 4, and D a being paral- 
lel to the Sides B D and B C, they will be proportional, and the 
Triangles ſimilar by (621, 657). 


874. 


© 
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874. Put the Radius AC= aa, the Verſed Sine AB = x, 
the Sine BD = y, the Tangent AE t, the Secant CE = 45 
and the Arch A D g x, then in the fluxionary Triangle D ad, 
we have Da E, ad=j, and D d S &, 1 we have 
the following Analogies, C B: CD:: Da: D d, chat is, 


is:: as 
v Gf —y 
the firſt Form in (869). 
875. Again, we have the following Analogy i in | of 
che Veulkd-fins, as BD: CD:: Da: D, that is, 3: 4:: 4:4 


jo — ARS... hn ER by (636). This Form is analogous 


7 24 &ĩ4 — KX K* 
to the ſecond Form in (870.) 
876. The Fluxion of the ſame Arch, expreſſed in Terms 
of the Tangent, we have already ſhewn in (823, ) is 4 = 
2 which is ſimilar to the third Form in (871), 


47 


877. Laſtly, by ſimilar Triangles CBD, CAE, we have 
CE: CA:: CD: CB; thatis, 5:a::a:  ; hence A B 


» Which correſponds to 


K = 2 — — whoſe Fluxion is & = 72 but AE: CE :: 


6 * | Mes 
Da: Dd; that is,, — ::: S — —.— 


42 9 4 * 

which is like the fourth Form in (872). | 

878. Theſe Forms differ in nothing from the former, but 
the Signs and conſtant Quantities, by which it will be eaſy to 
know when the Fluent is to be ſought for in the Meaſure of 
a Ratio, or of an Angle; that is from a Table of Logarithms, 
or the Trigonometrical Canon of Sines, Tangents, &c. But ag 
in the above Forms, the Radius is expreſſed by (a), and the 
Radius of the Table by Unity, or 1.000000; therefore to ac- 
comodate them to the Tables in uſe, we take the Expreflion of 
the Sine, Tangent, &c. ſuch as pertain to a Circle, whoſe Ras 
dius = I, in the following Manner, | 


E e e 2 879. 
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879. With the Radius CA a, E. 2 
deſcribe the Circle A DG; ang DO | 
with the Radius CA=1, de- 25 M 
ſcribe the Circle ADG; draw {i ## | 


the indefinite Line CE, ad from 7 | 
the Points D, D, let fall the Per- i | 
pendiculars D B, DB; and at A ti} | + 
and raiſe the Perpendiculars AE, A. BA RB O 
AE. Then by ſimilar Triangles En: 0: wh 
whence (putting AD = P, r AD= A), we have 1: 4: 
D: 2D = A. Again, put DB = y, and DB = y; then C D: | 
C D:: DB: D; chat is, 1:a: :y:ay =y. In like Man- 
ner, by making AE t, and AE i; we have 1: 4: t: 
at i; and if CE =, and CE—=5s; then1:4::s:4as8= 
J. Laſtly, putting AB = x, and AB = x, then BC 1—x, 
and BC=a—x, but it is 1:4::1—Xx:a— x, and con- 
ſequently ::: X x. 

380. Hence the Tabular Sines, Tangents, &c. expreſſed 


in Terms of the above fluxionary Forms, will be y = 7, t 


1 5 x 
7 $ = =» and x = =. And therefore ſince the Fluxion of the 


Arch A D (= AS P) is — 


2 670 the Fluxion 


of the Arch AD = D, will be only — and conſe» 


: . — 7 
quently it will follow, 
| £2 4+ | x 
5 N Right Si 2 
* E REP BE RY | 2 
© ih 4 2 
8 Lon = | 2.2 | Verſed Sine = 
. 2ax—x |< £f g . 4 
SS > vo > 18 4 
S811 „ er Fe 
by * angent Sa 
Ss e+e S.2 | | a 
as 5,7 s 
© Secant 
Liv 7 — 3.2 L a 


881. But to apply this Doctrine more 3 to Uſe, 
with regard to finding che Fluent bas Logarithms or Trigono- 


metrical 


1 
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metrical Numbers, it is to be obſerved, that if the Terms of the 


Ratio conſiſt of ſeveral Quantities, as A 8 4 and any one of 


them, as A, be conſtant or given, and the Relation of the 
Reft depend upon their Connection with it, then the ſaid 
Quantity A may be aſſumed for the Module of that Ratio; and 
then (according to the Method invented by the late learned Mr. 


5 E 


tio of A+B to C, in that Scale of Proportionals, the Module of 
whoſe Logarithms is A, 
882. Thus, ſuppoſe it were required to find the Fluent of 


Cotes) it may be expreſſed in this Manner, 4 5 


6 a K 
the Fluxion ; — this you will obſerve conſiſts of a 
— l 
1 3 24 K N 
conſtant and a fluxionary Part, vix. 7 X ee, and the Flu 
5 . . vs * 
ent of the Latter is = (871), which, (as it is a Ratio, and 
the Part (a) invariable), may be thus expreſſed, 4 _ ; the 


Logarithm, or Meaſure of this Ratio is a L R *, which is 


the Fluent of 3 ; therefore 32 . or 35 x LR, is 
* 6 a . 
the Fluent of 7 ps — as required, 
a —x* 


883, To purſue the Cateſian Method yet farther, let the 
Right angled Triangle ACE be propoſed, See Fig. to (873) 


make AC — R = Radius; then will AE = T = Tangent, 


and C E= S = Secant, of the Angle ACE. Then if it be 
propoſed to find the Meaſure of the Ratio of the Sum of the 


Legs to the H ypothenuſe, the Baſe AC being the Module, 
Oe the - 


VB. A Miſtake in Art. 854, paſſed (thro* Inadvertency) un, 
corrected. The latter Part of that Article is to be read thus; M: M 


5 ä 
260.4342945 1:3) L. Ez andſo NL, put; (= 57542575 


=R = 2, 3028851; then will RL = L = Hyperbolical Logarithm, 
or Meaſure of- a Ratio in the Scale, whoſe Module is 1. Alſo M 
and L may repreſent the Module and Logarithm of any other Scale 


heſides that of the Hyperbola, and accor ingly R may be determined. 
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the Expreſſion will be thus; R | ==, orfR=a, Ty, 


chen will 14 —=V aa my y; and the Ratio ſtands thus; 


dp If now R=4 T z, S 5; then will 


the Ratio in Numbers be 4 | AA the Meaſure of 


which is found as before, thus; 0.4343: 0.14613 (= Table 
of Logarithms of 7): : 4 : 2.6917 = Logarithm or Meaſure 
of the Ratio of 2 to the Modulus 4. 

884. If the F cannot be found in the Expreſſion of a 
Ratio, (as it ſometimes happens) then we can often obtain it 
by the Meaſure of an Arch of a Circle, as AD, (See Fig. to 
873), or the given Angle ACE); for fince the Circumfe- 
rence of a Circle is to its 1 as 3. 14159, &c. to 1, 
if we ſay, as 3.14159, Sc.: 1:: 180 Degrees: 57. 2957795, 
Sc. = 57 17 44” = the Degrees in the Arch of a Circle 
equal to Radius; this Number therefore is called the Trigono- 
metrical Modulus, and is repreſented by K — 57 2957795, c. 


1 
if — = O.01 290252 = = 4, then is 4 
57-2957795 hs nee = x 1 
called the Reciprocal Modulus. 


885. Suppoſe now any Arch of a Circle AD D; then 
it will be, As the Radius A C in Degrees to the Arch A D in De- 
grees, fo is the Radius A C in Numbers to the Arch A D in Num- 


bers ; that is, „K. D. R. K D = RID = the Arch 


Ad in Numbers. For Example, If R=1, and AD = D 
=30®, then RZ DS IX 0.0174530 X 30 = 0.523598, oc, 
the Meaſure of the Arch A D in Numbers. 

886. In order to find the Fluents in the Meaſure of a 
Ratio or Angle, in the Manner as has been taught, Mr. 
Cotes invented a great many general Forms of fluxionary Ex- 
prefſions (to which others are to be reduced) and diſpoſed in 
Tables, the various Fluents pertaining thereto, according to 
the different Values of the Exponent of the flowing Quantity, 
aſbrmatve or negative; which the Reader will find at large in 
his learned Treatiſe, entituled Harmonia Menfurarum, 


887. 
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887. It will be neceſſary to obſerve here, that, if i in- 


T 
ſtead of R | — „ we ſhould meet with the Ratio 
R | So 4 in this Caſe = = — for NSR — 


—=RR—SS=TT, by the Property of a right angled Tri- 
angle; therefore R r S: T:: T: R- S; and conſe- 
R+S 8 + 
quently F — Th? and ſo * [ng = a=; Ew 
to know will be of uſe hereafter, 
888. Allo it will be proper to obſerve, that the negative 


Expreſſion of the Logarithm of a Ratio, as — R |= 2s — 


made Affirmative by inverting the Ratio, as thus + R 85 Nr. 


42 * 5 4 ' . a 
For — = 8 3 but 77 45. Or if — 3 2 then — 


2 4 4 I ſhall illuſtrate this Doctrine by a Solution of the 


following Problems. 
889. To ſquare the Sector if a Circle = 

CAD. LeaCA=Sse ” 

PM = y, then by (874), | we find the 


=D 4d; which multiplied by g is C FB 
207 = 2: 4CD,' whhh nol Sefhiriie whe: ines 
oe 75 


of the Sector A C D. Now - is a ſtable Quantity, and 


the other Part = being the Fluxion of the Arch 
Vaa—yy 


A M, its Fluent will be found in the Meaſure of the An- 
gle A C D, viz. it will be = a 1 D (885); and if AD. 
=D = 30, the Length A D = 0.523598, Sc. which mul- 
tiplied by -, will give 0.261799, &e. = Area of the Seftor 


ACD, whena=1. (See Art. 828.) 890. 


hy 
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890. To fquare the Sector of an 
Ellipſis ACD. Let AC S a, CB 
= 5, AP g= , CP =ED=—s, 
P D y. Tis evident the Flux- 
ion of the Space CA D E is E d 


v; alſo the Triangle CDE = = 


A 


whoſe Fluxion is 22D, which ſubtrated from the Flux- 


: — 8 
ion 2, leaves 2 = to D C 4, the Fluxion of the 


Sector A C D. And lincs from the 8 of the Curve 7 77 ; | 
Jy = 424 — v, We Ry in Fluxions, 75 5% = —v %, or 


Jg ==, if we ſubſtitute this Value of & in the Ex- 


5 — 59 2 22 422 
preſſion , we ſhall have 5 * vo+ Ty = py 


becauſe vv+55 5 y=aa; alſo, becauſe it is v =; Nn = 
24a by | 
therefore" 3 = 8 = Fluxion of the Sector CAD. 
25 2e = 4 


Here — is a ſtable Quantity, and the Fluent of the other Part 


bj | 
= is 5 þ D, 4 ſhewn in the laſt Article ; therefore 


2 1D = Arca of the Sector A C D, as required. 


891. To ſquare the Sector of an Hyperbola AC D. By the 
very fame Method as in the Ellipſis, we get the Fluxion 


bj 
— : 9772 ==> for the hyperbolical Setor A C D, which differs 


= in the Sign 1 of che Quantity yy, from the other, Here 


my conſtant Part © 2 is the ſame as youre, but the n 
; bz od 
Part TEST is different, or is not the Fluxion of 1 


oft 


- 
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or Angle; and therefore its Fluent muſt be ſought in the Mea- 
ſure of a Ratio, by reducing it to one of the Forms in the Ta- 


bles of Mr. Cotes. The Form which it agrees with, is the 
e 2 5 


Sixth, viz. 2 N | to which the Fluxion - Van 
is reducible by the following Subſtitutions, | $ 
P 14 ſR= <1: 
d=—!S. SER I pr 
S$ = 2: 23 1 EF: T8 
Vir. qr e EL CEE. 
=} x-= 2 28 * a 177 y 
| Very LD Allo en = 
U „ 


"Therefore in the Table the Fluent which ſtands againſt 


| T ab V bb þ y 3 
7 = 04 TP | | R + FM ET — 2 
nf 8 2 ö 2 


LR. Now ſince 4, and y are given, the Logarithm L of the 


Ratio of y + v 6b to b, will be given alſo; whence 
the Fluent - LR may eaſily be computed for the Area of 


Sector A CD. (See Art. 882.) 


892. TheReaſon why the Flu- B = 
ent of the Fluxions of the Circalar |... Wm 
and Elliptic Sectors were not found E | 
in the Meaſure of a Ratio, 1s evi- 
dent, becauſe there / was a nega- ( | 
tive Quantity, or f = — 1, and ſo it would have been R 8 


Ai, which is impoſſible, there being no ſuch Thing as 
the Square Root of a negative Quantity. 

893. If che Tangent A T had been aſſumed for the varia- 
ble Quantity, inſtead of the Sine PD; then the Fluxion of 
IT 


the Circular Seftor would have been 22 7 - for the El. 
tad a b by | * 8 ; for 
bptic Seftor, 2 + 255 55 for the a e 


Fi 4355 


bo =J T 3 

f. ou > Then + * e 

8 3 8 Af 7 = VH 
2 le S261 4 

f=—2; pt e 

The Fluent againſt r = ois—dR EZ 5 
 b-+y 


= za bLR; which will give the Area of the 


Vbb—yy 
Sector A C D, in the rebel the ſame as before; but it 


will not be the Fluent or Area of the Circle or Ellipſis, W 


there f 1 is Affirmative, or + h and therefore R = = ark. 
= —6, which is impoſſible. 


bbj 
: . But ſince — ok are the F luxions of 
atzy bby) 


an Arch, er Fi will be a D, 2 b * , and therefore 
— 21 D and — — wg D will be the Fluents or Areas of the Circular 
add Elliptic I the ſame as before. 

895. That - Se is the Fluxion of the L of 


92 
3 3 | 
— ub, will be evident, if we conſider that the Fluxion of 
vs bb—yy | 


/ by — 55 
th J 7 bg = LELT | 
e Logarithm + y is 1 5 „ the 
Fluxion of the Logarithm of / 6b —yy = 7 — 
—yy 
Now ſince the Fluxions of Logarithms have the ſame 
| app _ the e themſelves (861), if we 


net, ” from 22 7 apy I" 5 there will remain — = 
: Fluxion 


5 


the Fluent, or aſymptotic 


will be to each other, as the Velo- 
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Fluxion of the Logarithm of ——= which was ro be 


ſhewn. 
896. It will be worth 


while to ſhew how eaſily IT G 


Space ADVB is obtained 
by this Method fram the 


V — 
Fluxion x y = 2 LE 
( See Art. 829 ), which 34 
comes under Mr. Cote ss „ i 
4a — C —— —.— — 
et Ke en A T3 ACC 1 
firſt Form, viz. e 
for putting d a a, z = *#, n = . r= 1; =; f'23'175 
we have (againſt r = 1,) the Fluent © +72 aa —— 
2 f CD+ AD 2 1.4 2 
= CD n — 1 FW =LR = 2.302585L 


= Area of the Space AD V B, which therefore is given from 
the Logarithm of the Number 1+x in the common Tables. 
Hence it is again evident, that the hyperbolic Space ADVBi is 
the . of IT x. 


_—_——— 


CHAP. Nun. 


The Nature of S8conD, TriRD, Sc. FLuxIONS 
explained. 


897. F ROM what we have 

ſaid of the Nature and 

Notation of Fluxions in general, it is 

evident, when the Velocity is al- 

ways the ſame, the fluent Quanti- 

ties AB and EF can have but one 
Sort of Fluxions A and Ee, which 


Eire , as 
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cities of the Fluents reſpectively. But if the Velocity with which 
the Fluents A B and E F increaſe or decreaſe be not con- 
ſtant, but variable every Moment, then may this Velocity 
itſelf be conſidered as a Fluent, or fowing Quantity; and 
the Rate or Ratio of its Increaſe or Decreaſe each Mo- 
ment of Time, will be the Fluxion thereof. And this Flux- 
ion of the former Fluxion is called a ſecond Fluxion, and 
is marked with two Points over the ſame Letter; thus &, j, zare 
the ſecond Fluxions of x, y, z, as x, y, =, are the f Fluaions 
of thoſe Quantities. 

898. To illuſtrate the Notion of ſecond Fluxims, let us 
conſider the Motion of a Body deſcending by its Weight, or 
by the Power of Gravity ; the Motion reſulting from hence 
would be accelerated, and therefore the Velocity continually in- 
creaſing, (ſuppoſing the Fall of the Body to be in Vacuo) con- 
ſequently the Velocity of the Body the firſt Moment, (which 
is the fir/t Fluxion) would be augmented the ſecond Moment, 
by the continual Action of Gravity, and this Augmentation 
will be the ſecond Fluxion, or Fluxion of the firſt Fluxion; and 
ſince this Acceleration or Increaſe of Velocity | is regular and 
uniform, or proportional to the Times, 'tis plain this Sort of 
Motion will admit of nothing beyond ſecond Fluxions. 

899. For Examplz ; ſuppoſe from the loweſt A 
Point B of the Line A B, an heavy Body begins | 
to deſcend, and at the End of the firſt Moment 
it arrives to C, let the Velocity it then has, be ex- 
preſſed by the Line CD. At the End of the | 
ſecond Moment it will have paſſed through four CH 
Times that Space, and be found in E, its Ve- * 
locity then will be E G, increaſed by F G. At 
the End of the third Moment, it will have paſ- 
ſed through nine Times the firſt Space, and be E | 
found in H, and its Velocity will then be H K, 
again increaſed by IK. In all this Time the 
Line AB has flowed into the Line A H, but . 
with a Velocity continually increaſing ; - and its 11 
momentary Increments F G, I K being equal, 
ſhew that this Sort of Velocity admits of no further Variation, 


and 


x. a 7% 8 7 1 7 * wy 
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and therefore of Second Fluxions only, or rather of Fluxion, in 
the abſolute Senſe; for I ſuppoſe I need not tell the Reader, 
that Z is but the ſame Fluxion of *, aS x is of x; and that ⁊ 
has no Relation to the Fluxion of the Line AB, or x, but to 
the Velocity C D, or &. The Want of this Hint in other Wri- 
ters has left the young Student very often i in the utmoſt Am- 
biguity and Confuſion. 

900. The Fluxions of ſecond Fluxions are called third Flux- 
ions; and are thus marked with three Points &, , 2. Theſe take 
Place in the Motion of an heavy Body deſcending by its Gravity 
at a great Diſtance above the Surface of the Earth ; for in ſuch 
a Caſe, its Weight, or Power of Gravity increaſes continually, 
as the Squares of the Diſtances from the Earth's Center de- 
creaſes : And therefore the momentary Increments F G of the 
ficſt Velocity, (which before in ſmall Diſtances, near the Sur- 
face of the Earth, were efteemed equal) will now receive a 
continual Increaſe, or Acceleration themſelves; and hence 
third Fluxions will ariſe, And ſince the nearer the Body ap- 
proaches the Earth, the greater will be its Weight, theſe Ac- 
celerations will be conſtantly increaſed ; and hence every Mo- 
ment will produce a new Order of Fluxions, or Third, Fourth, 
Fifth, &c. Fluxions, will be generated in Inſinitum, or ſo long 
as the Motion continues, as is eaſy to conceive. , 


901. What has been already ſaid, NT — 
in regard to Second Fluxions, may be a 
farther illuſtrated and explained, by by, 2 


conſidering the Ordinate PM, as mov. NIA 
ing along the Axis A B, of the Curve 
AMC, from A towards B: Let AP | 
= x, PM=y, andAM=z. 

902. If now in an indefinite ſmall 
Particle of Time, the Ordinate PM A PSK | 
moves from that Situation to another pm; then, drawing Ms 
parallel to AB, we ſhall eaſily obſerve, that mn will be the 
Velocity, or Fluxion of PM, and M m the Fluxion of the 
Arch AM, and alſo that Ms is the Fluxion of the Abſciſs 
AP, in the ſame Time; that i is, Ms = #, n=, and M m | 
= . 


903. 
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903. If in the next Moment the Ordinate move to 9; 
draw mt parallel to AB, join st, and draw parallel thereto 
m w, to interſect the Ordinate 2 in w; then will the Velo- 
city with which the ſaid Ordinate decreaſeth in the ſecond Mo- 
ment be nt, and the Difference between mms and ut, or wt 

and nt, Viz. wn, will be the Variation of the Velocity, or 
Fluxion ms, that is, it will be the Second Fluxion of PM; and 
ſo w u . 

904. Again, in the third Moment, ſuppoſe the Ordinate 
arrives to the Situation 7 , draw nv parallel to AB; join v, 
to which draw n x parallel, meeting the Ordiratero in x; then 
will vo be its Fluxion the third Moment, which is leſs than 
that in the Second, by the Quantity x o, (becauſe nt = & v) 
therefore the Difference between u and xo, will be the Vari- 
ation of the Velocity wn or j in this laſt Moment; and fo 
wa—x0=j, the Fluxion of q = wn, or third Fluxton of 
P M. And after this Manner you may eaſily conceive, how 
Fourth, Fifth, &c. Fluxions are generated. 

905. If the Spaces Pp, pg, qr, are ſuppoſed equal, and 
| paſſed over in equal Times or Moments, then will the Abſciſs 
A P flow uniformly, and its momentary Velocities or Fluxions 
M, mt, nv, &c. will be all equal; and conſequently x will, 
in this Caſe, be a conſtant or invariable Quantity ; and ſo 
there can be no x, or ſecond Fluxion of A P. But if the 
Ordinate P M be ſuppoſed to flow witn a variable Velocity, 
then all the Orders of Fluxions will ariſe, as we have ſhewn ; 
and the ſame may be ſhewn of the Arch A M. 


gob. As to the Rules for operating Second, c. Fluxions, 
they are the ſame as have been laid down for the fir/ Fluxions in 
every Reſpect ; as they needs mult be, ſince nothing more is 
propoſed in finding any Fluxion, than diſcovering the Ratio of 
Velocity, with which the Fluent varies its Magnitude, in be- 
coming greater or Jeſter : And as this is the ſame Thing in every 
Kind of F luent, ſo the Rules for determining it muſt in every 
Order of Fluxions be the ſame. 


907. Hence as the Fluxion of x is $ ſo that of & is & 
and that of X18 #; and ſo on. 


Nate 
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Note here, that when any of theſe firſt Fluxions are ſuppoſed 


to be conſtant, they will be expreſſed in Roman Characters, as 


*, y, 2; but if they are flowing Quantities, they will be re- 
preſented as uſual in /talics, as x, 7 £ 


908. Thus the Fluxion of x5 is xj; and of #, is 2 
+ 5 &, and the Fluxion of & 5 * is z5z þ 42j+582x. 
Alſo the Fluxion xyisx j + y x, and therefore the Fluxion of 
«% TK, 8x35 +yx + yx+5jx, orxj TA T2453 
which, as it is the firſt Fluxion of xy + , (as that is of 
xy,) ſo it will be the ſecond Fluxion of xy. And thus the ſe- 
cond Fluxion of any other Quantity may be found, as per 
Rule (793). 

909. The ſecond Fluxion of any Pawer of any primary 
Fluxion, is found by the Rule for Powers (794). Thus the 
Fluxion of & is 2 4X; and of 43, is 3 * . Alſo the Flux- 
jon of 2 x x (the Fluxion of x*) is 2 x# + 2 # + ; which there- 
fore is the ſecond Fluxion of x*. 

910. The Fluxions of fluxionary Frafions are alſo found 


by the proper Rule (801). Thus the Fluxion of - will be 


_— 


found to be ora ; the Fluxion of =, is —— ; of =, 
y n 8 * 

. > * 0 _ x 2 EE” . * ; C Ho 

18 — and of 2 18 2 x * 3 but if it be 1 
x* * | * * 


the Fluxion is LILLE; if, it i L, K 


the Fluxion is — 


2Yj 425. J 3 — 


"2 
X 


911. The ſecond Fluxion of a ſurd . is found in the ſame 
Manner as the . (798) ; thus the Fluxion of  *« a 


z and ſo of others. 


2 
is 2 114 2 I 1 of 2 = A1 is =; the Fluxien 
3 5 2 „N. 24 * — x — 
— ich is itſelf the Fluxion of is 
of 21 (which is itſe UXi WV) = . 


which therefore is the ſecond Nuria of Vd and which, if we 
divide by 4 x, will be thus expreſſed, ;: x 2 *— 3 


912. We have ſhewn that the Fluxion of the Log arithm of 
| i + 
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£1 5 je the Fluxion of this is 2 + # x =12; 

+ x I+2x+xx 

| which is therefore the ſecond Fluxion of the Logarithm of that 

De And thus I preſume the Second, Third, &c. Fluxions 
of any Quantity propoſed, may be eaſily found by any one who 


underſtands the Rules for the fir? Fluxions, without any further 
Directions. 


1 * is 
0 1 


— 


CHAP. XVIII 


Of Invor u TE and EVOLUTE "I ; and the 
Method of inveſtigating the Radii of Evolu- 
TION, 0r CURVATURE. 


973. B V the Problems of this Chapter, it will appear how 

great and extenſive the Uſe of the Doctrine of 
Fluxions is, both of the Fir/? and Second Orders, ſince their So- 
lutions are hereby rendered facile and perſpicuous, which by the 
common Geometry were not only difficult and tedious, but, to 
an ordinary Genius, quite inacceſſible, or inſuperable. Theſe 
relate to the Nature of Involute and Evolute Curves, and the Me- 
thods of finding the Radii of Evolution, or Curvature. 

914. If in the Point A, in the Right Line A H, we ſup- 
poſe one End of a flexible String, or Thread to be faſtened ; 
and Part thereof to lie along, or be coincident with the fait 
Line from A to B, and the other Part to be ſtretched along the 
Curve BE F, and there fixed at I. And then if the other 
End A be looſened, and raiſed from its Poſition on the Line 
and Curve, and moved tight and ftrait along, while it diſen- 
gages itſelf from the Curve BEI, then the Point A will de- 
ſcribe a Curve A M N, which is called an Involute Curve. And 
the Curve BET, is called the Evolute of the Curve A MN, 
or the Evolute Curue. And the ftrait Lines EM, F N, are 
called the Radi of Evolution, or Curvature for the Points 
M and N. 


915. 
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95. It is evident (ſince the Length of the Thread ABE1 
continues the ſame) that the Part of the Evolute EF is equal 
to the Difference of the Radii FN and EM or that EF = 
FN—EM. Thus allo BE=EM—AB. And when 
AB= o, the Parts of the Curve BE, BF will be equal to 
their reſpective Radii EM and F N. 


916. *Tis moreover evident, that each Point of the Dore | 


AMN is deſcribed by a different Radius, which is perpendi- 


cular to it in that Point. Thus the Points A, M, N, are de- 
ſcribed with the different Radii, AB; EM, F N, on the re- 


ſpective Centers B, E, F, and conſequently the Curvature in 
thoſe Points will be reciprocally as the Length of thoſe Radii. 
917. Therefore the Radii belonging to each Point of the 


Ixvolute A MN, by their various Interſections form the Curve 


of the Evolute B E F. Thus, ſuppoſe the two Points M and 
m contiguous, their Radii touch each other in the Point E, 


and if continued out, would there interſe& each other, There- 


tore, 

918. It is a general Problem, The Nature of the Cave 
AMN being given, to find the Length of thi Radius of r. N 
tion E M, belonging to a given Point M. 

Let the Ordinate PM, pm, be continued out, and from: 
the Point E of the Interſection of the Radii, to the Points M 
and m, draw E G perpendicular to the Ordinates, and draw 
RD parallel to PG; and mo to AB. LetAP=x, PM 
= i and MG = x, and we have Mo=s, me. and 

Gg Mm 


404. The Doftrine of FLUXTONS. 

M= VN; and by Reaſon of the ſimilar Triangles 
Mom, MGE;wehave Mo ==: Mn=y/ i + 5* FF :MG 
* : ME = 5 a oh 


919. Before we 3 farther, three Things muſt be con- 
ſidered. (I.) That while the Radius E M deſcribes the Arch 
M 7» m, or becomes En, it varies not its Length, but is conſtant, 
and therefore its Huxion is nutbing; that is, the Fluxion of the 


E rt ade = & . 


Xx 

z = M G is conſtant alſo during that Time ; for then it be- 
comes og = MG, and its Increment or Fluxion m 0 is the 
Fluxion of PM, that-is, z = j.'. (3-) Since the Fluxion of 
the Abſciſs reſults from the Motion of the Thread, which we. 
ſuppoſe to be equable and uniform, tis plain it will be con- 
ſtant, that is M *. will de the ſame in all equal Spaces of 
Time. 2 p . 
dan. Therefore making * conſtant, and the Fluxion of, 
2 2 

EM = 7 „ biz. Z X #5 +33 + . 
= Sooke the . which dividing by 5, and putting 
vv #* +55 | 


: =5,(919 own Seb e hut ts; 5 54 
x bY. xXx +} 

233 =0, and fo & þ 535 = — 23, and thus we get 2= 
*x + 
* 
will interſect the Tangent MC in E, which will give ME, 
che Radius of Evolution required. | 

921. 77 find the Radius of Evolution for any Point M, in the 
Curve of @ Parabola A M NM. 
9 3 of - _—_ is px =, which in F luxions 


ID —2px5 __—2þp+3 

yes 3 = 7 and fo x dm 

Si ID e, - 
— 2252 * K — þ x* | | 
i X — — —- Now 
4p * 4p * 2y þx 4*V px 


= NM G. Hence a Perpendicular to the Point G, 


es 
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ſubſtituting theſe Values of 3 and 5, in the general Expreſſion 
— = MG, we ſhall get an Expreſſion, conſiſting only 
of the given — o and x, in the Manner following; 55 = 
a = $a = . zx + jj 4 + == 


2284122. 45 this divided by — 5 = s "08 will give 
4 * 4x px 


— . — 3 A Fo — MG — = PG 4PM wee = 


— — —= DE. 


922. Let t M touch the Parabola in M, then is tP = 2., 
and PCS E] fortP(2x): PM(y)::PM (5): PC 


255 therefore 2x x PC = py = px, conlcquently PC= 


25 And as PM (y) POT 10 ( 7 


/ px) :GE=PD=*p42z=PC+CD; but PC 
= 1, therefore CD =2x=Pt. 

923. NowſincePC = £ p, is an invariable Quantity, there- 
fore when the Point M coincides with the Vertex A,. the Point 
P will be there too, and conſequently PC will then become 
AB=4p. Hence the Vertex B of the Euolute B E F, touches 
the Axis of the Parabola, at the Diſtance of A B = + p, from the 


Vertex A. | 
924. Hence the Radius of Evolution in the Parabola, when 


a Minimum, is = AB = * p = Half the Parameter, conſe- 
quently the Curvature of the Parabola is then and there a Maxi- 
mum, and equal to the Curvature of a Circle deſcribed with the Ra- 


due AB = 5p. 
925. To find the Curve (or Nature) of the Evolute B E I. 


x V 
We have already ſeen that BK =PG = en and KE | 


=BD=AP +PD—AB=x +2} F 2x—$p=3%*. 
Let the Abſciſs BK = x, and the Ordinate K ES; then 
G gg 2 CR 
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2 But 


i 
X:P: 2 3K, whence 3 * X = - 


F-= 3 x, and ſox = 5 which ſubſtituted for x in the Equa· 


tion above, there comes out 2 Rx , which ſhews the 
Evolute B E I is a fecond 1 Parabola, whoſe Parameter is 


| 760 of the Parameter of the Involute Parabola A MN, 


926. Hance it appears, that the Ewolute is a Geometrical 
Curve when the Involute is ſuch ; or an Equation may be foung 
to expreſs the Relation of its Abſciſles BK, to its Ordinates 
E E in finite Terms; 'apd free from Flurions, when the Invo- 
Jute has ſuch an Equatiqn. 

27. Having found the Radius of Evolution M E, we rec- 
tify the Part of the Evolute BE with eaſe. For it will always 
be, the Curve BE ME - AB, viz. the Curve BE will 
always be equal to the Difference of two given right Lines. 

928. We ſhould next have proceeded to the Ellip/es oe 
. Hhperbola, but that in our Method we muſt have Recourſe to 
the Radius of Evolution directly M E, which becauſe of 
; thi fitm fi milar Triangles M o 7 * [7 * will be found = 
—— —— 2 — 5 — 2 2 2; ; which will w too troubleſome ; 
and therefore, as well as for Eaſe as Variety, we will inveſtigate 
another Expreſſion for the Radius MI E, in a diffetent Manner 


an before. 
929 · In order to this, let M 8 = = Ys and the Arch A M = = 


13 the Reſt as before. Then «: £23.93 _ = M E, which a9 


jt is conſtant, its Fluxion is nothing, therefore the F luxion of 


21. 44 INSERT = = 0. Therefore c, 


. ae * 
g.4 5 * i 


— ; e — — 2 » becauſe 
N * — 2 & + 


„ ESL ' £ | 
+ aff 4 5. c. * 7 
9 6 
"of * 930. 
0 | * 1 
a 


5 . YZ ** : Ty SB 
. 933 Again, — 2 — + 4 10 A N, e +x = 
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* 7 2 3 2* 


e eee, ee 
5 53 · Ot. 
Le een 
— +x=PD+AP=AD. 
FF 
Laſtly, . = = M G- AP =PG=BK. 


X X — X33 

In all theſe Expreſſions, when either æ, 3, or z, are conſtant, 
they may have Unity placed in their Stead, and the Terms 
when in x, &, 5, are found, will vaniſh, and fo the above 
Expreſſions will be abridged very conſiderably. All which will 
be plain by the following Examples. ES 

' 931. Let AM be an Arch of the Curve of an Ellipſi, or 
Hyperbola, to find the Radius of Evolution EM. The Equation 


fax theſe Curves being 75 Jy ax q x x, (here à and bare 


the tranſverſe and conjugate Diameters,) we have y = - 


| 72 
Yaxpxx;andj=— „ KP 
* 24 U a xF x* | 4 XaxFxx* 
Now by ſubſtituting theſe Values of y, y, j, into the general 
Equations above, we ſhall have the Radius of Evolution, and 


the other Parts expreſſed by them. 


32. Thus Wy w - = ME, by making & = 1, or 


X X —X 2 


nd 
* 


. : 4 * : . . 8 „ 
F So, will become e z and ſince 2:3 2278 ===, there- 
N 4 - 4 5 
© 22 3 3 72 . ' 
fore 2— —_— — Rt n — „ in which Equation 
— K — ES; — : 


the Values of 3, and — 5, above found, being ſubſtituted will 
give the Value of the Radius of Evolution ME. | 


K * — XZ 


* 3 


This Analogy between g and ſccond Fluxions 1s eaſily deduced 


from the Figure to Art. 901, where, if on the Center m, a ſmall 
Arch be defcribed from 1 to m w, it will conſtjtute a. ſecond fluxion- 


era4{riarghe, ſimilar to the firſt az f av, which give the Analogy above, 


Y 
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5 — 6 7* * 2 SZ | 
* * _ — =AD; this, if we 


3 bh. A 
put x = o, will become —— = A B, that is, when the Point 


M coincides with the Vertex A, the Radius of Evolution then 


becomes a Minimum, and equal to A B = half the Parameter 
of the Axis A Q. 


934. If this Quantity 2 —— ” be taken from the above Expreſ- 


ſion for AD, it will leave - an — + * <= 3 
= KES BD; if here 5 = a, the Ellipſis will become a Cir- 
cle, and conſequently the Points E and D will ever coincide 
with the Point B; and therefore the Evolute B E of a Circle 
will degenerate into a Point, viz. the Center thereof. 

935. If in the Expreſſion gotten for M E, as above direct- 
ed, we make x =; a= AH, that Expreſſion will become = 


— = half the Parameter of the conjugate Axis, and the Ra- 


"7 2 
dius of Evolution, is then a Maximum, and the Curvature of 
the Ellipſis a Minimum. 

936. To find the Evalute A E F, and Radius of Evolution 
ME of the ommon Cycloid A M B. | 


F 
Let BP=x, PM = y, the Arch BQ,= v, and BD = 


05 ä N ee we Cirele 3 
and 


| a * 4 } : 4 F 8 ” a "0 * 5 Fees. 
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and PM =y=v +V 2ax—xx, by the Property of the 
| Cyeloid v. This laſt Equation in Fluxions will be 5 = 4 + 


ax 


ax —XX 2 
——— =; btv=— . 
24* - xx V 24x — x 


| r | 0 * 
— nb a and j = anc Ad 


=» (875.) therefore 5 22 4 


* 


ax - xx 42 er 


by making æ invariable. Therefore ſubſtituting theſe Values 


—— — — 


of and in the general Expreſſion for ME EY "wy — TI 


"OR ITE 
— — ' 
1 —j*Vi-- | Na 2 


* 


2 j 
=2DQ=2MH, 

937» If we put x = 0, we have ME =2% 4aa=4 a 5 
when the Point M coincides with the Vertical Point B. But 
if x = 24, then ME = 0, when the Point M coincides with 
A. © Therefore the Point A is the Beginning of the Evolute, 
and the Point F the End, and fince FB 4a, FD is = 2a 
= DB. Compleat the Rectangle DG; deſcribe the Semi- 
circle AK G; and draw AK parallel to ME or DQ. 

Then ſince the Angle DAK = ADQ,, the Arches AK = 

DQ, and the Chord AK =D Q; whence K E is parallel 

and equal to A H, and therefore equal to the Arch DQ, as 

is evident from the Generation of the Cycloid; therefore, alſo + 
E K is equal to the Arch A K, which is the noted Property 8 
of the Cycloid, Therefore the Evolute A E F is a Semi-cychid & 
every alike and equal to the Involute A MB, but in an inverted 
Poſition. | . 

Thus J have at Length finiſhed what I have thought neceſ- 
fary to premiſe, as an Introduction to the mathematical Scien- 
ces, the fundamental Principles of Arithmetic, Logarithms, 
Algebra, Geometry, Conic Sections and Fluxions, in nearly 
one Thouſand Articles. This Syſtem of mathematical Ele- 
ments will, if impartially conſidered, be found a ſhorter and 
more eaſy Introduction to the Practice of thoſe Arts which 
depend on them, than any other that has been hitherto pub- 

2 liſhed, 

* This we ſhall demonſtrate, when we give an Account of the 
_— and Properties of mechanical, or tranſcendent Curver, in our In- 
troduction to Mechanical Philoſophy: | | 


1 


- * * 

q 4 4 A WG "© Ga 1 SPY 

* 25 * " : N 
* K 5 > 9 Be. 


+ -". OM + St >. > N 


aa . FY | 4 i 
aki. "HP * 4% = J . 4 
ry „„ 


liſhed, that I know of. The Tranſition from one Branch to, 
the other is natural, and ſhews their mutual Connection and 
Dependancy, and the Reaſon of the ſubſequent Articles evi- 
dently appears from the preceding ones : Nor do I know, that 
I have any where advanced one ſingle Poſition, that has not 
been previouſly demonſtrated. Such a Series of preliminary 
Principles appears to me abſolutely neceſſary, to qualify every 
Learner for a rational underſtanding of the moſt uſeful Scien- 
cies that are now to follow, and which we can now communicate 
in a more compendious, and leſs expenſive Form, and in a plea- 
ſanter Manner, than we could have done any other Way. If theſe 
Inſtitutions are thought to be dry or uſeleſs, it muſt be owing 
ta Want of Genius, or a natural Incapacity or Diſinelina- 
tion to ſuch Studies, We do not here treat of Trifles, and what 
we write is intended, in this Part, for ſuch only, who are. 
born Math ematicians. They will have a natural Reliſh for, 
and take a peculiar Delight in them. It might have been ex- 
pected, that a Table of Logarithms ſhould have been added, but 
we have judged that unneceſſary, as they are almoſt in — 
one's Hands, and as we could make no Alteration in that Sub- 
ject, nor afford them cheaper than they may be bought by 
themſelves; it would be ſcarce fair, to oblige our Readers to 
buy the faine Things over again; eſpecially, as the artificial 
Line of Numbers, Sines and Tangents, ſupply their Place, in 
moſt practical Cafes, by Inſtruments, which will now very 
ſoon follow in their proper Order and Places, among the 
practical mathematical Sciences, which will be the Subjects of 
the following Volume, where the Reader will find them treated 
of in a Method new, and with many Alterations and Improve- 


ments, both in the Subject Matter, and the Inſtruments for 
Practice. 
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